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Section A. — Mathematical and Physical Sciences. 


fi-Jtay Spectra and their Meaning. 

By C. JD. Ei.LIS, B.A., Fellow of Trinity College, Cambridge. 

(Communicated by Prof. Sir E. Rutherford F.Ii.S. Received February 7, 1922.) 

Introduction. 

In a previous paper,* I described some measurements of the magnetic 
spectrum of the / 3 -rays ejected from various metals by the 7 -rays of radium B. 
These experiments showed that the conversion of monochromatic 7 -rays into 
/3-rays was described by the same quantum relation that holds for X-rays 
and light, and using this knowledge it was found possible to give a complete 
explanation of the natural /3-ray spectrum of radium B. Sir Ernest 
Rutherfordt had already shown that the lines in the / 3 -ray spectrum were 
due in some way to the conversion of monoohromatic 7 -rays in the same 
radio-active atom that emitted them, and these experiments on the excited 
spectra now proved that the strong lines were due to the conversion of the 
7 -rays in the K ring, and the weaker lines to conversion in the Lg ring. 

This explanation of the line /9-ray spectrum is, by itself, of considerable 
interest, but of far greater importance is the fact that these experiments give 
a method of finding the wave-lengths of 7 -rays. The shortest wave-length 
that has been measured by the oryatal method is 007 A.U .4 and at present it 
seems almost impossible to extend this range much further by this method. 
Sinoe many radio-active bodies emit 7 -rays of shorter wave-length than this 
any method by which these wave-lengths may be found is important. 

The method is as follows: The first step is to measure the energies of the 
different lines in the natural /3-ray spectrum of the body. If a oertain line 

* Ellis, ' Boy. Soc. Proc.,’ A, vol. 99, p. 261 (1921). 

t Rutherford, Robinson and Rawlinaon, ‘ Phil. Mag.,' vol. 28, p. 281 (1914); Rutherford 
‘PhiL Mag.,’ vol. 34, p. 183 (1917). 

{ Rutherford and Andrade, ‘ Phil. Mag.,’ vol. 28, p. 263 (1914). 
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oarresponds to an energy Ei, and is produced by the conversion of a 7 -ray of 
frequency v 

Ei ss hv~~U?i* 

where w x represents the work to remove the electron from its position inside 
the atom to the surface, To find the frequency of the 7 -ray all that is 
necessary is to determine the quantity w x . This may be done by measuring 
the energy of the corresponding line in the excited spectra of a body of 
neighbouring atomic number. In this second case the electron will come 
from the corresponding level, but the work done in removing it to the surface 
of the atom will be different w * The difference in the energies of the two 
corresponding /9-ray lines E* — Ei is clearly equal to v>\ — v.% and is determined 
directly. To find Wi, all that is necessary is to see which of the corresponding 
levels of the two atoms differ by this amount. This can be done from the 
X-ray absorption data, which also gives the absolute magnitude of tOi. 

Where this method can be applied it leads to perfectly definite results, but 
it is not always possible to obtain sufficiently strong sources to enable excited 
spectra to be measured. In this case the natural / 8 -ray spectrum has to be 
analysed by inspection. Very frequently two or more lines can be found 
which differ in energy by the same amount as certain known levels in the 
atom, for instance, the K and the L levels, or the L»L a Li levels. It is then 
reasonably certain that the /9-ray lines in question originate in these levels 
by the action of the same 7 -ray. 

The 7 -rays of radium B, radium C, and thorium D have been investigated 
by these methods, and the measurements are given in the following sections. 
There is considerable evidence that these 7 -rays come from the nucleus and 
are characteristic of its structure, and it is already possible from these 
measurements to obtain some information about this structure. This is of 
special interest since, at the moment, there seems to be no other method of 
attacking the problem of the structure of the heavy nuclei. 

The y-JKayg of Radium B, 

The complete /9-ray spectrum of radium B, as measured by Bufcherford and 
Eobinson,f is shown in the next Table. 

The first eleven lines were analysed by the excited spectrum method, 
and the results were given in the paper already referred to.{ These lines 

* The experiments described on pp. 204 and 205 of the previous paper have been 
extended to include Ag (At. No. 47). The values of the y-ray energies deduced are 
and 3’48 x lO* volts. This gives a sufficient range Of atomic number to show that 
the equation E*-Av- w is exact 

+ Rutherford and Robinson,‘ Phil. Mag,/ vol. 26, p. 717 (1013), 

x Ellis, foe. city 
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fi-Ray Spectra cmd their Meaning. 

are clue to six 7 -rays of wave-length of the order of 0 04 JL.U., ejecting 
electrons from the K and L» levels of the radium B atom. The diffuse 
groups 12 and 13 have now also been analysed by the same method, using 
the same experimental arrangement. 


Table I.—Groups of /9-Bays from KaB. 


(Measured by Butherford and Eobinson.) 


No. 

Knorgy of group in volts. 

! No, j Energy of group in Yolta. 

1 

3 -851 x 10 6 

9 i 

2 -081 x 10* 

2 

3«8 

10 

1 '646 

3 

8-888 

a 

1494 

4 

8 108 

12 

0 *743-0 *694 

6 

2-766 

13 ! 

0 -618-0 -686 

6 

2-608 

14 

0-636 

1 

2-864 

15 

0-600 

8 

2-227 

16 ! 

0-876 


Two corresponding groups of slightly greater energy were observed in the 
excited / 8 -ray spectrum of platinum, and the increase of energy agreed with 
the difference in energy between the L levels of lead and platinum, showing 
that these groups are due to the conversion of 7 -rays in the L ring. The 
7 -rays in question are the “ K ” X-radiations of radium B, the first group 
being due to and K v , and the second group to K„. This may be seen from 
Table II. 

The agreement is fair, but not very good, and another point is that this 
Table indicates a series of lines and not the diffuse groups actually observed. 
The same causes probably explain both facts. Badium C emits / 8 -rays in tliia 
region,* which almost certainly have the same origin, but the energies will be 
slightly greater. Again, it must be remembered that the groups are due to 
the ejection of an electron from the L ring of an atom by the radiation 
emitted by an electron returning to the K ring of the same atom, and return¬ 
ing either from or through this L ring. Under these circumstances it is 
unlikely that calculations based on the normal L levels can be very accurate. 

The origin of the remaining prominent / 8 -ray lines numbered 14,15, and 
16 has not been determined. Several attempts were made to measure the 
•corresponding lines in lead and platinum, but no satisfactory results were 
obtained. The experimental method is not suitable for these low velocities, 
and it was not anticipated that excited lines corresponding to the less 
prominent lines 14 and 15 would be obtained, but No. 16 is a very strong 
onus and should have yielded results. This line in the natural spectrum 
* Butherford and Robinson, loo, cit., p. 727. 

" : b2 
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Table II.—Showing Origin of /3-Ray Groups 12 and IS-of Table I. 


RfcB K lines. 

JUB L tevate.J 

_' . ., _ _____ 

A. in A.U, 

* 

Energy in volts. 

, A in A.U. 

Energy in volte. 

K« ... 0*169 


0 78IX10** 

Li ... 0*9487 

0*180 x 10* 

Kfi ... 0*149 


0*829f 

L, ... 0*8128 

0*16* 

Xy ... 0*148 


O*804t 

L a ... 0*7808 

0*168 

Origin of group. 

Energy of group in volte. 
(Calculated.) 

Energy of group. (Observed.) 

K«-L 8 


0 *678 x 10 s 

1 

0*686x10* 

X a-L* 


0*679 



tiO 

Ka—Lj 


0*601 


J 

0*618 

K£-L 8 


0*671 




XiB-Ls 


0*077 



0*694 

K/9-L, 


0*699 



to 

0-748 

Kr-L, 

Ky-I* 


0*700 

0*712 



Ky-Lj, 


0*784 





* Ledoui-Lebard and Dauvillier, * Physique dee Bayous/ X, p. 76. 
f Ledoux-Lebard, toe. cit . (extrapolated). 

J Ledoux-Tabard, loc. cit., p. 69. 


appears to be almost a narrow band, and it is possible that it is composed of 
/ 3 -rays of different origins. For instance, the 7 -ray of wave-length 0 099 A.U., 
measured by the crystal method by Rutherford and Andrade, would eject an 
electron of this energy from the K ring, and again, the 7 -ray 0-229 A.U. 
acting on the L 3 ring would fit the results, and the same 7 -ray acting on the 
M and exterior rings might give lines 15 and 16. Some evidenoe on these 
possibilities has been obtained from exoited spectra, but it would require a 
large amount of work to complete the analysis.* The general evidenoe 
indicates that the /3-ray emission in this region is due to the 7 -rays measured 
by Rutherford and Andrade by the crystal, method, and since the wave¬ 
lengths had been determined accurately already, it was not thought necessary 
to carry the /3-ray method any further. 

The 7 -ray spectrum of radium B ex tends without any appreciable gaps froth 
0*03 A.TJ. to the L X-ray region, about 1*3 A.U., and the wave-lengths of all 
the main lines are now known. * 


* Scans recent experiments suggest strongly that this group is due to the y>my 
X as 0*889 AV-i as described in the text 
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The y~Rays of Eadiufii G. 

The /3-ray spectrum of radium C has been measured by Rutherford and 
Robinson,* and their results are shown in the next Table. This only includes 
the lines up to energy 5 94 x 10 s volts; the lines of greater energy will be 
treated in a subsequent paper. 

Table III.—The ( 8 -Ray Groups of RaC. 


(Measured by Rutherford and Robinson.) 


No. 

Intensity. 

Energy In volts. 

H 

m.s. 

6 ‘OS x I0‘ 

30 

m.f. 

5‘67 

37 

m.f. 

5 *44 

K 

s. 

5'15 

30 

f. 

4*01 

40 

f. 

4‘79 

41 

mi. 

4*48 

42 

f. 

4 *06 

43 

f. 

8 *38 

L 

m. 

8*96 

M 

m. 

2 *59 

N 

m, 

1 *81 

47 


1*69 

48 

! f. 

1 *49 


These / 3 -rays have been investigated by the excited spectrum method. 

The line corresponding to K in Table III was observed excited in platinum 
and uranium, and the results are showq in the next Table. 


Table IV. 


Metal. 

Atomic number. 

Energies isl volts. 

Platinum. 

78 

5 *28* 10 s 

Bndium C.. 

88 

5*15 

Uranium . 

92 

4*86 


It is seen that there is a large shift, whioh suggests the K ring as the 
origin Of the line. This is proved by adding to each of the above values the 
corresponding K absorption energy, respectively 

0*78 0*92 1*18 x 10® volts, 

when the following values are obtained for the y-rays energy, 

6*08 6-07 8-04 x 10® volts. 

The agreementla thus very good. 

* Rutherford and Robinson, lot. eit. 
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The line H is certainly the result of this same 7 -ray ejecting electrons from 
the L» ring. For in this case the energy would be 

7 -ray energy minus L* absorption energy. 

For radium C this would give 

(607-016) x 10® = 5-91x10* 

and Rutherford’s measurement is 5 94 x 10®. 

It was found possible to make approximate measurements of the corre¬ 
sponding line from uranium, 

Calculated. (6 07 - 0 - 22 ) x 10 ® * 5'85 x 10 ®, 

Measured . 5'9l x 10®. 

There is, therefore, conclusive evidence that radium C emits a 7 -ray of 
characteristic energy, 

6 07 x 10 ® volts, wave-length 0‘0203 A.U. 

It is extremely probable that the remaining lines in the / 3 -ray speotrum are 
the result of five or more weaker 7 -rays ejecting electrons from the K and 
L* rings, but the 7 -rays are not sufficiently intense for measurements of the 
excited spectra to be possible. A certain amount, however, can be deduced 
by inspection. There are three pairs of lines 36 and 39,40 and 42, and M and 
N showing a constant difference of energy equal to the difference of the K and 
La absorption energies of radium C, that is 0 76 x 10 ® volts. This indicates 
that these six lines are due to the conversion in the K and La rings of three 
7 -rays, and the characteristic energies' of these 7 -rays are obtained by adding 
to the energies of the /9-ray lines the K absorption energy 0‘92 x 10® volts 
and the La absorption energy 0 ‘ 16 x 10 ® volts respectively. 

The 7 -rays of radium C which have been found are collected in the next 
Table. This list includes all the prominent 7 -rays of wave-length greater 
than 0 02 A.U, with the exception of the oue giving the line L. It seems 
very likely that this line is due to the conversion in the K ring of a 7 -ray of 
energy 3'88 x 10 ® volts and wave-length 0 0318 A.U., but since this is not 
certain it is not included in the Table. 

Table V.—- 7 -Rays of EaC. (Deduoed from the /3-Ray Spectrum.) 


Inteniity, 

Energy in Toltf. 

A in A.IT. 

m... 

2 *74 x 10 6 

0*0480 

t . 

4 *96 

0*0249 

f. 

5 88 

0 *0212 

». 

6'07 

0*0208 
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The 0-Bays of ThC and 1); 

The measurements of the £-ray spectrum were made by the original method 
of Rutherford and Robinson,* using as source a small nickel plate 3 rnm. by 
10 mm. with the active material deposited on it. This has several advantages 
over the usual thin wire. It is easier to prepare, it can easily be arranged 
that all the active material is on one side so that it is all effective, and lastly 
the area of such a source is relatively large and, with a given quantity of 
radioactive substance from which the active material is to he obtained, the 
amount deposited is approximately proportional to the area. 


Table VI.—Groups of /3-Rays from ThC-f D. (Measured by Ellis.) 


Number, 

Intemitj. 

Energy in volts. 
(Observed,) 

Origin. 

y-ray. 

4 

1 

Energy in volts. 
(Calculated.) 

1 

f. 

8 -02 x 10 6 




2 A 

ID ,8. 

7 74 




3 

m.f. 

6*96 




4B 

m.9. 

6'87 

I* 

1 

6 *39 

5 C 

m.fi. 

6*68 

K 

1 

6*67 

6 

m.f. 

5*85 




7 

m.f. 

6 *09 




8D 

Y.S. 

4*97 

I* 

2 

4 96 

OB 

Y.S. 

4*24 

K 

2 

4*24 

10 

f. 

3*88 




11 

f. 

8'47 




12 F 

m.s. 

2 71 


8 

2 71 

is a 

m.s. 

2*69 

h, 

4 

2*69 

14 

m.f. 

2*44 




15 

m, 

2*895 


6 

2*80 

16 

f. 

2*82 

L, 

6 

2*83 

17 

m.f. 

2*12 

I* 

7 

2*13 

18 H 

s. 

1*092 

K 

8 

1 *99 

10 

! m.f. 

1*908 

L* 

8 

1*91 

20 K 

v.s. 

1*869 

K 

4 

1*87 

21 

m. 

1*665 

K 

6 

1 *67 

22 L 

m.s. 

1*614 

K 

6 

1*61 

28 

f. 

1*506 




24 M 

m.i. 

1 -421 

K 

7 

1*41 

25 

f. 

1*247 




26 N 

m.s. 

1*197 

K 

8 

1*19 

27 

ID. 

1 *040 




28 

f. 

0*880 



1 

20 

f. 

0 748 




80 

f. 

0*668 




81 

m. 

0*412 

I* 

9 

0*413 

82 

s. 

0*406 

h. 

0 

0*406 

88 

m. 

0-887 

H, 

10 

0*884 

840 

t.$. 

0*876 

H 

10 

0*877 

85 

m. 

0*280 

L 1 

10 

0*281 

86 

s. 

0*261 

L, 

10 

0*261 

87 P 

Y.S. 

0*254 

I* 

10 

0*264 

[ _ _ 


A source of this size, if used in the ordinary way, would give very 
poor focussing, but this can be avoided bj tipping it towards the 


* Rutherford and Robinson, loc. cit. 
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photographic plate so that the effective / 9 -rays come off at nearly grazing 
incidence. 

Sources of thorium 0 aud D were obtained by immersing the nickel plate 
in a hot acid solution of radiothorium for about half an hour. The average 
source was 2 to 3 mgrm. The purity was always verified by measuring the 
deoay. Sinoe both thorium C and thorium D emit /9-particles and both were 
present on the active sources it is impossible to tell to which body the / 8 -ray 
lines belong. This point is treatod in detail later. 

The / 8 -ray emission has been investigated from 2 0 x 10 4 volts to T9 x 10* 
volts. Over the whole of this range there is a background of continuous 
/9-ray emission with a maximum of photographic effect about 2*0 x 10 s volts. 
A great many / 8 -ray lines have also been measured and the results are shown 
in the first three columns of the next Table. The last seven lines were given 
in the previous paper but are repeated here for completeness. There was an 
error in the calculation of line 33 which is now corrected. All these measure¬ 
ments refer to Rutherford and Robinson’s* determination of the /9-rays of 
radium £ as standard. 

Hahnf found a broad baud in the region 8'70 to 11'2 x 10* volts, but in the 
present experiments no lines were found above 8 0 x 10 * volts. 

The y-raya of ThD. 

Sufficiently strong sources of thorium C and D cannot be obtained to make 
the measurement of excited spectra practicable, so the deduction of the 
y-rays from the /9-ray spectrum has to be done by inspection. From 
analogy with Tadium B and C it is to be expected that the / 8 -rays in the 
region T2 to 6*0 x 10* volts will be due to conversion of y-rays in the K 
and the L» rings. If this is so it should be possible to group the lines in 
pairs, the energy difference between the members of a pair being equal to the 
K absorption energy minus the L* absorption energy, and the line due to 
conversion in the K ring should be the stronger one of the pair. 

There is another difficulty, however, because it is not known whether these 
lines are to be ascribed to thorium C (atomic number 83) or to thorium D 
(atomic number 81). Many attempts were made to take /9-ray photographs 
with a pure source of thorium D prepared by rcooil, but no definite results 
were obtained. Large sources of active material would be necessary in 
order to Bettle this question, and the whole problem is made more difficult by 
the short period of thorium D (31 minutes). 

Measurements on the absorption of the 7 -radiation emitted by thorium C 

* Rutherford tad Robinson, loo, tit. 
t Hahn, VPhys. Zeit.,’ vol.18, p. 873 (1911). 
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and thorium D, throw some light on this point. Thorium C emits 7 -rays 
only in small quantities, and the main 7 -radiation of thorium G -f D is to be 
ascribed to thorium D*, which would suggest that these #-ray lines are 
certainly not due to thorium C and so presumably come from thorium D. 
Against this is to be noted that nearly all of the y-radiation from thorium 1) 
is of one very hard type,f and no evidence was obtained of softer y-rays 
or of the characteristic K and L radiations which would result from the 
ejection of electrons from the K and L rings. This may not be a very 
serious objection since at first similar results were found for radium C, 
and it was only later that BiohardsonJ detected softer y-rays and the 
K radiations. 

The internal evidence from the / 3 -ray lines suggests strongly that they 
come from thorium D (atomic number 81), since all of the strong lines can be 
coupled in pairs, having a difference of energy 0*72 x 10 6 volts equal to the 
difference in energy of the K and L absorptions of a body of atomic 
number 81. Compared to the eight pairs found in this way only two pairs 
can be found to agree with thorium C (atomic number 83) corresponding to a 
separation of 0 76 X 10 6 volts. 

The agreement that is obtained if these lines be assigned to thorium I) 
may be seen from the last three columns of Table VI. The fourth column 
shows the origin of the line, the fifth column shows which of the 
y-rays given in Table VII produces the line, and the last column gives the 
^calculated energies. 

On these grounds it will be assumed provisionally that these lines 
■are due to thorium D, and the same assumption will be made about the 
last seven lines, due to conversion in the L rings, although neither the 
absorption measurements nor the y 9 -ray evidence throw any light on the 
origin of this group. 

These seven lines may be due to three y-rays of characteristic energies 
0*408, 0*531, 0*540 x 10 5 volts, ejecting electrons from the L rings. This 
view was put forward in the previous paper. It is also possible that they 
are produced by only two y-rays, the first one (No. 10) ejecting electrons 
from the M ring as well. The agreement obtained on this hypothesis can 
be seen from Tables VI and VII. Approximate values for the M absorption 
voltages were obtained by interpolation (Mi a* 0 024 x 10 5 , Ma=»0*031 x 10 6 ).§ 

* Rutherford and Richardson, ‘Phil. Mag./(2), p. 937 (1913); Meitner and Hahn, 
■* Fhys. Zeit/ vol 14, p. 873 (1913). 

+ Rutherford and Richardson, toe. cit. 

t Richardson, 1 Roy. 80 c. Free./ A, voL 91, p. 396 (1915). 

- j Coster,«Zeit £ Fhysik/ [5J, p. 139 (1981). 
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It is not possible to settle definitely which of these explanations is correct, 
but the results obtained from some recent experiments support the view 
given in this paper. 

The 7 -rays of thorium D are shown in the next Table. The absorption 
voltages used are also given. 

Table VII.— 7 -Rays of ThD. (Deduced from the /9-Ray Spectrum.) 


Number. 

Energy in volt*. 

K in A.U. 

1 

0 54 x 10* 

0 *0189 

2 

fill 

0*0241 

3 

2 *86 

0*0481 

4 

2*74 

0*0460 

6 

2*64 

0*0480 

6 

2*48 

0*0498 

7 

2*28 

0*0641 

8 

2*00 

0*0699 

9 

0*660 

0*220 

10 

0*408 

0*302 

Absorption Voltages ThD. 

(At. No. 81.) 

! King. 

| 

Energy in volte. 

K in A.U. 

' K 

0 -8S9 x 10* 

01427* 

L, 

0 -164 

! 0-808f 

L, 

0 -147 

0-840t 

I* 

0-127 

0 -974f 


* Siegbuhn and JOntaoa. * Phy». Zeit.,' rol. 30, p. 362 (1919). 
t T.edoux-Lebard and iJativiUier, 1 Pbyrique de# E*yon« X,’ p. 89. 

Discussion. 

The monochromatio 7 -rayfl emitted by several radioaotive bodies have been 
investigated by the / 8 -ray method, and it is of interest to compare these 
results with those obtained by absorption measurements. The absorption 
method can only effect a rough analysis of the total 7 -ray emission into 
several types, each type being absorbed according to a simple exponential 
law. This analysis cannot be very detailed, and it would be impossible to 
differentiate between a single line and the number of lines grouped around 
one of greater intensity. 

The 7 *rays of radium B have been investigated most completely, and it is 
best to make the comparison between the two methods for this body. 

The total 7 -ray spectrum of radium B is shown in the next Table. The 
first column contains the 7 -rays of radium B and C as measured by Rutherford 
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and Andrade,* by the crystal method ; the second column the 7 -rays measured 
by the writer, by the /9-ray method. All of those in the second column come 
from radium B, whereas those in the first column are an unresolved mixture, 
some coming from radium B and some from radium C. In addition, 
Rutherford and Andrade measured the complete L and K spectra which are 
excited by the 7 - rays, these are summarised under the heads L and K groups. 
The fijp of the different types of radiation detected by Rutherford and 
Richardsont are given in the following Table:— 

Table VIII.—The y-ltays of RaB and 0. 

RaB and C. RaB. 

(Measured by Crystal, (Deduced from the / 9 -Ray Spectrum, 

Rutherford and Andrade.) Ellis.) 


A iu A.U. 

Intensity. 

A in A.U. 

Energy in volts. 

h spect. RaB 
h speot. RaC 

V.%, 

0 0619 

2 -886 k 10* 

1*865^ 

1-286 

1 ‘266 

1*219 (►—“a” 

m.s. 

0-04S8 

2*629 

t.b. 

0 0423 

2*918 

1-074 

1*029 

V.8. 

0 0354 

3 492 

j 0 ‘ 868 j 

m.s. 

0 *0389 

3*639 

0*428 1 

f. 

i 0 ’0308 

j 4*000 

0*824 L. .. 


i_.._____. 1 


0 *262 f D 

0 *229 ) 

K ipccfc. RaB 

K spect. RaC 

0 *116 

0*099 

0 *071 


• 



Table IX .—pjp of the 7 -Rays of RaB and C. 
(Determined by Rutherford and Richardson.) 


RaB and G. 

RaB. 

M/p Al. j 

m/p Vb. 

86 

4*0 

14*7 

0*63 

0*168 

0*18 


* Rutherford and Andrade, ‘ PhiL Mag.’ ( 1 ), p. 860 (1914), and ( 8 ), p. 863 (1914). 
t Rutherford and Biehardeon, ‘Phil. Mag.’ ( 1 ), p. 788 (1913); Richardson, ‘Roy. 80 c. 
Proe.,’ A, vol. 91, p. 396 (1918). 
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The value p/p in Al = 85 corresponds to very soft X-rays, poftwWy M 
eliaracteristic radiations. 

The L radiations of bodies of atomic number 8? and 83 have ^ of 17*4 
and 16*1 respectively, and so the value found, 14*7, almost certainly represents 
the combined L radiations of radium 13 and 0, hardened by the superposition 
of the much less intense group labelled " b”; the group “a ” being in the region 
of the L spectrum would have no effect. 

The characteristic K radiations of bodies of atomic numbers 82 and 83 have 
fijp in A1 0192 and 0*178 respectively, and in tb about 4. It can be seen 
from the Table that values very close to these were found, indicating that the 
three y-rays forming group “c” have relatively little energy associated with 
them. 

As Sir Ernest Rutherford* has already pointed out, the two groups found 
by Richardson for radium B having pjp in Pb 0 53 and 0*13 correspond 
approximately to the y-ray$ in the second column of Table IX. 

The chief conclusions that may be drawn from this comparison are as 
follows. Absorption coefficients in aluminium of value greater than about 
0*16 are determined mainly by the characteristic X-rays which are exeited by 
the y-rays. Departures of these values from those of an ordinary element of 
the same atomic number as the radio-active element indicate the presence of 
extra radiations not included in the ordinary X-ray spectrum and character¬ 
istic of the radio-active clement. For instance, Rutherford and Richarclsonf 
found two groups for thorium B (atomic number 82) for which pjp in A1 had 
values 11*8 and 0*13. Since the K and L radiations alone would give 17*4 
and 0*19 there are evidently relatively strong extra radiations of the type 
labelled " b ” and (, c” in the radium B y-rays. It is important to note that 
the presence of the characteristic K radiations shows the existence of higher 
frequency y-rays which eject electrons from the K ring. Hence thorium B 
and also actinium B with a n/p in Al of 0*165 must emit y-rays analogous to 
the main y-rays of radium B. Such y-raya could be detected directly by 
absorption measurements such as Richardson carried out for radium B. 

Radium C and thorium D emit a very hard type of radiation having 
pjpin Al of the order 0*025. The occurrence of /9-ray lines of very high 
energy shows that indium C emits monochromatic y-rays corresponding to 
1 3 million volts iu considerable intensity, and these y-rays probably form 
part of the hard type of radiation, but it is unlikely that they form all of it 
since thorium D which emits a slightly harder type of radiation appears to 
emit no monochromatic y-rays of energy greater than 800,000 volts. It was 

* Rutherford, * Phil. Mag./ vol, 34, p, 163 (1917). 

t Rutherford and Richardson, * Phil. Mag./ voL 86, p 937 (1913). 
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pointed oat, however, thatthorium D does emit a general distribution of 
/9-raya which extends to very high energies, so the hard type of radiation 
emitted by thorium 1 ) may be " white ” y-radiation of high average frequency 
emitted as a result of the retardations of thebe /3-partioIes in their escape 
from the nucleus. Very little, therefore, at present can be deduced from the 
detection by absorption measurements of a hard type of radiation. The 
general results suggest that such a hard type may be either monochromatic 
7 - rays or “ white ” 7 -rays of high average frequency, or a mixture of these. 

Relation of the Charaderixtic y-Rays to the Structure of the Atom. 

The wave-lengths of these 7 -rays depend on the structure of that part of 
the atom which emits them, and considerable information about this structure 
can be deduced from the experimental results. 

The first point is to settle the origin of the y-rays. Sir Ernest Bntherford 
lias pointed out on several occasions that the general results indicate that 
7 -rays are emitted from the nuclei of radio-active atoms, and the numerical 
values now obtained lend very strong support to this view. 

Except as regards the constitution of the nucleus, the radium B atom is 
identical with the lead atom in every respect. In particular, the K aud the 
L rings, and the fields of force in which they are situated, must be precisely 
the same in the two atoms, since Rutherford and Andrade found that radium B 
emits the complete K and L spectrum of a body of atomic number 82. But 
this last fact indicates something more than this, it suggests that the y-rays 
are emitted previous to the actual disintegration of the radium B nucleus, 
that is to say, previous to the emission from the nucleus of the disintegration 
electron resulting in the atomic number changing to 83. In fact, it would 
appear that the y-ray is emitted, travels out to the L ring, from where it may 
ejeot an electron, this electron goes clear of the atom and another electron falls 
into the vacant place in the L ring, and the nuoleus has still not disintegrated. 

The main y-rays of radium B correspond to energies 2*4—4 0 x 10 * volts. 
If they owe their origin to a transition between stationary states in the 
electronic system of the atom, the end state must lie very deep in the atom 
and eertainly inside the K ring, but this possibility is ruled out completely 
by some work of Chadwick.* He investigated the field of force between the 
nucleus and the K ring of heavy atoms by observing the deflection of 
a-partioles passing through this region, and he shows that no electrons are 
present there. Since radium B is identical with lead, except as regards the 
constitution of the nuoleus, this must also apply to radium B. It seems 
almost oertain, therefore, that these y-rays must come from the nucleus, and 
* Chadwick, ‘Phil. Mag.,’ vol. 40, p. 734 (1080). 
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since they are emitted previous to the actual disintegration it should be 
possible to deduce information about the normal radium B nucleus from them. 

The main 7 -rays of radium B, with their energies, were given in the right- 
hand column of Table IX. There is a simple arithmetical connection between 
these energies, the first three being respectively about 1T0 x 10* volts greater 
than the last three. If the quantum dynamics holds in the nucleus this 
arithmetical connection would mean that there were five levels, transition 
between these levels resulting in the emission of the 7 -rays. These levels are 
shown in fig. 1 , with arrows indicating the origin of the 7 -rays. 



Fig. 1. 

But as a necessary consequence of the existence of these levels, there should 
also be 7 -rays corresponding to transitions 5 to 4, 5 to 3, 4 to 3, and 2 to 1. 
7 -rays corresponding to these energy differences were actually measured by 
Rutherford and Andrade, by the crystal method, in their work on the 7 -rays 
•of radium B and C (see Table IX), and the agreement between the observed 
and calculated values may be seen from the next Table. 


Table X. 


Origin. 

Energy in -volte. 

j K in A.U« (Calculated.) 

AinA.U. (Oboejred.) 

' 

6-4 

0 -389 x 10* 

0 ‘318 

0*324 

6-3 

0 *633 

I 0 '231 

0*229 

4-3 

0 *144 

| 0 *867 

0*868 

! 3-1 

X 10 

i 0112 

i 

0*116 


The agreement is good and lends support to the view that quantum 
dynamios apply to the nucleus, and that part at least of the structure of the 
nuoleus can be expressed in terms of stationary states. 
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If this result be confirmed, it will be of great importance in elucidating the 
structure of the nuoleus, but it would be premature to consider its general 
bearing at the moment. 

The information that has been deduced from these characteristic 7 -rays is * 
peculiar in two respects. When it is considered how little is known about 
the nuclei of heavy atoms, the information that is contained in fig. 1 about 
the energies of the stationary states of the radium B nucleus is extra¬ 
ordinarily detailed, but, on the other hand, this information is very limited. 
There is no evidence which indicates whether those levels are occupied by 
positively charged particles or by electrons, nor is it possible to associate 
level 5 or level 1 with any special part of the nucleus. 

Sir Ernest Rutherford has shown that the emission of the 7 -rays is directly 
connected with the disintegration, but it is very difficult to settle which is 
the primary phenomenon. This point has been already mentioned' in this 
paper, but it is important to consider the evidence in more detail, since, if the 
order were reversed, the levels shown in fig. 1 would probably refer to some 
system other than the radium B nucleus. 

The only argument that can be used depends on the fact that the L spec¬ 
trum emitted by radium B agrees so well, both as regards wave-length and 
intensity, with that of lead that it is certain that the L, M, N, ... rings are 
still identical at the moment of emission with those of a body of atomic 
number 82. It cannot be asserted definitely, however, that at that same 
moment the nuclear charge is still 82 units. So little is known about the 
processes involved in the transition from one stationary state to another that 
it is possible that there may be a time of relaxation, so that the L, M, N, ... 
rings of the 82 body may persist for a certain time after the nuclear charge 
has become 83. If this time of relaxation is greater than the interval 
between the emission of the 7 -ray and the emission of the L spectrum then 
it is clear that the experimental results are consistent with the hypothesis 
that the disintegration occurs before the emission of the 7 -ray. If, on the 
other hand, it be assumed that the emission of the 7 -ray precedes the disinte¬ 
gration* there is no need to make any hypothesis about the existence of a 
time of relaxation. 

There does not appear to be any more evidence which bears on the question 
at all , 0 and so, since the view that the 7 -ray comes first is at least a priori of 

* It should be noted that on both these views the rate of decay measured by /3-rays 
or y-rays will be identical provided the average time before the first phenomenon is 
lofeg compared to the average time between the first and second. The average time 
before the first phenomenon is the ordinary period, and the general results suggest 
that either view would fulfil this condition. 
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equal probability as the opposite view, and since, in addition, it does not* 
involve any extra hypothesis about a time of relaxation, it will be assumed 
provisionally to be true. 

There are several consequences that result from this decision. Firstly, 
the levels shown in fig, 1 can be assigned to radium B,and they are considered 
to represent the normal structure of the nucleus. Secondly, the general 
picture of a / 3 -ray transformation is different from that which one would 
make if the disintegration were to occur first. This last case has already 
been treated by Sir Ernest Kutherford; the result of the alternative view may 
be illustrated by considering the radium B tranformation. 

The radium B nucleus comes into existence after the «-parfcicle has left the 
radium A nucleus, but one would not anticipate that all the radium B nuclei 
were absolutely identical. The particle which does the transitions between 
the levels of fig, 1 will be in one of these levels, but it need not be in the 
same level in each nucleus. Subsequently, during the life of the nucleus 
this particle passes to another energy level with the emission of a 7 -ray. 
Finally, the particle will arrive in one of the states which is connected with 
instability, and the nucleus disintegrates with emission of an electron. 

This view suggests a clear distinction between the 7 -ray and the /3-ray 
lines, on the one hand, and the continuous / 8 -ray spectrum, on the other. 
The former are characteristic of the normal life of the nucleus and give 
information about its structure. The latter is characteristic of the disintegra¬ 
tion of the transition of one element to another and is analogous to the 
«-rays. 

An interesting point arises from tho consideration of energy levels in the 
nucleus. In Table VIII, showing the 7 -rays of radium B and 0, there are 
two groups labelled '*b" and “c* whose wave-lengths do not coincide at all 
with either the K or the L spectra, yet the wave-lengths are of a magnitude 
that, in the absence of other evidence, would indicate their origin to be some¬ 
where in the electronic structure of the atom, whereas all X-ray evidence 
goes to prove that there are no other states besides the K, L, M, etc. Four 
of these lines have been accounted for in the above Table, and it is reasonable 
to suppose that the remainder originate in the same way, in either the 
radium B or radium C nucleus. 

Too few 7-rayB of radium C have been identified for it to be possible to 
obtain independent evidenoe about the existence of nuclear levels, but it is 
interesting to note that if the 7 -rays that have been measured are fitted 
into a set of levels, this set would also give 7 -rays which, on conversion in 
the K ring of radium C, would give /3-ray groups agreeing with EutherfordV 
measurements. 
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The measurements of the 7-rays of thorium D, however, are sufficiently 
detailed to give strong confirmation of the hypothesis about stationary states 
in the nucleus. A set of eight stationary states is postulated, consisting of 
four groups, the energies being 0 41 and 0-56 x 10 s volts, 2*28, 2‘48, 2 54, 
274 x 10 6 volts, 5*11 x 10 5 volts, and 9 02 x 10 J volts. This set of levels 
gives the ten 7-rays actually measured, and in addition gives eight more 
7-rays which, on conversion in the K ring of thorium D, would produce 
/9-ray groups agreeing with those measured. This result may be stated 
another way by remarking that this set of levels would give 7-rays whieh 
would acoount for thirty-three out of the thirty-seven /8-ray groups actually 
measured. 

The general results lend strong support to the view that stationary states 
exist in the nucleus, and it is hoped that by investigating the 7-rays of other 
radio-active bodies, some general principles in the arrangement of nuclear levels 
may be found. 

Summary. 

1. A general method for measuring the wave-length of 7-rays is given. 

2. The analysis of the /8-ray emission of radium B has been completed. 

3. The lower energy section of the radium C /9-ray spectrum has been 
analysed by the excited spectrum method and the 7-rays found. 

4. The /8-ray spectrum of thorium D has been measured and the effective 
7-rays deduced. 

5. It is shown that it is very probable that the 7-rays of radio-active bodies 
are emitted from the nucleus. 

6. Evidence is brought to show that the quantum dynamics applies to the 
nucleus, and suggestions for the arrangement of the nuclear levels of radium B 
and thorium D are given. 

In conclusion, I should like to express my indebtedness to Prof. Sir Ernest 
Rutherford for his constant help and direction. My thanks are due to 
Mr. G. R. Crowe for the preparation of the active sources used. 
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Suspended Impurity in the Air. 

By J. S. Owens, M.D. 

(Communicated by Sir Napier Shaw, F.R.S. Received November 15, 1921.) 

A study of the impurity in the air involves the measurement of quantity 
as well as the provision of means whereby the nature of the suspended 
matter can be examined. The object which the author had in view in making 
this investigation was to provide some simple and effective method for 
examining the quantity and nature of suspended dust, and its relation to 
visibility, fumes from industrial processes, dust produced in mines, fogs such 
as are experienced in our larger cities, and generally in the hope of throwing 
some light on problems which are concerned with the presence of fine sus¬ 
pended impurities in the air. 

This paper is devoted chiefly to a description of a method of trapping for 
examination the suspended matter in the air, and the application of the 
method, and also to a discussion of the relation between dust and visibility. 
The work described by the author was carried out for the Advisory 
Committee on Atmospheric Pollution. This Committee has as its function 
the obtaining and consideration of data upon atmospheric impurities. Tlio 
methods adopted fall into two distinct groups—the measurement and examina¬ 
tion of:— 

(a) Matter deposited from the air; and ( i) Matter suspended in the air. 

Filter 1‘aper Method. 

In order to measure the suspended impurity, a method was used in which 
a fixed volume of air, filtered through white paper, left a mark on the paper, 
the shade of which indicated the quantity present. This method owed its 
practicability to the fact that the suspended niatter in city air is mainly 
derived from smoke and is thus black in oolour, and the particles fairly 
uniform in size, so that in practical use it has been found that the discolora¬ 
tion as measured upon a scale of shades gives a reasonably accurate measure¬ 
ment of the quantity of impurity present. 

An automatic instrument, operating on these lines, and designed by the 
author, has been in use by the Committee for some time, and as it gives 
automatically three or four records per hour, night and day, it provides a 
means of comparison of the quantity of impurity present at different hours.* 
The instrument has been fully described elsewhere, and as a result of its use 
* • Fourth Annual Report, Advisory Committee on Atmospheric Pollution.’ 
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the upended impurity in London and other cities where it is in operation 
has been shown to vary in a oertam definite way. From midnight to about 
d a.m. it is a minimum, then rises rapidly to a maximum at about 10 to 11 a.m. 
on week-days and 12 noon on Sundays, after which it falls off. There is 
usually a slight rise about 5 p.m., and about 10 p.m. it drops rapidly till mid¬ 
night. Thus there is a regular daily cycle. As stated above, this instrument 
is limited to the measurement of impurities which are sufficiently black for 
-comparison with the standard scale. It is also open to the objection that the 
dirt trapped, being entangled in the meshes of the filter paper, cannot be 
subjected to microscopical examination. 

Other Methods . 

Many other methods of determining the amount of dust in the air have 
been used, perhaps the best known being the Aitken* dust counter, in'which 
a measured volume of air is drawn into a small dust-free chamber, and by 
reducing the pressure within this chamber a deposit of moisture is brought 
about, the particles settling on a glass floor, where they can be counted. The 
assumption is made that each drop of moisture condenses round a dust 
particle; but this assumption cannot be justified, as condensation is known to 
occur in the absence of dust. Methods of filtration through soluble filters 
have also been used, such as collodion wool; these are subsequently dissolved 
in ether and the particles in a small measured volume counted (Hahn), or 
filtering through sugar and subsequently dissolving it in water. Methods such 
as these, in which the dust particles are ultimately suspended in a liquid, are 
clearly objectionable, as some of the suspended particles may be soluble in 
the liquid; also the particles composed of aggregates of finer pieces would 
tend to get broken up in the liquid, so that it is hardly justifiable to assume 
that the number obtained from the liquid suspension is a fair measure of the 
number suspended in the air. 

The method of ascertaining the quantity of suspended matter by filtering 
* measured volume of air through weighed paper or other filter, and subse¬ 
quently re-weighing is extremely difficult to apply, as the normal weight of 
impurity present in fairly dirty city air is of the order of 1 mgm. per cubic 
metre, while a dense smoke fog contains approximately 4 mgrm. per cubic 
metre. Hence the filtration of large volumes of air would be necessary to 
get weighable quantities, and the time required for the filtration of such 
volumes precludes the possibility of ascertaining the state of the air by this 
method at any particular time. The automatic instrument above referred to 
was calibrated by using this method; that is, large volumes, amounting to 
* 4 Tran*. Boy. Soc. Edinburgh,' vok 80-36. 

0 2 
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over 1000 cubic feet of air were filtered through discs of thick filter paper/ 
in order to get sufficient quantity to weigh without too great an error. 

A method has been used by G. T. Palmer* in which a quantity of air is 
drawn through a water spray, the number of particles in a measured 
quantity of the water subsequently counted, and the weight ascertained by 
evaporating and weighing the residue. This method obviously depends on 
the wetting of the dust particles by the water. It has been examined critically 
by Katz, Longfellow and Fieldnerf with the result that the efficiency of the 
apparatus for stopping tobacco smoke is given as 13 per eent., while for fine 
silica powder suspended in the air the efficiency was 30 per cent, when the 
air was drawn through at 4 cubic feet per minute, and 20 per cent, at 3 cubic 
feet per minute, as examined by a light test. When examined by the 
weighing test the percentage of impurity stopped, when air was drawn at 
4 cubic feet per minute, is given as 45. 

It is extremely difficult to wet dry dust, and an apparatus depending on 
the wetting of dust particles by a spray is not likely to be very efficient. In 
this connection it may be of interest to observe that in the records of 
deposit obtained at the Committee’s stations in different parts of the country, 
it has been found that while the deposit of atmospheric impurities which arc 
soluble in water varies almost directly with the rainfall, there is no such 
relation between deposit of insoluble matter and the rainfall. 

The exposure of plates or dishes to the air for a‘ definite time has been 
used with a view to ascertaining the amount of dust in the air, but all such 
methods measure only deposited matter and consequently give no information 
as to the amount of dust suspended in the air. Speaking generally, any 
method which requires a long time for its application is of little use when 
the quantity of impurity in the air iB subject to rapid variation. 

Jet Apparatus. 

The following method of obtaining a sample of dust from the air for 
measurement and examination has been evolved by the author, with a view 
to microscopio examination of the dust and in order to get an instantaneous 
value of the quantity of impurity. 

A very small jet of air is made to impinge upon a glass surfaoe, such as 
a mioroscope cover-glass, at a high velocity, under suitable conditions, when 
the dust suspended in the air carried in with the jet adheres to the glass 
and a record is obtained which can be removed and examined microscopi* 
oally. In the first apparatus made the air jet was obtained by drawing air- 

* ‘ Amer. J. Pub. Health,’ vol. 6, p. 04 (1916). 

+ Mourn. Industrial Hygiene,’ vol. 2, "No. 8, p. 167 . 
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out of a small oell, the floor of which was perforated by a round hole 
0T5 mm. diameter, the roof being formed by a cover-glass at a height of 
0'8 mm. above the floor. By making the floor of the cell out of a sheet 
of mica it was possible to observe the operation of the jet under the 
microscope. 

On watching the cover-glass through a j-inch objective while air was 
drawn out of the cell, dust particles oould be watched striking and sticking 
to the glass, and many of them were noted to be in the middle of small 
drops, presumably of water. The sensitiveness of this apparatus was so 
great that by clipping the end of an ^-inch rubber tube communicating 
with the cell, pinching it between the linger and thumb, and then releasing 
it, a shower of dust particles was seen to strike and adhere to the cover- 
glass. The amount of air drawn through the jet thus was subsequently 
ascertained to be 0T5 to 018 c.c.; and the number of dust particles which 
struck the glass from this quantity of air was about 30, the test being made 
on a fairly clear day at Cheain, in Surrey, inside a room. 

This apparatus had certain objections as, owing to its extreme sensitive¬ 
ness, a very small volume of air only could be used and this might not be 
representative. Again, the size of the record obtained was so small that it 
was very difficult to find under the microscope, unless observed at the time 
of taking. This apparatus, when run in series with a paper filter, was found 
to be very effective in trapping the dust, a small proportion only escaping. 
In a test made in London in this way, two litres of air were drawn through 
the jet apparatus and then through a filter paper, and on subsequent 
examination a small pinnacle of black dirt was found deposited on the oover- 
glass immediately opposite the jet; this was about 0'2 ram. high and con¬ 
sisted of an almost perfect cone with its base on the glass. The conditions 
of impact of the dust particles, therefore, were altering during the test, 
starting by impaot on a plane glass surface and finishing with impact upon 
the point and sides of the coue; thus the test made in this way was not 
regarded as a satisfactory one of efficiency, although it indicated that most of 
the dirt was removed from the air by the jet. 

In a subsequent apparatus the hole for forming the jet was produced by 
cementing the two halves of a cover-glass, the edges of which had been 
ground smooth, over a hole formed either in a brass diso or in another cover- 
glass. This hole varied in diameter from 2 up to 11 mm., and the glass 
edges formed the sides of a slot and were adjusted to a distance apart of 
01 mm. Thus the hole consisted of a long slot, 01 mm. wide and from 2 to 
11 mm. long. This is shown in Fig. 1. 

-By using a jet formed by a slot of this type several advantages were 
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fears 




gainedIt was possible to find the record on the cover-glass after removal 
from the apparatus; also the volume of air used in taking the record could 
be increased and so made more representative. The 
actual volume used with a slot 11 mm. long, in 
London, is about 50 c.c., but the volume required 
depends upon the quantity of impurity present at 
the time; as it is essential that, for purposes of 
counting, the dust particles should not be too 
numerous. The number can then be ascertained by 
using a net-ruled micrometer eye-piece in the micro¬ 
scope. 

It is somewhat difficult to find a method of test¬ 
ing the apparatus for efficiency, but an arrange¬ 
ment was ultimately designed and made, as shown 
in fig. 2. Two cells were provided instead of one, the bottom cell had a 
slot, B, in its floor a little to one side of the centre. The floor of the bottom 
cell wa3 formed of the two halves of a cover-glass, cemented to a flat brass 



Fig. 1. 



Double cell 
Fio. 2. 


ring to form the slot, the edges of which were ground smooth and str aig ht,. 
The roof of the bottom cell was similar to its floor, but had a dot. A, upon 
the opposite side of the centre. The roof of the upper cell was formed of a 
cover-glass, and each cell was 1 mra. deep. This apparatus could be plaoed 
upon the stage of the microscope and kept under observation while a record 
was taken. The tube J communicated, through the annular spaoe around 
the top cover-glass, with the upper cell; the joint between the roof and 
floor of the lower cell was made air-tight. By drawing air from the upper 
cell it entered through the slot B in the floor of the lower Cell, the jet 
striking the roof of that cell, and the air then passed through the dot A 
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in the roof of the lower cell, the jet striking the roof of the upper cell. 
Thus, if all the dust in the air were trapped in the lower cell, no dust 
would appear upon the top cover-glass, also if a suitable volume of air be 
drawn through, the number of particles upon the cover-glass forming the 
roof of the upper cell, compared with the number upon its floor, would give 
an indication of the efficiency of the jet. The apparatus was made and used 
in order to ascertain the efficiency of the jet, and also to determine the 
most suitable size of orifice to use. The results so far indicate that 
under suitable conditions, the first cell traps practically all the dust 
particles. 

If the percentage of the total caught by the jet is less than 100, but 
remains constant, then let:— 

T equal the total number of dust particles in the air drawn in. 

Ci equal the number caught on roof of first cell. 

Ca equal the number caught on roof of second cell. 

Since Ci and C a bear the same ratio to the number in the jet 

C, _ C a 
T ~T-CY 

Therefore 

CYT-CV = C a T and T = 

Cj —Oa 

Thus the total T can be found. Similarly, if the proportion of the total 
whioh is caught is constant, this proportion can be found once for all from the 
observed value of Ci and calculated value of T, i.e., Cj/T. 

The following Table gives a few values of efficiency as oaloulated from the 
above method:— 


Volume of Air Aspirated in each Test = 1000 c.c. 


Experiment 

number, 

Count per sfci 

Top cell. 

dp across record. 

Bottom cell. 

Kfllcieney percentage 
of jet calculated 
from the formula 

T - C,*/C,—Oj. 

Velocity in jet 
in metres 
per second. 

1 

148 

816 

82 '5 

Approx. 90 

2 

288 

700 

68*6 

„ 90 

8 

95 

600 

81 0 

» w 

4 

HO 

1200 

81 *4 

„ 90 

a 

800 

1200 

75 0 

„ 90 

6 

160 

888 

52*7 

„ 90 


This method of testing is not quite satisfactory, as the conditions are not 
the same as when a single jet is used. The resistance of the two slots 
probably reduces the velocity below that in the single-slot apparatus, and, aa 
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shown later, the efficiency falls off rapidly as the velocity is reduced. It is 
probable, therefore, that the actual efficiency is higher than indicated by the 
double-cell method. A convenient method of drawing the air through the jet 
is by means of an air-pump having a displacement of 50 c.c. 

By testing with the double cell above, described, it was found that the 
most efficient diameter of oircular hole was about 0*15 mm.; for example, a 
jet 0*076 mm. in diameter trapped a lower percentage of dust particles. In 
the case of the slot-shaped holes it was found that about O'lO mm. was the 
most efficient width; for example, reducing the width to 0*04 mm. gave a less 
efficient result. 

A curious phenomenon was noticed in the test for efficiency above described. 
Occasionally the second cell collected no particles whatever, that is, all were 
trapped in the first; while at other times about 30 per cent, of the particles 
penetrated to the second. A test on October 26, during a smoke fog in 
London, gave 100 per cent, efficiency, ie all the particles were trapped in the 
first cell. There appears, therefore, to be some variable condition which 
affects the adhesion of the particles, and from subsequent experiments this 
condition appears to be the humidity of the air; an attachment was therefore 
made by means of which the air was made to approach the jet through a 
damp-walled chamber in order to raise the humidity and keep the air as nearly 
saturated as possible. The tests of efficiency here given were made without 
the moist chamber. 

Another method for examining the efficiency by means of the double cell 
has been applied; that is, a record was taken with the double cell and counts 
made; then, using the formula given on page 23, the total number of particles 
calculated. A second record, taken at the same time with a single cell, was 
then counted and the result compared with the total obtained as above 
described. By this method a figure was obtained which agreed well with the 
values of efficiency already given. The numbers in one particular experiment 
were as follows :— 

Number of particles per cubic centimetre from count of reooxd in single 
cell, 620. 

Number of particles per cubic centimetre from count of record in 
double cell, 756. 

Efficiency from these figures = 82 per cent, 

Wh«n observing the action of the double cell it was clear that only the 
finer particles escaped from the lower cell, and not many of these. The 
efficiency, as estimated from counting, would therefore be lower than if 
estimated on a weight or volume basis. 
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Iii an attempt to estimate the efficiency by comparison with a count of 
particles using an ultra-microscope, it was found that the number of particles 
as counted under the microscope, while in suspension, was much less than the 
count obtained from the jet. The ultra-rnicrosoopic method is subject to the 
objection that an extremely small volume of air is used, and it may not be 
representative; but this result suggests also that the visibility of the particles 
may be reduced while in suspension owing to Brownian movements. 

The final form of the jet apparatus is shown in fig. 3. The apparatus 
consists of a brass sleeve B, into the upper part of which is screwed a plug 0, 
which makes an air-tight joint with the sleeve by means of a leather washer H. 
Into the lower opening of the sleeve is screwed a brass piece K, perforated by 
a funnel-shaped hole, varying in diameter at its narrowest place from 2 to 
10 mm., according to the length of the slot to be used. The slot for forming 
the jet is shown at A and is formed by a diaphragm of hard br&Bs or copper- 
sheet in two half-discs, the straight edges of which form between them the 
slot. This diaphragm is held in place by a braes ring by means of four screws 
which permit the setting of the slot to the correct width. This brass ring is 
of suitable diameter to receive a f-inch cover-glass in a recess formed upon 
its upper surface, and it is perforated by a central hole of the same diameter 
as that in K ; thus a slot is formed the length of which is determined by the 
diameter of this hole. In order to hold the cover-glass in position over the 
slot a spring washer I) is fixed upon the lower end of the plug 0. A 
connection E is fixed on the side of the sleeve B for an air-pump, of suitable 
capacity, usually 50 c.c. 

To the outer part of K is fixed a thin brass tube T, of a capacity of about 
twice that of the air-pump. This tube is lined with blotting-paper U, held 
in place by two wire rings. Before taking a record this blotting-paper is 
saturated with water, the function of which is referred to below. This makes 
a convenient form of apparatus and its sensitiveness can be adjusted by using 
slots of different lengths, but for use in city air a slot 1 cm. in length is found 
suitable, the volume of air used being 50 c.c. When in very clean air a 
shorter slot, say 2 ram., may be used, or a greater volume of air drawn through. 

Flow of Air in Jet , 

The velocity of flow of air through an orifice is a function of the difference 
in pressure between the two sides of the orifice, but has a limiting value when 
the pressure on the low side is 0 527 of that on the high, the maximum 
velocity obtainable being the velocity of sound in the jet, The velocity of 
sound in dry air at 0° C, is 3-3133 x 10* cms./secs. and through a jet 2 mm, 
long and 01 m wide, measured approximately by taking the time required 
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to pass 60 c.c., was about 2-5 x 10 4 cm8./seos. Thus it is approaching the 
limiting velocity, and is of a very high order, being, in rough figures, about- 



Section 



Fia. 8. 

10 mile, p« minute. A. the Tdooity „„ mKuraMd „ 

11 " 0 “ t u ““ °< * k » «P*»»on to to Ml of pmuBuiuto jtf. 
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it ia probable the true velocity is equal to that of sound. The particles of 
dust which are drawn through with the jet, therefore, travel at an 
exceedingly high velocity, and when the jet is deflected on striking the plate, 
these particles are projected against the glass, where they adhere. 

Adhesion of Dust Particles to Glass. 

Why dust particles projected against the glass should adhere is not very 
obvious, but certain explanations suggest themselves; for example, to produce 
the jet the air in the cell has its pressure reduced and there is a fall of 
pressure in the jet, due to the high velocity; this doubtless results in moisture 
being condensed around some, if not all of the dust particles at the moment, 
or just before the moment, of striking. That this action does take place is 
obvious on watching the process through a microscope, as some of the 
particles can be seen surrounded by water. This is the same effect as is 
produced in the Aitken dust-counter, but the quantity of moisture so 
condensed is extremely small and, when the cover-glass is removed from the 
apparatus for counting, it evaporates rapidly; thus there need be no confusion 
over tho counting of water drops as dust particles. 

*The function of the tube T is to saturate the air with water before it 
is drawn through the jet. In operation two or three pumps-full of air are 
drawn in before the cover-glass is placed in position, thus filling the tube T, 
with air to be tested. The cover-glass is then placed in position in its recess 
over the slot, the plug, C, screwed home, and 50 c.c. of air are drawn through 
the slot as rapidly as possible. 

It was found in experimenting with this that if the tube T were held in 
the hand so as to be slightly warmed, a visible mist appeared in the tube, and 
a record taken under those conditions was spoiled by the water drops washing 
away the dust in streams, and thus making it impossible to count. When, 
however, the tube is kept cool so that no Visible mist is formed this difficulty 
does not arise; it has been found that the addition of the tube makes the 
apparatus more efficient. It seems probable in the light of this that some of 
the variations in the amount of dust shown in Table 1 were due to variations 
in moisture-contents, as the jet used had not the attachment referred to. 
Owing to the great variations noticeable between records taken with and 
without the tube T, there appears to be little doubt that the chief cause of 
adhesion of the dust particles is condensation of water upon them as they 
pass the jet and the pressure is suddenly reduced. 

As bearing upon the effect of the velocity of the jet it appeared possible 
that there might be an observable effect if the velocity could be varied, and to 
examine this several experiments were made in which air was drawn through 
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the jet at different rates, other conditions being the same, and the number of 
particles adhering to the glass counted. The results of these tests were as 


follows 

Jet used—2-42 mm. long by 0-135 mm. wide. 


Experi¬ 

ment 

number. 

Volume 
in c.c. 

Time of 
flow in 
seconds. 

Average 
count per 
square. 

Method 

of 

aspirating. 

Approximate 
number of par¬ 
ticles per c.c. 

calculated 
from count. 

Velocity 
through jet 
in metres 
per second. 

(a) 

60 

X 

100 

(estimated) 

Pump 

140 

160 

(b) 

78 

10 

34 

Gas burette 

31 

26 

i V) 

02 

16 

10 

i* »* ! 

n 

18 T 

w 

60 

1 

100 

(oBtimated) 

Pump 

140 

180 

(*) 

sa 

10 

28 

Gas burette 

22 

26 

(/) 

78 

20 

14 


13 

12 *6 


It appears certain, therefore, that the velocity of the jet has a profound 
effect upon the result obtained, and it is necessary to keep the velocity as high 
as possible in order to get the greatest efficiency. In view, however, of the 
condensation effect referred to above, it is possible that soma of the results 
attributed to varying velocity may be due to the fact that a low velocity 
implies a small reduction of pressure, whereas a high velocity implies a 
greater reduction, and thus the condensation of water may be dependent upon 
the pressure. 

A somewhat curious pheuomeuon, the cause of which is not yet very 
obvious, is the occurrence of flocculated masses on the records. When the 
air is drawn through the jet at a low velocity (about 7 to 8 metres per second) 
the records consist sometimes of praotically nothing but masses of particles 
collected together in lumps; these are referred to in Table I as aggregates. 
A record taken at the same time, using a high velocity of about 170 metres 
per second, showed praotically no aggregates and consisted entirely of fine 
particles scattered uniformly. This appears to indicate that the aggregates 
aro formed in the jet and do not exist in the air before aspiration ; it also 
suggests some electrical effect, perhaps due to the rapid flow in the jet. 

Application. 

Visibility and Dust.—lt appears probable from the tests already made by the 
author that the presence of suspended dust in the air is one of the chief factors 
governing visibility on occasions when there is no fog to obliterate vision at 
short distances. On several ocasions when the visibility was bad, and a 
distinct grey or bluish haze was seen against distant objeots* tests tuiasn 
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revealed the presence of abnormally large numbers of dust particles. During 
last August, while on a holiday in Norfolk, samples of the air were taken 
daily and the relation of the quantity of dust to the visibility roughly 
estimated. With the exception of August 25, not yet accounted for 
(probably due to variation in relative humidity), and another day when 
there was a water mist, the visibility appeared to be a function of the 
number of suspended particles. It would seem, therefore, that there is a 
useful field of application in attempting to relate the quantity of suspended 
matter with visibility. 

Expired Air .—Another application of the apparatus is to the examination 
of expired air, with a view to ascertaining whether the suspended impurities 
in the air breathed are retained or expelled. Experiments made on this 
indicate that the tidal air expired contains a large proportion of the suspended 
matter which was inspired, while the “ reserve ” air from the deeper parts of 
the lungs, while containing very much less than the tidal air, still does 
contain some of the suspended matter breathed in. An important result 
obtained was that the quantity of dust in the deep parts of the lungs depended 
chiefly upon the nature of the breathing, that is deep breathing from any 
cause carried dust into the deeper parts, and even the last part of reserve air 
under such conditions was found to l>e laden with dust. 

Examination of Fumes, Mim Bust , etc .—As a means for rapidly sampling 
fumes from different sources for microscopical examination, the jet arrange¬ 
ment should l>e useful. The same applies to mine dust, or dust from other 
sources ; the chief points of advantage being the possibility of instantaneous 
sampling of the air, and the fact that the records obtained can be preserved 
for future reference, while the dust particles are not acted on in any way, such 
as by suspension in liquid which precludes the possibility of measuring soluble 
dust 

Vertical Distribution .—The examination of the vertical distribution of 
suspended matter in the air is another use to which this apparatus may be 
put The whole apparatus is very small and light, and the records can be 
taken in a lew seconds, so that it would be a simple matter to take it up in 
an aeroplane or balloon and obtain samples at different heights, preserving 
the records for examination later. 

These are a few of the applications which suggest themselves at the 
moment; and, as illustrating the use of the jet, a description will be given of 
an examination of the suspended impurity and its relation to visibility and 
wind direction. 
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Transport of Suspended Impv/rity by the Wind, 


It is well known that the chief source of suspended atmospheric impurities 
in this country is the burning of smoky fuel. The seasonal variation is very- 
well marked, the quantity of impurity falling off to a minimum in the summer 
and rising to a maximum in the winter, when all the domestic fires are in full 
operation. There is a similar relation in the hourly variation, the only period 
comparatively free from smoke pollution being the small hours of the morning 
when fires are out. The distance to which smoke impurities travel from their 
source is not known. 

For some years the author has noticed that when the meteorological 
conditions were suitable, usually in anti-cyclonic weather, with gentle easterly 
or north-easterly winds, it was usual to find a bluish haze overlying the whole 
country. By the aid of the filter already mentioned, this haze was found to 
be composed of solid particles which gave a distinct discoloured record on the 
white filter paper. It is a matter of conjecture where these particles come 
from, but the author would hazard the statement that they are often derived 
from the smoke of Continental fires. From observations made during last 
August, it appears highly probable that the great industrial effort now being 
marie by Germany is, under certain conditions, responsible for a fair propor¬ 
tion of the suspended impurity in the air over this country. The method of 
observation on which this statement is based was as follows 
Records of suspended dust were taken daily on the coast of Norfolk during 
last August, close to the edge of the sea. The records were preserved, also 
careful notes of the wind direction and velocity each day. The Daily Weather 
Maps issued by the Meteorological Office, indicated the wind direction over a 
large area, and thus the direction from which the impurity came. 

The results of these experiments are set forth in Tablo I. 

AH the records tabulated were taken at Holme, Norfolk, on the sea coast, 
the exact position being indicated in the Table, but in no oase was the 
distance from high-water mark more than 150 yards, the. intervening space 
being covered by marram grass and fir trees, so that there was no source of 


Voiume of Air .-The volume of air drawn through the jet was varied from 
100 c.c. up to 1000 o.c„ the smaller volume being used with the hope of being 
able to make a count of the particles. 

Visibility. The figures given for visibility are those for Pulham, which was 
be ween 40 and 50 into away, and therefore the conditions were probably 
not the same as at Holme, where the records were taken; the figures ax 1 
inserted as having been taken by a skilled observer at the Metrological 
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Table I—( continued ). 


Wind direction and velocity in miles per hour 


At ground level. 

At 1000 feet. 

Date 

Holme at 

PnlW™ Pulham at 

Pulliam near 

(Augu»t, 

time of taking 

13 T 1 18 h - Near tim ° ° f 

time of taking 

1921). 

records*. 

taking records. 

records. 



mi/hr. 

mi/hr. mi/hr. 

mi/hr. 

13 

W. 


0 0 W. 1-3 

15 

18 

— 


- - 

_ 

18 

N.E. 

8 *5 

K.N.E, 13-18 E.N.E. 15 

24 

18 

N.E. 

12 8 

— 10 

12 

19 

N.N.E. 

12*8 

E.N.E. 19-24 N.E. IS 

13 

20 

N.E. 

12-14 

N.E. 8-12 — 6 

7 

24 

i N.-N.W. 

— 

N.N.W. 8-12 N.E. 8-12 

3 




•1 

(at Howden). 

25 

W. 

— 

W.’S. 8-12 [ W. 10 

15 

26 

S.W.’W. 

10-18 

W. 8-12 W.’S. 8 

13 

27 

w* 


W.’S. 13-18 S.W. 20 

30 




(Howden at 17 h.) 

(at Howden). 

21 

w. 

— . 

— — 


28 

N.-N.li. 

0-8 

0 0 E.N.E. 6 

10 




(afcllh.) 

(at llh.). 

29 

w. 

— 

W.’S. 19-24 W. 25 

31 

30 

N.N.W. 

12-15 

N.N.W. 8-12 W.’S. 6 

10 




(at Oran well) 

(at Crauwell). 

31 

W. light 

— 

W. 8-12 S.’K. 7 

14 




(Crauwell at 12 h.) 

(Cranwell at 12 h.) 


* Had blown all night from S.W.-W., t.*., Hunstanton—4 miles away. 


Office Station at Pulbam and published in the British Daily Weather Report. 
Rough observations of visibility were also made at Holme, as referred to 
later. 

Method of Mounting .—The records obtained were mounted on mioroseope 
slips and preserved for subsequent examination. The method of mounting, 
however, was not always the same; some of the earlier records were mounted 
in Canada Balsam, but the later ones were mounted dry, os it appeared possible 
that the balsam might affect the record and make the subsequent counting 
incorrect As a matter of fact this was found to be the case, and the records 
mounted in balsam always gave a very much lower count than they should 
have done. This was ascertained to be due to the balsam, by examining some 
records part of which were mounted dry and part in balsam, also by observing 
the behaviour under the microscope of a record which was mounted dry, and 
balsam allowed to flow in under the cover-glass. In order to correct for this, 
as far as possible, an estimated figure is given for the records mounted in 
balsam obtained by multiplying the actual count by 7/3, which was found to 

voi* ci.—a. ' D 
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be about the ratio of particles mounted dry to a count of a record taken at 
the same time and mounted in balsam, 

The number of particles per cubic centimetre of air is based upon a count 
under the microscope, and ie not to be taken as absolutely correct, but rather 
as a minim urn figure, since the counts were made of particles adhering to the 
glass of the jet apparatus and no allowance made for those which may have 
escaped ; the latter were, however, probably not over 20 per cent The damp 
approach-chamber was not in use at this time. 

Wind .—The wiud direction as observed at Holme is given, and also as 
observed at Pulham. Where the velocity at Holme ie given it was measured 
at about 6 feet above the ground, by means of thistledowns timed over a 
length of 50 yards of smooth sand. As the wind direction was measured near 
the surface and the records taken near the surface, while the chief source of 
suspended impurity is also probably fires situated near the ground, it would 
seem that it is the wind near the surface which is to be considered the trans¬ 
porting agency. The vertical distribution of suspended matter is unknown 
at present, but it appears probable that most of the suspended matter is held 
within 200 or 300 feet of the ground. The wind velocity at 1000 feet is 
given for Pulham for comparison with the surface wind, the figures being 
taken from the Daily Weather Report. 

The diameters of the dust particles given in Table I were measured by 
means of an eye-piece micrometer, using a 1/ 12-inch oil immersion objective, 
having a numerical aperture of 1*28. The limit of resolution for such an 
objective, based upon Airy’s theory, would be about 0*216 micron, that is all 
particles of this size, or lower, would appear of the same diameter. 

The average size of the particles as given in Table I, was about 0*5 micron 
and therefore well above the limit of resolution, so that when uniformity in 
size was noted, this uniformity was not the result of particles falling below 
the limit of resolution and producing spurious discs, 

All records taken during the west winds showed a number of small 
spherical particles, which were completely absent during the north-east 
winds. These spherical particles were not uniform in diameter but varied 
considerably, from nearly 2 microns down. It is possible that they may 
have been fused ash particles, but if so they should be dense, and one would 
have expected them to settle more rapidly than the smaller, and more 
irregularly shaped, grains. It is of interest to note in this connection that 
small spherical particles are very common in the flue dust from boiler furnaces 
and axe especially numerous in furnaces using pulverised eoal. 
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The Sources of the Impurity Observed. 

The results exhibited in Table I have been considered with reference to a 
journal of the direction and velocity of the wind at 13 h. and 18 h., 
at Pulham, in Norfolk, 40 miles to the south of Holme, and at Cranwell, in 
Lincolnshire, about the same distance to the west, from August 8 to 
August 31. Taken in conjunction with the local observation it gives a fair 
general idea of the distribution of the surface wind. The journal was com¬ 
puted from the British Section of the Daily Weather Eeporfc and need not, 
therefore, be reproduced here, but may be referred to in support of the 
provisional conclusions derived from the observations. 

On August 13, after a change from E. to N.W., the wind was due W., 
blowing across the Wash to the point at which the sample was taken. The 
suspended matter in the air was, therefore, probably derived from the 
industrial centres of Yorkshire or the Midlands. In the evening of 
Wednesday, August 17, after a spell of southerly winds which terminated with a 
thunderstorm followed by a remarkably clear atmosphere, a wind set in from 
the east with a marked haze, and settled into N.E. for three days with 
persistent dense haze. On the 18th, two samples were taken in north¬ 
easterly wind which had blown into the Wash from the North Sea, and 
touched land first at the point of observation. The number of particles in 
the evening sample was greater than in the morning. The north-east wind 
and the haze continued for the 19th and 20th, but on the 19th a shift of 
wind more to the east with an increase of strength produced less haze. The 
wind was remarkably constant, both at Pulham and Cranwell, and the 
velocity was sufficient to carry the air over 1,000 miles in the three days. 
Leaving mit of account the effect of passing steamers, as being out of the 
question, there appears to be no source of the suspended matter on this 
occasion except the Continent, and we may fairly conclude that it crossed the 
North Sea. 

Between August 21 and 24 the wind got away to northerly or north¬ 
westerly with a relapse to N.E. on the 22nd, reverting to N. on the 23rd and 
N.W. on the 24th. There was thick haze all the time, becoming thick clamp 
tog on the 23rd, No observations were made during the northerly weather 
for want of material, but in the N.W. wind of the 24th the observations were 
resumed and a new feature was disclosed. There were apparently spherical 
particles present in the record, with diameters up to 1*7 micron. It is not 
quite clear what the path of the wind was before reaching Holme; it may 
have come from the furnaces of the North-East Coast of England, but it may, 
on the other hand, have been the haze of the previous N.E. wind drifting back 

» 2 
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again, though that is not very likely. The deposit of August 27 may have 
come from Hunstanton, as the wind was from that direction. 

On August 28, at 9 A.M., after calm and a little rain, the wind came from 
N. with clear air, but at 15 b. a slight haze came with a veer to the N.E, 
in the surface wind. The clouds came from the south throughout the day. 

On August 30 there was very clear air with a moderate wind from N.N.W. 
and on this occasion drops of liquid were found with the deposit which, after 
being mounted a month, developed into crystals, presumably of common salt 
But this was the only one of the records which gave this result, and any 
inference from it is hazardous; the liquid drops seemed to be separate from 
the dust particles and may‘have been separately suspended in the air. 

On August 31 there was liaze with westerly wind which disappeared with 
a change to N.E. and rain; the haze followed a cold, clear night and was 
dense in the early morning with westerly wind; but it was shallow, because 
the tops of the trees were more visible than the bottoms. The haze got 
lighter by 1 r.M,, with the wind still west. The wind was round to N.E. by 
4 p.M.and calm with a few drops of rain at 8 iuc.: by then the haze had gone. 
The indications are too vague for any conjecture as to the origin of the 
impurities which formed the haze in this case. 

It is probable that regular observations, at any place, with different winds, 
would give some indication of the most likely source of the dust; for example, 
the author has found that when the wind blows from the direction of London, 
samples of air taken at Cheam, in Surrey, invariably contain large numbers 
of suspended particles of the same size and general appearance as those 
forming the London haze. When the wind blows from the opposite direction 
it contains few such particles. The smoke produced in the manufacturing 
districts of England probably drifts over hundred of miles, under suitable con¬ 
ditions, producing an impure air in the depths of the country. This is a point 
of some importance, as it is usually assumed that by going a few miles outside 
the city pure air can be obtained, which is very far from being the case, under 
present conditions. 

During a recent visit to Exmouth, the author noticed that the whole 
country was obscured by a well-marked haze, which produced a red sunset* 
and doubtless had its origin from the smoke of the manufacturing districts of 
the Midlands, as there had been a light wind from the north for some time. 
Unfortunately samples could not be obtained, but from the appearance of the 
haze there is little doubt that it wap composed of solid particles. 
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Table II.—Number of I)uBt Particles in the Air according to Various 

Observers. 


Observer. 

Method of 
collection of 
dust and 
counting. 

Place of 
investigation. 

Number of 
particles 
per cubic 
centimetre. 

Reference. 

John Aitken . 

Aitken’s dust 
counter* 

Argyllshire 

London 

800/3000 

48,000 to 
160,000 

‘Trans. Roy. Soc. 
Kdin./ vols. 80-86 

B. 0. and M. C. 

1 Agitation with 

Boston, U.S.A., 
ground level 

68 th floor 

4*2 

‘ Amer. Jour. Public 

Whipple 

j 

water in Palmer’s 

1 apparatus and 
, counting in a cell 
! under 

microscope f 

<1 

Health/ 1918, 8, 
1189 

Dr. Penteado Bill 

Electrostatic 

_ 

Prom 22 , 

‘ Jour. Ind. Hygiene/ 


precipitation 


to <1 

vol. 1, No. 7, 1919 


* It in not certain what id counted in the apparatus. Nuclei other than dust, such ad 
electrons, arc included. 

f When in water, as shown in present paper, the smaller particles are lost. As shown by 
Katz, Fieldner and Longfellow, ‘Jour. Ind. Hygiene/ vol. 11, No. 6, the Palmer apparatus is 
about 20-80 per cent, efficient in removing dust from air. 


A Table (Table II) is given here, showing the dust counts as obtained by 
other observers, using different methods. The extraordinary variation in the 
number of particles as given is remarkable, and points towards some un¬ 
certainty in the methods adopted. . 
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The Structure of the Band Spectrum of Helium . 

By W, E. Cuhtis, A.Ii.C.8., R.Sc., Reader in Physios in the University of 

London, K ing’s College. 

(Communicated by Prof. W. M. Hicks, F.R.S. Received January 14, 1922.) 

[Platk 1.] 

Introductory. 

The band spectrum of helium was first described by Goldstein* and by the 
present writerf in 1913. The accounts given of the spectrum, and of the 
conditions favouring its production, were closely similar, but in neither case 
was any analysis of its structure attempted. In view of the somewhat 
complex character of the spectrum in certain regions, it appeared advisable 
for this purpose to secure a series of high dispersion plates, while the 
apparently abnormal nature of many of the bands provided a further 
incentive to their study on the largest scale possible. Accordingly, a number 
of exposures were made in the first, second, and third orders of the 10-foot 
concave grating of the Royal College of Science, London. Of these plates 
some seven or eight were suitable for measurement, only one of which, 
however, was in the third order. The outbreak of the War prevented the 
completion of the series of exposures contemplated, but sufficient material 
was accumulated to permit of a reasonably complete investigation of the 
spectrum between the limits 6480 — 3350 A. A preliminary examination of 
these plates was made by Prof. Fowler} in 1914 (the author being on military 
service), and resulted in the detection of two series of double-headed bands 
presenting certain unusual features, of which the most striking was their 
distribution according to a line-series law. Nicholson,§ using Fowler's 
measures, calculated new formula? for these series, and concluded that they 
were analogous to principal series in line spectra. No other work relating to 
the structure of the spectrum seems to have been published. 

Apart from the doublet bands studied by Fowler, the most prominent 
features of the spectrum are a red band near X 6400 and a green band near 
X 5730, both of which appear, under moderately high dispersion, to have a 
quite abnormal structure. As these two bands seemed to promise more 
immediately interesting results than the remainder, they were the first to be 

* * V#rh. Deufcach. Phya. GcmIL,’ vol. X6, p. 402 (1013). 
t * Roy. Soc. Proc.,’ A, vol. 89, p. 146 (1913). 
t Proc./ A, vol. 91, p. 208 (1915). 

8 4 Roy. Soc, Proc,/ A, vol. 91, p. 432 (1915). 
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studied, a band in the blue (near X 4550), which appeared to be related to 
X 6400, being subsequently included in the investigation. The results obtained 
in connection with these three bands form the subject of the present com-’ 
munication. The structure of the remainder of the spectrum, including 
Fowler’s doublet bands, will be discussed, it is hoped, in a future paper. 

Detailed analysis of the three bands in question soon confirmed the opinion 
that their structure was strikingly different from that of “ordinary” bands, 
as may readily be seen by reference to the plate. In each case there is one 
series (two in X 5730) which proceeds to a head, and several others which do 
not. The latter usually occur in pairs situated on either side of the former, 
and exact measurement and calculation suggest that each pair may be 
regarded as forming one series, of which several lines (usually two) near the 
middle are missing. 

So far as was known these anomalous features had no counterpart in any 
other spectrum, with the possible exception of the ammonia band at X 3360. 
Fowler’s* photographs and diagrams of this band show some striking 
resemblances to the helium bands under consideration, but the analysis of the 
former is more difficult, partly because it is composed of triplets, and partly 
because, by reason of its situation in the ultra-violet, the wave-numbers are 
very sensitive to errors in wave-lengths. But it is thought that some at least 
of the results here obtained may assist in the interpretation of the structure 
of the ammonia band. 

The main characteristics outlined above had been established early in 1919, 
and as there seemed little promise of further progress with the somewhat 
limited data available, experimental workf was undertaken, with a view to 
obtaining fresh information relating to the structure of the spectrum as a 
whole. That is to say, it was hoped to decompose the spectrum into families 
of bands and then to investigate the arrangement of the members of each 
family. By varying the conditions of pressure and electrical excitation 
distinct evidence of changes of relative intensity, and even of the production 
of new bands, was obtained, but before work along these lines had progressed 
very far some recent theoretical work on band spectra came to the author’s 
notioe, and was found to have an immediate bearing on the present problem. 
It appeared that this theory was not only capable of accounting for the 
apparent anomalies of structure and of exhibiting the manner in which these 
and ordinary bands are related, but also yielded information of a quantitative 
character concerning the structure of the molecules and atoms whioh emit the 

* ‘Phil Trans., 1 A, vol. 218, p. 351. 

t Aided by a grant from the Government Grants Committee of the Royal Society, 
and by a generous gift of helium from Lord Rayleigh. 
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radiation. An excellent r&ram4 of the work in question will be found in 
Sommerfeld’s f Atom bau und Spec trail inien ' (Vie weg, Braunschweig, 1921), 
*pp, 550-666; a short account is also given in a recently published monograph 
on 'Series Spectra/ by N. R. Campbell (Camb, Univ. Press, 1921). As the 
treatment here adopted differs slightly from Sorhinerfeld’s, it has been thought 
advisable, in order to render what follows intelligible, to give a brief outline 
of the theory before discussing its application to the helium bands. 


The Quantum Theory of Band Spectra. 

In conformity with a great deal of experimental evidence the theory 
attributes band spectra to moleoules; these are treated (in the first instance) 
as rigid bodies possessing internal and rotational energy, either or both of 
which may vary, giving rise to emission or absorption of energy in the form 
of radiation. The former case is alone considered here. The fundamental 
assumptions are those employed by Bohr in his theory of line series,and now 
generally recognised as of wide validity, viz.:— 

(1) The emission of a frequency v is due to a decrease hv in the energy of 
the radiating system. 

(2) If the system is in rotation and is not emitting radiation its angular 
momentum must be an integral multiple of hj2 tt. There is thus a limited 
number of possible angular velocities, just as in Bohr’s model of the hydrogen 
atom there is a limited number of stationary electron orbits. 

Let 1 and a> respectively represent the moment of inertia (about the axis 
of rotation) and the angular velocity of the molecule. Then if the rotation 
quantum number m changes to m' (m' < m), the energy radiated 

= Av = iIo> a ~il6) /fi by(l). 

But I« = gby(2). 

Z 7T 


Thus 


, 1 f {mil? [m'h\ a ~\ h* , „ ,,, 

- a ite) “(if) i ~ m <”*>■ 


According to the selection prinoiple of llubinowicz m cannot change by more 
than one unit at a time, so that we shall have 

h 


v — 


Sir 3 ! 


(2m—1). 


This represents a series of equally spaced lines, and from existing data in 
connection with molecular moments of inertia (of the order of 10~* for the 
lighter moleoules) we conclude that they must lie in the far infra-red, round 
about 30/i. In spite of the great difficulties attending work in thiB region a 
certain amount of evidenoe confirmatory of the theory has been obtained (e^ 
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for water-vapour absorption by Kubens and by v. Bahr), but accurate measure¬ 
ments are not possible at present. If, however, we suppose, as Schwarzschild 
suggested, that a change in the configuration of tho molecule involving a 
decrease hv 0 in the internal energy may occcur simultaneously with the 
change in angular momentum, the resultant frequency radiated may be very 
muoh greater than those characterising the pure rotation spectrum, so that it 
may be brought into the region where spectroscopic investigation is more 
easily and accurately conducted than in the far infra-red. 

The configuration change referred to may primarily concern the positions 
of the electrons or of the atoms within the molecule. In the former case 
the consequent alterations in the electrical forces are bound to affect the 
distance apart of the atoms, so that in both cases the final moment of 
inertia will differ in general from the initial. Thus, if the moment of inertia 
takes the value V after the configuration change, we shall have 


hv as hv o + 


h?m u h 3 (m -1) 3 

8w*J ‘ 8w , *r 


—1) 


whence 
or writing 


i'o- 


Ji 


Co' for 


87T 2 I 

h 

«7T a r 




h 


4 7r*r 
and 


rn + 


hi 1 1 \ . 

7r* j"~r/ m * 


, hi 1 1 \ 


v — va—Co +2co'm+Cjm' i . 


Two other oaBes are also possible. First, the angular momentum may 
remain unaltered daring the change hv v . The frequency emitted will, 
however, be modified in consequence of the change in the moment of 
inertia, so that 

v = v Q + [m •> m. 

Finally,* the rotation quantum number may increase from (m—1) to m, 
giving 

v =* i/ 0 + Co — 2c u m+c a m i [(m— 1) -> m 

where Co denotes 

Evidently cq—co' = c 3 . 


■ * Here the treatment departs slightly from that of Sommerfeld, who considers the 
change and thus obtains an expression identical with the first, except that 

the coefficient of m is negative (£«., -2c 0 '), so that both series are represented by one 
formula in which m takes both positive and negative values, The method adopted 
in the text has the advantage of making the numbering symmetrical, t.e., lines associated 
with the same two quantum states are denoted by the same value of m in the formulae, 
whereas by Sommerfeld'« treatment they are denoted by and -(m + 1). Further r 
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Adopting the notation of Heurlinger we shall write R(m), Q(m) and 
P(?tt) respectively, for the general term of each of these series. Thus 
for the 

positive branch R(m) = r 0 “ +2c§m+c%m* t 
null (zero) „ Q (w) ® vo + tym 3 , 
negative „ V (m) = i/ 0 + c (> — 2^m + cyn 3 . 

Only positive integral values are to be given to m. 

Graphically interpreted these equations represent a system of similar 
parabolas having their axes parallel to the v axis. The vertex of the Q 
parabola is on the v axis, and the vertices of the P and E parabolaB are 
nearly equidistant from it and on opposite sides. The latter curves are, in 
fact, reflections of one another in the line m = J. 

A typical set of series is represented in fig. 1; they have been calculated 
for the case when c 0 = 15*5 (cmr 1 ), c u ' = 14'5 and accordingly c s = -f 1, 
values which are not far removed from those found in connection with the 
helium bands. The lower part of the diagram illustrates the actual 
appearance of the bands on a uniform scale of wave-numbers, except 
that to avoid confusion the Q series has been plotted separately from 
the other two, and the two series proceeding from the P head have also 
been separated. 

If c a had been negative (corresponding to F>I) a similar set of series 
would have been obtained, but degraded in the opposite direction, ie to the 
less refrangible side. Further, the R series and not the P series would then 
have proceeded to a head. 

On this theory the head of a band assumes only a secondary importance in 
comparison with the frequency r 0 ; it is merely a region where the lines 
happen to he crowded together, and its location is of no primary significance 
in connection with the structure of the band. For example, in seeking 
relationships between different bands, it is to be expected that the laws 
expressing these will take their simplest form when they are formulated in 
terms of the respective values of v 0 , instead of the frequencies of the heads. 
For series of the Q type the distinction is unnecessary, since the head is at 

the former method was thought to be more convenient for testing the applicability of 
the theory, since the empirical representation of both series in a single formula would 
have necessitated the employment of higher powers of m than would be required in 
the separate treatment of the two series, so increasing considerably the labour of 
computation. But the numbering adopted by Bommerfeld has been generally used, 
and for that reason is possibly to be preferred. 
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or a 



Fig. 1.—Theoretical group of band series. 

B(i») = * r u -^ / + 2^ 0 / ;n + c s m 2 ; Q(»t) = * 0 +^*; P(#«) = P 0 +c 0 -2c^/t + c^ft 2 ; c 0 = 15% cj = 14*5 : c 2 = c 0 -c 0 ' = 1*0 cm. 
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«/ 0 , but the head of the P or R series (whichever may happen to possess one) 
may be shown to be given by 

to = — (P series) or — — (R series) 

c% 

and v = v<i— 

” = •* + s?4= r ) ' 

It may he noted that the term “ head” as here employed refers to the 
vertex of the parabola, which does not necessarily correspond with an actual 
line, and indeed will in general not do so. 

Many of the characteristics of band structure outlined above were recognised 
by Heuriinger* independently of the theory, and he and others have subse¬ 
quently shown that the structure of many typical bands (e,g. f nitrogen and 
“cyanogen”) maybe interpreted by its aid, provided certain modifications 
are made in some cases. For example, the Q series is frequently absent, and 
there may be six or twelve series in all, instead of three, but as these 
complications do not occur in helium they need not be considered here, -One 
feature which is common to all the bands studied must, however, be 
mentioned, namely, the gap (indicated in the figure) which occurs between 
the P and R series. The fundamental frequency v {) is invariably absent from 
the spectrum, and often one or more of the adjacent lines are also 
suppressed. The absence of the former has been attributed to the non¬ 
existence of molecules having no rotational energy, which would obviously be 
the only ones capable of giving rise to it, and this view is not without some 
support on other grounds (e.g„ investigations on the specific heat of hydrogen 
at low temperatures). This explanation would at the same time account 
for the absence of the adjacent lines P(l) and R(l), for these are due to the 
transitions 0 -♦ 1 and 1 -«• 0. These lines are, in fact, absent from the 
helium bands so far studied, and have therefore been omitted from fig. 1. 
But it appears that the above explanation fails in the case of the 
“ cyanogen *' band at X 4216, where v 0 is absent, but the pair of lines given 
by m s= 1 actually occurs. We may perhaps, in this and similar cases, infer 
that the non-rotating molecule is capable of existing, but incapable of 
emitting its characteristic frequency vq without a simultaneous change in 
its angular momentum. In this connection Lenzf has proposed to introduce 
a second quantum number n , which relates to the angular momentum about 

* * Unterauch ungen Uber die Struotur der Bandenspektra,’ Dm Lund., 1918. 
t * Verb. d. Fhys. Ges.,’ vol. 31, p. 632 (1919), 
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an axis perpendicular to that associated with m. For example, in the 
Bohr-Debye model of the hydrogen molecule n would refer to rotation 
about the axis of figure (the line joining the atoms) and m to that about 
a perpendicular axis through the centre of gravity of the atoms. He thus 
obtains a formula 

v as vq -f ci (m + n) -h ca (?n 4- >&) a 

in which m can take all possible integral values, but n can never be less than 
a certain minimum value dependent upon the structure of the molecule 
if there are two electrons revolving in an orbit perpendicular to the axis of 
figure, n could never be less than 2). Evidently in such a case the first n <> 
lines will be missing from each of the P and li series, % denoting the above- 
mentioned minimum value of iu 

The actual appearance of the bands originating in this manner will be 
determined not only by the location of the lines but also by their intensities. 
These depend upon the way in which the various possible angular velocities 
are distributed amongst the molecules. Theory indicates some general features 
of this distribution which appear to be in accordance with observation, 
although precise measurements of intensities have not been made. Thus, for 
example, as m increases the intensities increase pretty rapidly, reach a 
maximum and then decline much more slowly. Also, the greater the moment 
of inertia of the molecule the greater will be the proportion of molecules 
possessing large angular momenta; in other words the number of lines of 
observable intensity will be greater. Increase of temperature will produce a 
similar effect. 

In conclusion, the special characteristics which might be anticipated for the 
helium bands (as compared with those due to heavier elements and com¬ 
pounds) may be indicated. Whatever the constitution of the molecule 
responsible for their production, it is likely that its moment of inertia will be 
relatively email, considerably smaller than, say, that of the nitrogen molecule, 
so that the frequency intervals between the lines in the neighbourhood of v {) 
should be relatively large, since these are (approximately) inversely propor¬ 
tional to I. Further, the series will comprise comparatively few members, 
and may in the case of the P and R branches fade into invisibility before 
the head is reached, so causing a conspicuous difference in appearance from 
that of an “ordinary " band series, in which the head is the most prominent 
feature. These expectations are found to be realised in the case of the 
three bands under examination, and their anomalous character in these 
respects is thus seen.to be only apparent 
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The Band \ 6400, 


The general appearance of this band will be seen from the Plate, and the 
manner in which it has been analysed is shown in fig. 2, which is a graphical 
representation on a scale of wave-numbers, intensities being also indicated. 



Fig. 2.—Helium band at X 6400. 


Full details of the band are collected in Table I, which gives the estimated 
intensities, wave-lengths (I JL, air) and wave-numbers (vacuo) of all the lineB 
of the four series recognised. These wm’o obtained from a first-order grating 
plate which had an exposure of about 6 hours on the bulb of a Plucker tube 
containing helium at a few millimetres pressure (estimated) and exoited by an 
oscillatory discharge of moderate intensity. The absolute wave-lengths are 
not very reliable, on account of the liability to temperature shift during an 
exposure of this length, and may be in error by 0*1 A, or so (as estimated 
from previous experience of the instrument). But for the present purpose 
such a shift, so long as it is reasonably small, is of little importance,, 
ltelatively to each other the wave-lengths should be accurate within the 
limits of measurement, which is estimated (by comparison of different sets of 
measures) at about 0'02 JL, corresponding to 0*05 unit in the wave-number. 
The estimates of intensity were made at the first measurement (in 1914) 
before the allocation into series, and were not subsequently revised (only 
checked). The wave-lengths of Burns* were used for the iron arc comparison 
lines, and the Bureau of Standards Tablesf for the reductions to vacuum. 

* * Lick, Obs, Bull/ No. 247, 1913. 

t 4 Scientific Paper/ No. 327,1916, 
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Table I.—Details of the Band X 6400. 


R series. 

I 

Q, Beriee. 


w * 

Infc. 

X (air). 

v (vac.). 

' 

Int. 

A (nir). 

v (vao.). 

i 




1 . 

j 10 

6398 -74 

15623 *77t 

2 

8 

0381 *21 

15666 '08 

! io 

99*26 

22 *50 

3 

8 

70 02 

04 -21 

10 

0400 -02 

20-64 

4 

9 

69 ‘22 

15720 -88 

10 

01‘19 

17 -79 

5 

10 

48 ’89 

46 44 

io; 

02 73 

14-04 

6 

0 

89-00 

70 -86 

i io 

04*62 

09 *43 

7 

8 

29 *80 

93 -93 

8 

06‘85 

03 *99 

8 




! »t 

09 *48 

... 

16597 *58 



P series. 



V series. 

i 

i 

«*. 

Infc. 

A (air). 

i 

j p (vao,). 

. 

: Infc. 

A (air). 

{ i 

v (vac.). 

1 

1 




(■ io 

1 1 

G410 79 

l 1 

15594-89 

2 

1 

6415 ’92 

15581 -92 

i 10 

28-10 

64*61 

8 

1 

28*11 

52 -88 

H 10 

36 -68 

84*09 

4 

2 

40’38 

22 76 

j: io 

48 *49 

03 *28 

5 

2 

52 '76 

15492 -96 

i 10 

61 *47 

15472-08 

6 

2 

05 -82 

62 *89 

l| 10 

74 59 

40 73* 

7 

2 

78-12 

32 *31* 

i 

p 

j; 

i 



* The next members of these series are just off the edge of the plates available for accurate 
wave-length determinations, bnt several more appear on plates taken with other instruments 
of lew dispersion. 

f This line might alternatively be regarded as the first of the l v series, but as the corre¬ 
sponding lines of the 5730 and 4546 bands are certainly Q(l).in each case this has been 
designated Q (1) also. 

Formulae were next calculated for the four series. Examination of the 
second differences showed that the wave-numbers could not be represented by 
a formula of the type v = a+bm+ cm 2 , but that at least one additional term 
of higher order would be required. A third order term was introduced, and 
was found to be sufficient for a satisfactory representation in all cases. The 
coefficients were calculated by the method of least squares, and are exhibited 
in Table II, which also gives the corresponding residuals. 

The similarity between the disposition of the series designated P, Q and K 
and that of the theoretical family illustrated in fig. 1 is apparent from the 
figure, and we see at once that the unusual appearance of this band is chiefly 
due to the small number of lines developed, so that the head which would be 
expected in the E series cannot be observed. The extreme faintness of the 
P series and the presence of a very strong additional series (P') are other 
circumstances which help to disguise the true character of this band, but the 
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calculations which follow leave no doubt that the structure is in the main 
identical with that required by the theory. 


Table II. 

Coefficients in Formulae for \ 6400 Series. Residuals. 


SerieB. 



7» 2 , 

w*. 

( O - C ) xl 00 . 


m. 

1. 

2. 1 

8, 

4 . 

5. 

0. 

7. 

8. 

K 

16609-61 

+ 29-046 

- 0*2016 

-0 02667 


0 

-1 

+ 2 

-2 

-1 

+ 2 


Q 

i 16624-08 

+ 0-066 

- 0 * 400*1 

) -0-00278 

+ 8 

— 9 

+ 4 

+ 3 

-2 

-4 

0 

0 

P 

16641 -88 

— 30 ‘006 

+ 0-1606 

- 0-02800 


+ 1 

+ 2 

1-3 

-2 

; o 

F 1 


P' 

16628 -78 

— 28 '961 

-O -3662 

+ 0 01798 

-6 

0 

+ 2 

0 

0 

l_. 

1 0 




Theoretical formulae 

JR (i») « vq — C(/ 4 2c 0 'm + 

Q, (m) » v Q + c 2 m a , 

P (m) « v Q + e 0 —2c 0 m + c 2 w®. 
P'(»») ( Bee P* W). 


From Table II it will be seen that third power terms appear in the 
formulae; they are in fact necessary for the representation of the series, and 
must correspond to some factor uot taken into account in the theory as 
presented above, a factor which we shall for convenience refer to as the 
“ perturbation M without enquiring at present into its nature. There may of 
oourse be more than one such factor, but their total effect on v may be repre¬ 
sented by a function a -I- bm + cm 2 4- dm? which when added to the simple 
second-order theoretical formula gives the empirical formula actually obtained. 
The coefficient of m? in the latter is equal to d, but the values of a, b and c 
cannot be determined, and therefore the relations which should theoretically 
exist between the coefficients of m°, m and rn? are not likely to be exactly 
satisfied, so that a complete verification of the theory is not to be expected. 

Proceeding now to compare coefficients of the theoretical and experimental 
formula, we obtain, 

(1) From P, + * = 15641*38, c 0 « 15*00, .*. = 15626*38, 

„ K, vo-cq' = 15609*61, « 14*52, i/ 0 = 15624*13. 

The difference between the two values of v 0 is presumably due to the 
coefficients a and b of the function expressing the perturbation, and is small 
enough to justify the application of the theory to these series, particularly as 
the value of vo derived from the Q series, i.e., 15624*08, is also in agreement. 
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(2) The second theoretical relation between the coefficients of the three 
formulae is that c s , the coefficient of m s , should be the Bame for all, and equal 
(co—Co')- To test this, we have— 

from P and R, c n —c a ' — +0-48, 

„ R c-i = -0-20, 

„ Q c 3 = -0-40, 

„ P c 3 as + 0 - 18. 


The expected relation is not established, but the terms in question are so 
small that the perturbation is probably relatively important in this case. The 
disagreement indicates that the values obtained above for Co and c 0 ’ may not 
be very reliable, within perhaps 3 per cent, or so. 

Taking them for what they are worth, however, the corresponding moments 
of inertia may be calculated, with the following results:— 


Initial value I = 
Pinal value I' = 


h 

b7r%' 


T84 x 10 -4W grm.-om.® 
190 x 10" 40 grm.-cm * 


where h has been taken as 6 54 x 10 -a7 erg-sec., and c„, c 0 ' are expressed as 
frequencies (8 x 10 la times the previous values). 

The Q series, it may be noted, conforms closely to the theoretical require¬ 
ments in that the coefficients of m and m 3 are both very small. It is, there¬ 
fore, capable of approximate representation by a parabola with vertex at 
m S3 0, v « v 0 , while m — 1 gives the first observed line. The absence of 
Q (0) is to be expected in view of the absence of P (1) and R (1), and supports- 
the conclusion that the non-rotating molecule does not occur. The smallness 
of the perturbation in this case also allows the numeration to be determined 
without ambiguity, and suggests that the value of v 0 deduced, viz., 156241, is 
probably the best that can be derived for these series. 

The additional series P' has no counterpart in the theoretical group of 
series, but is nevertheless intimately related to the three already dealt with. 
The nature of the relationship is readily seen from the figure, and may be 
expressed as follows:— 

(1) P' is approximately parallel to P, i.e., the coefficients of m are of the 
same order of magnitude in both cases. 

(2) P' extrapolates to v 0 derived from the Q series, i.e., P' (0) = Q (0> 
within the limits of experimental error. As a matter of foot, the line Q (1), 
15623*77, would fit equally well in the P' series as P'(0), but the former 
identification is here preferred, because it agrees with that adopted for the 

VOL. oi.—- a. k 
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other bands studied, where the corresponding lines are,certainly Q(l) and 
not Y (0). 

It may be noted that the numeration of this series cannot be definitely 
Bettled at present, since the mechanism of its production is not understood; 
that employed must therefore be regarded as provisional. 

The formula representing this series will be seen to be of the form 

P' (m) ss j>o—2c'm + <? 3 'm 8 , 

where v 0 is identical with that characteristic of the P, Q, and R series, and 
c\ t% are not very different in magnitude from the corresponding coefficients 
of the normal family. Further discussion of this series may be postponed 
until the other two bands have been considered. 


The Band \ 4546. 

The details of this band are given in Table III. Again, only one plate 
suitable for measurement was available, and comparison of several indepen¬ 
dent sets of measures shows that the wave-numbers are probably less 

Table III.—Details of the Band \4546. 


R series. 

Q series. 

m. 

Int, 

A (»ir). 

v (vac.). 

Int. 

X(.ir). 

v (vac,). 

1 




8 

4646-80 

21902 -21 

2 

3 

4537 -14 

22034*16 

4 

46*21 

00 20 

8 

3 

31 ‘71 

60-64 

6 

46*93 

86*76 

4 

8 

26 66 

86*16 

6 

47-91 

82*00 

5 

3 

2 X ‘92 

22108*84 

6 

49*16 

76-00 

6 

8 

17 62 

29 *88 

5 

60-81 

67*96 

7 

1 

18 -66 

48-79 

4 

62-72 

68*80 

8 




8 

66*04 

47*66 



P series. 


P' series. 

#*. 

Int. 


r(r»c.)- 

Int. 

A(«ir). 

r (tec.). 

1 


1 


4 

4661*80 

21068-90 

3 



i 

6 

68-20 

89-88 

8 




6 

64*82 

00*66 

4 

0 

4564-27 

21908 *2 P 

6 

71-69 

21867-68 

8 

1 - ! 

70-48 

21873 *42 

6 

78-75 

88*92 

6 

i ; 

76-98 

42*36 

6 

86-97 

21799-66 

7 

i 

88-72 

10*26 

8 

98*46 

64-04 

8 i 

X 

00-68 

21777 *19 

1 

4601*12 

27*79 

9 

X 

97-88 

1 

48 ’10 




The line P (4), marked P, was too weak to measure satisfactorily, and the tabalated wava- 
number may be in error by 0 *8 or so, 
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accurate than before, partly owing to the larger value of dvfdX in this region, 
and partly also on account of the slightly winged character of the lineB 
(attributed to temperature shift during the 7 hours’ exposure). It is believed 
that the relative errors in wave-number will seldom exoeed 015 unit how¬ 
ever. The P series was so faint that it could not be measured on the iron arc 
overlap, and the previously determined P' lines were therefore utilised as 
standards. This procedure necessarily increased the probable error some¬ 
what. A few lines (all faint) evidently not connected with the series have 
not been recorded. 

Table IY exhibits the formulae and residuals in the same manner as before. 
The aocuracy of the wave-numbers did not justify the calculation of third 
power terms ; in fact, quadratic formulae sufficed for the representation of all 
the series except Q, where a further term would have been required to include 
the eighth member. 

Table IV. 

Coefficients in Formulae for 

X4546 Series. Residuals. 


Series. 

mP. 

M. 





(O-O) X 100. 




1 . 

2. 

8. 

4. 

6. 

6 . 

7. 

8. 

9. 

R 

21976 *99 

+ 80 ‘818 

-0 *8701 


+ 2 

—2 

-11 

+ 14 

0 

-2 



Q 

21992 *64 

+ 0*244 

-0*7260 

+ 6 

-8 

—9 

-2 

+ 17 

-4 

-2 

(-08) 


P 

22013 '80 

-26*571 

-0*5007 


1 


(-80) 

0 

+ 2 

—2 

0 

0 

r 

21998 *85 

-29*040 

-0*4440 

i 

-7 

+ 4 

+ 18 

— 4 

-11 

+ 6 

-8 

+ 3 



Betidu&lt is bracket* refer to line* not used in obtaining formats, e.g., Q (8) i* unreliable, 
as it i* a blend with a stronger line. 

From P, v„+<% “ 23018 '80, « 0 - 12 79, .\ v 0 - 22001 «. 

„ B, r 0 - <?„' - 21976 -99, c 0 ‘ - 16 41, .-. v,, - 21991 -4. 

„ Q, v<) - 21992 -S4. 

The similarity of this band to \ 6400 is apparent from fig. 3; both consist 
of a “ normal ” family of P, Q, and R series, the first being much weaker than 
the other two, together with a strong additional series (P'), running roughly 
parallel to the P series and commencing at the head of the Q aeries. Both 
families are degraded toward the less refrangible side, corresponding on the 
theory to a decrease in the moment of inertia of the molecule as a result of 
the configuration change. 

It will be Been from Table IV that while the two values of v 0 from Q and 
R agree vefy well, that from P is discordant by about 10 units. It should be 
noted, however, that this series was not completely observed: P(4) was too 

> 2 
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weak to measure reliably, P (3) would fall under P' (2), and P (2) was not 
present. The value of v 0 in the case of this series is therefore derived from 
a long extrapolation, namely, from P (5) to P (0), and is entitled to but little 
weight. A displacement of the series may possibly exist, but cannot be 
certainly established from the data available. As the coefficient of m is 
affected by a similar uncertainty, a better value of co is probably obtainable 
from the well determined R series by utilising the theoretical relation 
Co—Co' = Cji. We have c a ' — 15*4, c a — — 0*8 (mean of Q and R values) 
whence c 0 — 14 6. These values correspond to initial and final moments of 
inertia of 1*89 x 10" 40 and 179 x 10" 40 respectively. In view of the method 
by which these figures have been obtained, it would be inadvisable to attach 



too much weight to them, but it is probably justifiable to conclude that the 
average moment of inertia is of the order of 1*8 to l - 9x 10 -40 . In the case 
of the band X 6400 the average moment of inertia was found to be'1*87 x 10 -40 . 
This agreement lends further support to the view that these two bands are 
closely related in some way. 

If the two bands were associated in the manner characteristic of line 
series, as found by Fowler ( loc . cit.) for other bands in this spectrum, we should 
expeot to find the next member near v = 24820, and it shonld be of 
observable intensity. On the plates available this region is a confused mass 
of lines in which no regularities have been established as yet, and it is 
possible that the hypothetical band may have escaped detection. At all 
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events its absenoe cannot be proved. The next member might be expected 
at about 26320, with, of course, a rather large probable error. There is a 
weak single head at 26466, which is degraded towards the red and might 
from its appearance be associated with XX 6400 and 4546, but on the high 
dispersion plates it is too weak to measure satisfactorily. It is hoped that 
further experimental work may throw some light on this question. 
Meanwhile, it may be remarked that there is just a possibility that the 
band at 26466 may be the third member of the series instead of the 
fourth. If this were the case the series law would be rather a curious one, 
namely, the squares of the frequencies would be approximately as 1:2:3, 
i,e., the wave-numbers would be in the ratio 1 : v/2 : y/3. The exact figures 
are as follows :— 

Vi as 15624 as 1*562 x 10* 

Vi - 21992, -i£- = 1-55 5 x 10 4 , 

v ^ 

v 3 = 26466, -£| = 1-528 x 10 4 . 

V 6 

In this case the next member would fall at about v = 30,000, which is just 
outside the region covered by the plates. 

The Band X 5730. 

This band is visually the most prominent feature of the spectrum, and 
differs from the remainder in being degraded towards the more refrangible 
side. It is rather more complex than the two bands already described, but 
the results established for these have been of great assistance in elucidating 
its structure. Again the measurements were all made on one plate (first 
order, 10 hours 1 exposure); the wave-lengths are probably reliable to about 
0 02 A, and the wave-numbers to 0 06 cm.~ x , in both cases relatively to each 
other. These particulars, with intensities and series allocation will be fouud 
in Table V, which also includes all lines which appear on the plate but have 
not been allocated to series. These cannot be traced to any impurity or 
aoeident («.£., ghosts, superposed orders), and some at least of them may 
prove to be associated with the baud. 

Six series have been recognised in this band, and the coefficients of the 
formal© calculated for them are shown in Table VI. In several eases a 
fourth power term appeared to be required in order to secure a satisfactory 
representation, suggesting a rather larger perturbation than in the previous 
oases, although the slightly greater extension of these series is no doubt 
partly responsible. 
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Table V.—Details of the Baud X 5730. 


Int. 

A (air). 

v (vac.). 

Series, 

Int. 

*(air). 

* (t*c.) 

Series. 

1- 

6846-87 

17707 -28 

R(8) 

8 

5748*00 

17890-74 


l- 

60-03 

17691 -88 

R'(8) 

1 

49*16 

89*08 


1 

68-44 

67-81 

R(7) 

2 

60 17 

1 


1 

60*12 


R'(7) 

1 + 

61 *10 

88-27 


2 


81-59 

R'(6) 

5 

61 ‘69 

81 *88 

P'(a) 

2 

71 *18 

28, -28 

R(6) 

1 

62*09 

80-19 

8 


17699 -20 

R'(6) 

1 

62 -84 

77 08 


4 

88*68 

89*67 

R(6) 

1 + 

58*64 

76-78 


6 

9). -27 

65-92 

R'(4) 

7 

68*21 

67-74 

P(3) 

6 

06-04 

52 ‘44 

R(4)' 

9 

69*82 

56*86 

p'V) 

1- 

97-42 



64 *45 

42*91 

V (4) 

6 + 


82 ‘44 

R'(3) 

9 

67-10 

34 *94 

p'V) 

1- 

04 *90 

24-02 

1 

69 *56 

27-68 

7 

07-16 


R(8) 

9 

72 *83 

19 *28 

P(6) 

1- 

08-14 

14 *00 

10 

73-69 

15-47 

P'(G) 

7 

12 01 

17499-38 

R'(2) 

1 + 

77*20 

04*48 

1 

14 -68 

94 16 

8 

79 *29 

17298 -87 

ly (6) 

2 

16-28 


Qi(7) 

8 

80*09 


p(«) 

7 


83 *47 

R<2) 

5 

84*88 

88-16 

P'00 

1- 

18*77 

81-48 

1 

86*81 

80*87 

8 

19*99 

77-70 

Qi(fl) 

8 

80*96 

76-67 


2 

21 -18 

74-06 

5 

87 *79 

72 *98 

P(7) 

2 

21-98 

71 -64 


8 


69*36 

P'(8) 

10 

23-80 

67-80 j 

QiW 

2— 

98*86 

66*28 

F(9) 

R'm? 

1 

93*85 

64-91 

8 

24-86 

62‘86 

Qs(B) 

5 


49*72 

P(8) 

0 

26 *66 

67-36 j 

Q.(6) 

l 

96 08 

48-28 


Q,(4) 

1 

97-81 

48-12 

P*(10) 


28-68 


0,(4) 

5 

98-77 

40*28 



49 *41 

Q. (8) 

1- 

02-24 

29-96 





QaW 

1 

03*19 

27 12 



81 -25 

48*88 

<3,(2) 

2 


25*81 

P(9) 


81 -08 

41 *81 

Q, (2) 

1 

09*91 

07-20 


82-57 

89 -36 

Q,h) 

1 

10-69 





87-94 

4(i) 

1 

11-97 

01 *12 

p(10) 


84*45 

88-63 

0 

12 *56 

17199 -42 


89*85 



1 

16 *89 




44 *88 

08-64 


1 

19 *26 

79*66 



46*97 

17896-67 


1 

20-67 

76 -46 

P(ll) 

2 

47*68 

98*96 

P(2) 





The relations found to exist between these six serieB are exhibited 
graphically in fig, 4 in the same manner as before. It may be well to point 
out, however, that the representation given in the figure and also the 
formula coefficients are to a large extent dependent upon the numeration 
adopted, and an alteration in the latter, which is in some cases open to question, 
would shift the series vertically in the diagram and considerably alter the 
appearanoe of the system. (See p. 66.) 


































Table VI. 

Coefficients in Formulas for \ 5730 Series. Kesiduals. 
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The six series fall into three pairs, of P, Q and E types respectively, and at • 
first sight it would appear natural to regard them as two oomplete normal 
families. There are several objections to this view however, the chief of 



Fig. 4.—Helium band at X 8730. 


which is that the two Q sexies converge almost to the same wave-number, 
whereas the two values of v 0 derived from P, R and P', R' (see figure) differ by 
no less than 14 units. The actual figures may serve to make the point 
clearer, and are as follows:— 


Qi (0) = 17437-3, Q» (0) = 174364. 

P(0) = 174531, c« = 16-2, v 0 - 17436 9, 

R(0) = 17420-6, c«' = 15-3, v, , = 17435*9, 

P' (0) = 17437-3, Co * 15-0, v 0 m 17422-3, 

It' (0) = 174084, co' = 13-5, v 0 = 17421-9. 

The numbering of P' and E' is here not the same as in the Tables and 
figure, but that appropriate to the above view, so that the formula coefficients 
differ from those tabulated. The mean value of i>o derived from P and E, 
17436-4, i8 identical with Qj(0), but the corresponding value from P' and B' 
is 17422-1, 15-2 units from Q*(0) and 14-3 from Qi(0). The discrepancy 
remains however the numeration is varied, and one is bound to oonolude 
that there is a relative displacement between the Q series and the other 
two. Suoh a complication is to be avoided if possible, and a means of doing 
so is suggested by the results obtained in the preceding sections. We there 
established the existence of P' series running approximately parallel to the 
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P series, but extrapolating to v% instead of to (p 0 + co)< The apparently 
displaced P series of this group fulfils these conditions very closely (see 
Table VI and fig 4). Moreover, the associated B series also extrapolates to 
j/o and runs parallel to the normal R series so that it must be regarded in a 
similar way. This leaves the extra Q Jsries aB the only quite anomalous 
feature of the band, and is therefore thought to be a much more satisfactory 
method of representation than that first proposed. The values obtained 
for ro from P' and K' now become 174373 and 17436*8, in excellent agreement 
with those derived from Q* t Q a , P and R, 

The existence of two Q series is a puzzling feature of this band, for they 
are so close together that it is impossible to say which of them is associated 
with the normal P and R branches. It is true that the moan va determined 
from the latter agrees exactly with Q*(0), but Qi(0) only differs from this 
by 0*9 unit, by no means a large discrepancy in the light of our experience 
in previous cases. Other evidence available is equally indecisive; for 
example, there appears to be some connection between V and Qi 
(evident from the coefficients), and also between R' and Q a (see below), 
so that which is the normal and which the additional Q series remains in 
doubt. An attempt has been made to fit them both by one formula, in 
which m may have both positive and negative values, but this appears to be 
definitely impossible. 

As mentioned above, there seems to be a relation between Qi and P', in 
view of the remarkable similarity of the formulae (exoepfc for the coefficients 
of m, which determine the type of the series), and again between Q* and K'. 
The latter appears when the differences R'(w) — Q&n) are formed; these 
are found to be an approximately linear function of m, suggesting that if the 
formulae had been exact the coefficients would have shown a similar 
correspondence to Qi and P'. 

The question of missing lines is of znuch theoretical interest, and the position 
with regard to this band may he summarised thus :— 


Series. 

First observed line. 

Remarks. 

R 

m - 2 

,R (1) would fall exactly on Q s (4), but the intensity 
of the latter seems normal. 

Qi 

m » 1 

The vertex of the parabola representing this series 
is nearer w« -1 than m — 0, which suggests that 
the first observed line may be m 2; 

* 

m m X 

The numeration here seems fairly well established. 

m m 2 

P (1) it definitely absent. 

. R' 

m ** 2 

R'(l) may be present, as it would fall on Qj (5), 
which shows a large residual, and Is abnormally 
•strong. 

P' (1) is definitely absent. 

F 

m « 2 
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The observations are thus in good accordance with the theory, which 
demands that P(l) and It (1) should be absent if Q(0) does not occur. The 
theoretical significance of the P' and E' branohes is at present unknown, but 
it may be noted that in the bands XX 6400 and 4546 the line P / (1) is present, 
whereas here it is absent. 

The initial and final values of the amount of inertia, calculated from the P 
and It branches as before, are 1*71 x 10 -40 and 1'80 x 10 _4# grm.-om. s . These 
are a little lower than the corresponding results for the other two bands, but 
of quite the same order, so that it is unnecessary to suppose that we are 
dealing here with quite another type of molecule. The structural differences 
between the bauds may reasonably be attributed to a difference between the 
changes of internal configuration involved. No other band resembling A. 5730 
has been detected on the plates available, which cover the region XX 6600 to 
3350, but there are several regions where detection might be difficult. 

Discussion of Remits. 

It has been shown in the preceding sections that the quantum theory of 
band spectra is capable of accounting in a very simple manner for the 
structure of the helium bands under consideration. Moreover, it explains 
their unusual appearance as due to an unusual intensity distribution 
necessarily resulting from the low atomic weight of helium. But the agree¬ 
ment with observation is not perfect; deviations from the parabolic formulae 
demanded by the theory are commonly met with in band series, and are in 
fact exceptionally large in the case of these helium bands. The observational 
evidence in favour of the theory is very strong, and its general validity can 
hardly be questioned, but it should be capable of modification or extension in 
order to take into account these deviations, or perturbations, as they have 
hitherto been called. 

The general character of the perturbations is most clearly seen when the 
wave-number intervals between successive lines of a series are plotted against 
the corresponding values of m, the rotation quantum number characterising a 
given line. If the theoretical formulae held exactly a straight line would thus 
be obtained, and we may roughly estimate the magnitude of the perturbation 
by the extent to which the graph departs from linearity. The general result 
which emerges from an examination of these curves is that the perturbation 
increases with m, and usually more rapidly for higher values of m. In fact, 
in several oases the interval reaches a maximum, and begins to diminish just 
as the series fades out. A similar tendency has been noted in the case oi 
other bands,* but only for much larger values of m than in the present oaae. 

* Eg., Birge, * Astrophysics! Journal,’ voL 46, p. 92 (1917). 
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This feature of the perturbation immediately suggests as a possible cause 
the deformation of the molecule due to centrifugal force. In order to form 
an opinion as to whether the latter is likely to be large enough to produce 
the observed effects we may make a rough calculation as follows:— 
Assuming two similar nuclei each of mass M at a normal distance 2r apart, 
the moment of inertia about an axis perpendicular to and bisecting the line 


joining them is I (say) s= 2Mr® 


The centrifugal force on either 


as ss Mr 


/ mh \ 3 _ 

\4irMrv 


mV 

IWUr* 


Now from the values for I already obtained, which average about 1*8 x 10~ 40 , 
and taking M = 7x 10” 24 (mass of helium atom) the value of 2r, the distance 
apart of the nuclei = 2 V /I/(2M) = 0*72 x 10“ 8 cm. Substituting this value, 
the centrifugal force comes out as m 2 x 8x 10“ 7 dyne. W® cannot directly 
determine the effect of this, since wo are ignorant of the law of the attractive 
force binding the atoms, but we can perhaps gain some idea of its relative 
importance by comparing it with the force of repulsion between the two 
nuclei, which will be of the same order as the attractive force. Assuming a 
double charge on each, i.e. t setting an upper limit to the force, the latter will 
be about 1*8 x 10“ 2 dynes. This is about 20,000 times the centrifugal force 
due to a one-quantum rotation state, but only 200 times that called into play 
when the rotation is 10 times as fast (corresponding to the last observed lines 
in the present bands). The known instability of the molecules emitting the 
bands under discussion lends support to the conclusion that for the larger 
values of m here encountered the centrifugal force may quite possibly be great 
enough to cause an appreciable deformation of the molecule, with consequent 
deviations from the theoretioal formulae for the wave-numbers. 

It is interesting to note, in passing, that the above considerations may serve 
to explain the relatively large deviations in the case of helium as due to the 
relatively small mass and size of the molecules, together with their unstable 
character, Larger and heavier molecules will experience smaller centrifugal 
forces for corresponding values of the rotation quantum, and if further they 
are more stable, will be less deformed in proportion. 

Such a deformation may affect the radiated frequency in one (or both) of 
two ways, which correspond to the two terms composing the expression for 
the energy of the molecule, namely, the internal energy (comprising K.E. and 
RE. of the nuclei and electrons), and the rotational energy. In other words, 
either r<> or I, or both, may vary with m. In the absence of any precise 
knowledge of the moleoular structure we cannot expeot to account in detail 
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for the observed facts, but it seems possible to draw some general conclusions 
which are not without interest. 

Whatever the exact effect of the supposed centrifugal forces, the energy of 
a molecule will depend partly upon its internal configuration and partly upon 
the rotation quantum number. Let the energy prior to a configuration change 
be h¥(m) and that subsequent to the change be Then, assuming the 

three series to originate in the manner already described, we should have 

R (m) = F(m)-/(m-l), 

P(m) = F(m-l)-/(m), 

Q(m) = F(m)-/(m), 

also Q(wi—1) = F(m—1)—/(m—1). 

Whence the following relation should be satisfied:— 

R(m)+P(m) = Q(w) + Q(m—1). 

This combination principle, which is due to Heurlinger, has been tested for 
a number of bands; in some cases it appears to hold exactly (e.g., for hydro¬ 
carbon baud X 4300), but in others (e.g., H»0, MgH s ), a deviation appears for 
large values of m. The extent to which it applies to the bands XX 6400 and 
5730 may be seen from Table VII, which shows the values of (R) m+P(m)/2 
and Q(m)+Q(m—1)/2, together with the differences between these quantities. 
In the case of X 5730, where there are two Q series, the test has been made 
on each in turn. The relation is evidently far from exact in these cases, and 
the departure from it is quite systematic, increasing in general with m. Since 
the combination principle would not be invalidated by the existence of 
deformation due to centrifugal force, we conclude that the latter is not 
competent to produce the whole of the observed deviations from the theory. 

The intensity distribution in band series is a point of some theoretioal 
interest, since it leads to an estimate of the distribution of rotational velocities 
amongst the molecules. The plates on which the present work is based are 
not very suitable for intensity estimations, as all the stronger lines are 
considerably over-exposed, but so far as can be judged the intensity distribu¬ 
tion is fairly normal. That is to say, there is a maximum two or three lines 
from the beginning of the series, then four or five lines of fairly uniform 
intensity, and finally a rather rapid falling off as the end of the series is 
approached. Having regard to the unusually small number of lines 
developed, this is comparable with the distribution in "ordinary" band 
series, exoept that the latter do not in general fade out so suddenly. The 
oause of this peculiarity in the helium bands may be that for the higher 
rotational velocities the moleoule is approaching an unstable condition. 
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If it were merely a question of whether the molecules possessing these larger 
velocities were sufficiently numerous to be detected one would expect a more 
gradual falling off in intensity. 


Table VII.—Test of Combination Principle. 
Band X 6400. 



I. 

II. 


m. 

B(«) + P(m). 

Q ( m ) + Q (m —1). 

I-II. 


2 

2 


2 

16624 *80 

16623 -14 

+1 *16 

3 

23 *30 

21 '67 

+ 1*73 

4 

21 '82 

19 -21 

+ 2*61 

5 

19 *68 

16 -92 

+ 3*76 

6 

16 '88 

11 -74 

+ 6 14 

7 

13 '12 

| 6-71 

+ 6*41 


Band \ 5730. 


m. 

in. 

B(w) + P0») 

2 

IV. 

0,(m) + Q,(m — 1) 

2 

V. 

2 

ITI-1V. 

m-v. 

2 

17488 ‘72 

17441*37 

17439 -63 

—2 *65 

-0*91 

8 

42*89 

46*40 

48-65 

-4*01 

-1 *20 

4 

47*68 

68 *38 

48-76 

-6*70 

-1 ‘07 

6 

54*45 

68*32 

54-43 

-7*87 

+ 0*02 

6 

02*14 

72*50 

60 10 

-10 *86 

+ 2*04 

1 

70 *40 

83 *40 

- j 

-18*00 

1 



Note .—In the ewe of \ 6400 the differences* (I—II) would be considerably smaller if the 
Q eerie# were numbered one higher throughout, but would still show a strong systematic 
variation. The agreement between the empirical and theoretical formulas for this series, 
however, support# the numeration adopted. 

The differences II1-IY would also be reduced by a similar change of numeration, but again 
the systematic variation would remain. In tbi# case the coefficients of the empirical formula 
for Qj seem to suggest that such a ohange may be necessary. 


This question of the distribution of angular velocities has been investigated 
theoretically by Kemble,* who finds that the intensity maximum of the band 
should correspond to an angular velocity a determined by the relation 
I = ET/o) a N, where B is the gas constant, T the absolute temperature, and 
N the number of molecules per gramme-molecule. By substituting lw=mh/2ir 
this reduces to 



47r*IRT 

. m . 


KT 


0-68 T 
2co 


since r 0 


h 

8^*1 


approx., when c 0 is expressed in om. 


* * Phye. Rev.,’ vol. 8, p. 688 (1916). 
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For the helium bands 2cq is about 30 cm," 1 ; T is not known, but is not 
likely to be much above room temperature. Putting it at 300° K we 
find m sss 2*6, i.e the maximum should occur at about the second or third 
line, or perhaps a little farther from the beginning of the series if T has been 
under-estimated. The intensity estimates are too rough to permit of an exact 
verification, but the predicted result is of the right order. 

One difficulty, hitherto passed over, calls for consideration, namely the 
assumed existence of a molecule of helium ; it is a necessary assumption, 
for the moments of inertia found are much top large to refer to a helium 
atom. In this connection Lenz* has made the plausible suggestion that 
when one of its electrons is close to the nucleus and the other far removed 
in an outer orbit) the helium atom is approximately equivalent to a 
hydrogen atom so far as electrical forces are concerned, and two such atoms 
may unite to form an unstable helium molecule of similar type to the 
hydrogen molecule. Whatever the precise constitution of the helium molecule, 
there is no doubt of its instability. Its development seems to require special 
conditions of pressure and electrical excitation, and is greatly favoured by 
absence of all impurities.f 

Granted that a molecule of helium may exist, the theory accounts for the 
bands as arising from a simultaneous change of internal and rotational energy. 
The nature of the former change cannot be directly inferred from the data 
here presented, but it is probably a change in the configuration of the 
electrons, since the resulting frequencies are of the same order as for 
Fowler's series of doublet bands, which are distributed according to the 
ordinary law of line series. If nuclear vibrations can occur in this case, 
which the instability of the molecule renders somewhat doubtful, they are 
likely to be of a lower order of frequency, and may be expected to give rise 
to bands in the near infra-red region. It is hoped that a search for these 
may be undertaken in the near future. The pure rotation spectrum corre¬ 
sponding to the present bands will lie in the faT infra-red, round about 100/t, 
and will consequently be difficult to observe. 

Application of Remits, 

It is thought that the results obtained may be of service in several ways. 
The first application will naturally be to the remaining bands in the spectrum, 
although these appear to show some marked differences in structure. They 

* * Verb, d, D, Phys. Gee./ vol. 21, p. 632 (1919). 

t Some interesting observations hi this connection will be found in a paper on 
“Badiation and Ionisation in Helium, 5 ' by Horton and Davies, ‘Phil. Mag./ vol 42, 
p. 746 (1921). 
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are nearly all included in Fowler's doublet series; the double heads are 
probably of Q type, and are accompanied in each case by a P series, 
but not by an R series, so far as can be ascertained by inspection. The 
separation of the two heads is much greater than in the ease of the 
X 5730 Q series. 

There is little doubt that the secondary spectrum of hydrogen is due to 
the hydrogen molecule, and it may therefore be expected to show the general 
features of a band spectrum together with some of the special features which 
distinguish the helium bands. The smaller moment of inertia which we may 
assume the hydrogen molecule to possess, however, should lead to a larger 
frequency interval between successive members of a series, and probably 
also to the development of a less number, although in this oonneofcion the 
relative stabilities of the two molecules will have an influence. Either 
factor would make the series relationships more difficult to detect, but a 
beginning has already been made,* and it seems reasonable to hope that 
further progress may be facilitated by the present observations. 

The infra-red absorption bands of HF, HC1 and HBr,f which have been 
the subject of much discussion during the last few years, present features 
which it is interesting to examine in the light of the present results. They 
appear to consist of P and R type series (but no Q branch) of a normal 
character, except that only one line is missing from the middle of the band, 
whereas on the simple theory missing lines should occur in pairs. KrafczerJ 
has put forward an explanation of this, and reaches the conclusion that in 
emission bauds the line due to the transition 1^0, i.e,> R(l), should be 
missing, and in absorption bands that corresponding to 0 -* I, ie,, P(l). It 
remains to be seen whether this is confirmed by experience in the case of 
these bands, for no adequate data relating to their emission characteristics 
are available, but it certainly does not appear to hold in the case of helium. 
An alternative possibility which is suggested by the present results is that 
these absorption bands may be of the P' and R' type, in which case the 
missing line would be P'(0) = R'(0) « v 0 . This would account for the 
peculiarity referred to, but until some theoretical explanation of the P' R' 
system is forthcoming the question must be left open. 


* Fulcher, 4 Astrophysical Journal,’ voL 37, p. 60 (1013). 

t Imes, 4 Autrophysic&l Journal,’ vol 60, p. 351(1919); Colby and Meyer, * Astro- 
physical Journal,’ vol 53, p. 300 (1931). 
t i 35. t Phyaik,’ vd 3, p 289 (1920). 
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Summary. 

Grating photographs of three of the principal heiinm bands have been 
measured and analysed, with the following results:— 

(1) Tables showing wave-lengths, intensities, wave-numbers and allocation 
to series are given, also diagrams exhibiting the structure of the banfds. 

(2) The chief features of their structure are shown to be accounted 
for by the quantum theory of band spectra, a brief rtsumi of which 
is given. 

(3) In each of the three bands a now type of series is found which, although 
closely related to the others, has not yet received a theoretical explanation. 
Other departures from the theory are also noted. 

(4) It is concluded that the spectrum is due to an unstable helium 
molecule, having a moment of inertia of about T8 x 10~ 4O grni.-cm. 2 

The author’s best thanks are due to Prof. Milner, of Sheffield University 
(where the majority of the work was done), for his constant interest and for 
affording every possible facility for its prosecution. He is indebted also to 
Dr. It. W, Lawson for valuable assistance in connection with references to 
German publications. 


On the Molecular Scattering of Light in Water and the Colour of 

the Sea. 

By C. Y. Raman, M.A., Hon. D.Sc., Palit Professor of Physios in the Calcutta 

University. 

(Communicated by Dr. G. T. Walker, C.S.I., F.R.S. Received November 23, 1921.) 

1. Introduction. 

The theory that the light of the sky owes its origin and colour to diffraction 
by the molecules of the atmosphere is now established on a firm experimental 
basis by the brilliant work of Cabannes and of Lord Rayleigh on the 
scattering of lfght by dust-free gases, and by the measurements of the 
transparency of the higher levels of the atmosphere in the visual region of 
the spectrum, which have yielded results in close agreement with the calcu¬ 
lated values. It iB the purpose of the present paper to point out the part 
played by moleoular diffraction in another of the great natural optical 
phenomena, that is, the colour exhibited by large masses of dear water when 
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illumined by sunshine and viewed from above, the depth being sd great as to 
provide u perfectly black background for observation. The subject at present 
is in a somewhat peculiar position, as even on the question of the reality of 
the phenomenon there appears to be a divergence of opinion. On the one 
hand, have the following view expressed by so eminent an authority as 
the late Lord Rayleigh :* “ We must bear in mind that the absorption, or 
proper, colour of water cannot manifest itself unless the light traverses a 
sufficient depth before reaching the eye. In the ocean the depth is, of course, 
adequate to develop the colour, but if the water is clear, there is often nothing 
to send the light back to the observer. Under these circumstances, the 
proper colour cannot be seen. The much-admired dark blue of the deep sea 
has nothing to do with the colour of water, but is simply the blue of the sky 
seen by reflection/' On the other hand, observers familiar with the sea, such 
as J. Y. Buchanan, of the ** Challenger ” expedition, who have had very wide 
opportunities for study, have published detailed descriptions which support 
an entirely contrary view.f An admirable precis of the literature on the 
whole subject has been recently published by Prof. W. I). Bancroft.} From 
a perusal of this very convenient summary, and from the account given in 
Kayser and Bunge's ‘ Handbuch/ it would appear that the general trend of 
opinion is that, so far as there is any real effect to be explained at all (that is, 
apart from reflected sky light) the colour of water is due to absorption, the 
return of the light from the depths of the liquid being due to suspended* 
matter in it. During a recent ocean voyage, the present author has had an 
opportunity of making some observations whioh show that: the view indicated 
above is entirely inadequate. It is proposed in this paper to urge an entirely 
different view, that in this phenomenon, as in the parallel case of the colour 
of the sky, molecular diffraction determines the observed luminosity and in 
great measure also its colour. As a necessary preliminary to the discussion, a 
theoretical calculation and experimental observations of the intensity of 
molecular scattering in water will be presented. 

2. Theory of Molecular Diffraction of Light in Liquids . 

In the theory of the molecular scattering of light by gases developed by 
the late Lord Rayleigh, a very simple relation is established between the 
refractivity of the medium and the energy scattered laterally by it. These 
quantities are calculated on the assumption that the scattered waves origina¬ 
ting from the individual molecules are, except in the direction of the 

* * Scientific Paper#/ vol. 5, p, 640. 

t 1 Nature/ July, 1910, p. 67. 

} ‘Franklin In#t. Journal,’ 1919, and alao reprinted in ‘Chemical New#/ 1919. 

VOL 01.—A. F 
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propagation of primary waves, in entirely arbitrary phase-relationships and 
that their energy-effects may therefore be treated statistically as additive. 
The justification for this view, namely, that the molecules are in irregular 
order and possess large thermal movements, has been further discussed by 
Sir Joseph Larrnor* and the present writer.f Experiment shows that the 
Rayleigh law of scattering ia in good agreement with observation, even when 
the gas is very dense or highly compressed, On the other hand, in the case 
of liquids, the spacing of the molecules is far closer and their freedom of 
movement' much less, and we should no longer be justified in making the 
same assumptions. A gramme-molecule of steam occupies at 100° over 
1600 times the volume which an equal mass of water would occupy, and it is 
clear, prima facie , that volume for volume, water would not scatter light 
1600 times as strongly as pure steam, but only in a lesser degree, The 
question is, by how much less ? 

A method of approach to the problem of molecular scattering, which is 
somewhat different from Rayleigh's and which enables the case of liquids to 
be included, is the “ theory of fluctuations ” developed by Einstein and 
Smoluchowski, and used by the latter especially to elucidate the optical 
phenomena observed in the vicinity of the critical stated In this theory, the 
medium is regarded as undergoing small local variations of density owing to 
the irregular movements of the molecules, and the result of these fluctuations 
of density is that a certain proportion of the incident light is scattered. The 
formula developed is quite general and it is shown that the intensity of the 
light diffused by a cubic centimetre of the fluid at right angles to the direction 
of the incident rays is 

iM-TT •O'-W+s* 

X. is the wave-length, /S the compressibility of the substance, p its refractive 
index, and R, T, N, have the usual significance attached to them in the kinetic 
theory. § In the case of gases, /3 is simply the reciprocal of the pressure, and 
p being nearly unity, the expression reduoes identically to Bayleigh’s formula. 
The result may be applied equally well to find the intensity of the light 
scattered in liquids. For air under standard conditions, 

/9 = 0-987 x 10- 4 om »dyne _l , T = 273° and p = 1-000293. 

For water at 80°, /9 — 48-9 x 10 _u cm.*dyne' 1 , T = 303° and p = 1-337. From 

* 'Phil. Mag.,’January, 1919. 

+ ‘ Nature,' May 1,1919. 

For reference*, see Perrin'* 'Atom*,' Chapter V, authorised translation. Also 
Epstein,' Eney. Math. Wis*.,' vol. 3, p. 620 (“ Spezielle Beugungsprobleme ’’). 

$ E and N refer to a gramme-molecule and not to unit volume. 
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these data, it is readily found on calculation that, volume for volume, water at 
30° should scatter light 169 times as strongly as dust-free air under standard 
conditions. 

It should be remembered that in the theory on which'the foregoing result 
is based, the scattering considered is merely that associated with the ordinary 
refractivity of the medium, considered along with the non-uniformity of 
optioal density resulting from molecular movement. The light scattered in a 
direction perpendicular to the incident rays should be completely polarised. 
This result holds even when the regions in which the small density fluctua¬ 
tions occur are not of dimensions small compared with the wave-length.* It 
is a point worthy of notice that according to the formula, the scattering power 
of liquids is proportional to the absolute temperature, apart from the changes 
which would result also from the variation of compressibility and refractive 
index with temperature. 

3. Experimental Study of Molecular Diffraction by Water . 

To determine whether the intensity of light molecularly scattered in water, 
as indicated by the theory, is at least of the same order of quantities as in 
experiment, some observations have been made by the writer. On examina¬ 
tion, the ordinary town-supply water as taken from the pipes Bhowed a very 
strong scattering when a beam of light was sent through it. The track was 
practically white and showed innumerable motes floating about in the water. 
Repeated filtration through several thicknesses of Swedish filter paper made 
an improvement, the track of the beam being now of a bluish colour, and a 
still better result was obtained when an earthenware filter was used. 
Suspended matter was, however, still in evidence and the track was also much 
brighter when viewed nearly in the direction of the source than when seen 
transversely or in the opposite direction. A somewhat casual attempt was 
then made to clear the water by adding alkali and alum and thus throwing 
out a gelatinous precipitate of hydroxide. This made a further improvement, 
but small particles of the precipitate remained floating about, apparently 
because the depth of the water was insufficient, and the appearance of the 
track of the beam was not very prepossessing. The next attempt was made 
with ordinary distilled water which had been prepared without any special 
precautions and stored in the chemical laboratory. This gave immediately a 
much smaller intensity of light scattering than the tap-water had done after 
several attempts at filtration. For purposes of observation, the distilled water 
was put into a stoppered glass bottle with square sides and allowed to stand. 

* Rayleigh, * Scientific Papers,’ vol 5, p. 547. 

* 2 
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Test-observations from day to day of the scattered beam with a double-image 
prism and a set of Wratten colour filters shqwed a progressive improvement. 
After about a fortnight's stauding, the track of the light was hardly con¬ 
spicuous unless a daYk background was provided for it to be viewed against, 
and the defect of polarisation at the violet end of the spectrum was much less 
striking than it was when the observations were begun. Small motes were 
still to be seen glistening in the liquid, particularly when it was viewed 
nearly in the direction of the source, but the track of the beam viewed 
transversely was of a blue colour and it was judged that the greater part of 
the observed-luminosity was probably due to the water itself, 

For a quantitative estimate, the brightness of the beam in the water was 
compared directly with that of its track in saturated ether vapour. The latter 
was contained in a pear-shaped bulb with a long neck which was covered over 
with black paint and formed the "black cave” against which the light 
scattered by the vapour was observed. The bottle and the bulb were set 
side by side and a parallel beam of light passed through both. An Abney 
rotating sector was placed in front of the water-bottle and the opening of the 
seotoc varied till the tracks appeared to be of equal intensity in both vessels 
as judged visually. The opening of the sector gave the ratio of intensities, a 
correction being made for the loss of light by reflection in the passage of the 
direct and scattered pencils through the glass walls. It is not pretended that 
the determinations made in this way were anything more than approximate 
estimates; it was thought that more elaborate measures could well be 
reserved till thoroughly satisfactory samples of “ mote-free M water could be 
obtained. The scattering of light in saturated ether-vapour has been measured 
by comparison with air by Rayleigh, and shown to be strictly in proportion 
to the square of its refractivity. Using this result, the observations showed 
that the scattering power of the sample of water used was 175 times that of 
dust-free air under standard conditions. This, though not agreeing exactly 
with the theoretical value is only slightly in excess, and the difference is not 
more than can reasonably be explained as due to residual suspended matter 
present in the sample of water used, 

The light scattered by water in a direction transverse to the incident 
beam was found to be strongly, but not quite completely, polarised. It 
seems quite likely that the imperfect polarisation is really a characteristic of 
water, and not merely due to presence of residual suspended matter. More 
complete measurements of the defect of polarisation have, however, been 
held up till a thoroughly pure sample of water is obtained. 
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4. Molecular Scattering and Transpamicy of Water . 

Since the energy of the light laterally scattered is derived from the 
primary beam, there must result a certain attenuation in the intensity of 
the latter in its passage through the liquid, the magnitude of which may be 
readily calculated from ,the coefficient of scattering. The expression for the 
intensity of the transmitted beam is I = T 0 <T OX , where $ is the length of 
path traversed through the liquid and 

* = w- w- ( ^- lw+2) *- 

As in the case of atmospheric scattering, we may expect that the 
coefficient of attenuation u will exactly indicate the observable transparency 
of the medium in those parts of the spectrum for which it does not exercise any 
selective absorption. * From the data already given and the known values of It, 
T and N, <* may readily be determined for any value of the wave-length. 

From the observations of various experimenters, it is known that water 
exercises a selective absorption on the longer wave-length side in the visible 
spectrum. The most reliable measurements of any hitherto made appear to 
be those of Count Aufsess, quoted in Kayser’s ‘Handbuch/ This experi¬ 
menter used double-distilled water, and convinced himself that it was free 
from suspended matter: it was found by him that the selective absorption in 
the visual region practically ceased for wave-lengths less than 558 pp. For 
the two wave-lengths 522 pp and 494 pp, Aufsess gives us the coefficient of 
absorption 0*00002. For these two wave-lengths, the coefficient of attenua¬ 
tion «, calculated from the formula given above, is respectively 0*000022 
and 0*000029. The agreement of observation and theory is significant, and 
it would be interesting if further accurate measurements for different wave^ 
lengths up to the extreme violet end of the spectrum were available, so that 
the increase of the coefficient of attenuation inversely as the fourth-power 
of the wave-length could be tested. It would also be interesting to 
determine by oareful experiment whether the intensity of the light 
scattered by water exactly follows the fourth-power law; if the selective 
absorption in the longer wave-lengths is accompanied by any selective 
scattering, deviations from the X" 4 law may be expected to appear in that 
region of the spectrum. 

5* Luminosity of Deep Water due to Molecular Scattering. 

Since, in round numbers, water diffuses light 160 times as strongly as an 
equal volume of air, a layer of the liquid 60 metres deep would scatter 
approximately as muck light as 8 kilom. of homogeneous atmosphere, in 
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other words, it should appear nearly as bright as the zenith sky. This 
rough calculation, however, omits to take into account two important 
factors, the diminution in the intensity of sunlight before it reaches the 
level of the water, and its further attenuation in the passage through the 
liquid, and also the loss in intensity of the scattered light before it 
re-emerges from the depths. It is the two last factors just mentioned 
which, together with the magnitude of the scattering itself, ultimately 
determine the total observed luminosity of an ocean of liquid of very great 
depth. Neglecting the effect of self-illumination within the liquid, and also 
the contribution which is made by diffuse skylight, which enters the water 
and is then subsequently re-scattered within the liquid—both of which may, 
in certain circumstances, rise to importance—the observable luminosity of a 
very deep layer of liquid may be readily calculated. For simplicity, we 
shall consider a case in which the altitude of the sun is-sufficiently great to 
enable its rays within the water to be treated as approximately vertical in 
direction, and the intensity of the light scattered will also be assumed to be 
observed in an approximately vertical direction, e,g, f by an observer in an 
aeroplane flying at Borne height above the water. The coefficient of 
scattering in such a case will be twice as great as when the scattering is 
observed laterally. Denoting it by 2B/\ 4 , and the coefficient of absorption 
of light in water by 7 , the total observed luminosity is given by the integral 

x being the depth of any layer. For a sufficiently great depth, this reduces 
to B/ 7 \ 4 . For the case of pure water, the values of 7 are taken from the 
determinations of Count Aufsess for wave-lengths up to 622 (ip, and, for 
shorter wave-lengths, we may take them to be the same as the value of 
coefficient of attenuation « given by theory. The value of B is in round 
numbere 160 times the coefficient of lateral scattering by dust-free air. 
From these data, and making an allowance for the diminution of the solar, 
intensity in transmission through the atmosphere as on an average day, the 
total luminosity of deep water for different wave-lengths is expressed in 
Table I in terms of the kilometres of dust-free air at atmospheric pressure, 
which would, by lateral scattering of full sunlight, give an equal effect. 

If we take the scattering by 8 kilom. of dust-free air as the standard and 
compare with it the figures shown in Table I, it is seen that in the light 
returned by the water practically all the red is cut out, the orange and yellow 
are quite feeble, but the green is greatly enhanoed, and also the blue, indigo, 
and violet, but to a considerably less extent. The standard of comparison 
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Table I.—Luminosity of Deep Water* 


A in w. 668 

622 

602 

660 

579 

566 

522 

404 

450 

410 

Equivalent kilo- 

metre* of duet*free 
air. 

0 '4 

0*5 

1 

0‘1 

14 

2*5 

3-0 

| 60 

I 

i 

40 

24 

i 

] 

15 


(scattering by dust-free air) being itself of a blue colour, it is clear that the 
cutting out of the red and the enfeeblement of the orange and yellow would 
result in the colour of the light scattered by the water being a highly 
saturated blue. The enfeeblement of the orange and yellow would, however, 
considerably diminish the visual intensity, which, at a rough estimate, would 
probably not exceed two or three times that of the zenith sky. 

It will be understood from the figures given in Table I that the blue colour 
of the light scattered by the water arises primarily from the operation of the 
Rayleigh \“ 4 law, the absorption of the red and yellow regions of the 
spectrum in the water resulting merely in the colour being more saturated 
than it would otherwise be. If the figures entered in the columns of Table I 
had represented ratios of comparison with white light, the presence and pre¬ 
dominance of the green would result in the perceived colour being a greenish 
blue, and not a deep blue colour. In other words, the blue colour of the 
scattered light is really due to diffraction, the selective absorption of the 
water only helping to make it a fuller hue. 

6 . Colour of the Sea not due to Reflected Sky-light. 

There does not appear to be any way of escape from the consequences of 
the Einstein-Smoluchowski theory of molecular scattering worked out in the 
foregoing pages. Postulating an ocean of clear water, and of great depth, we 
have necessarily to accept the consequence that under the illumination of the 
sun's rays it would scatter light of a colour greatly transcending the light of 
the sky in the saturation of its blueness, and, also, unless the transparency of 
the water is much inferior to that of the pure liquid as observed in the 
laboratory, comparable with the light of the sky in its brightness. There is 
ample evidence regarding the great transparency of oceanic waters, at least 
under normal conditions, in calm weather. Writing of the mid-Pacific, 
J. Y. Buchanan states* that a metal plate only 4 inches by 4 inches, painted 
white and suspended at a depth of 25 fathoms (45 metres), was distinctly seen 
with sharply defined edges. The plate became indistinct at greater depths, but 
this was only on account of its smallness and want of steadiness, owing to 

* * Nature,' loc. ctU 
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the movement of the boat from which the observations were made. The 
plate was seen through the glass bottom of a floating tub, in order to eliminate 
the effect of ripples on the surface of the water. Buchanan adds that the 
colour of tho column of the liquid, 25 fathoms in length, resting on the plate 
was a pale but pure ultramarine; that of the external and uninterrupted 
column surrounding it was of the same tone, but of many times greater 
intensity. He infers that the length of the uninterrupted column, which 
contributed to the luminous effect by diffusing sunlight upwards, must have 
been much greater than 25 fathoms. Buchanan’s observations clearly indicate 
a high degree of transparency, and show that the colour of the sea really 
arises from a scattering of light upwards from within the water. 

The statement by the late Lord Rayleigh, that the deep blue colour of 
the sea is merely due to reflected sky-light, has already been quoted in the 
introduction. We shall now proceed to examine the grounds urged in support 
of this view: “ When the heavens are overcast the water looks grey and 
leaden, and even when the clouding is partial, the sea appears grey under the 
clouds, though elsewhere it may show colour. . . ’ . One circumstance 
that may raise doubts is that the blue of the deep sea often looks purer and 
fuller than that of the sky. I think the explanation is that we are apt to 
make comparison with that part of the sky which lies near the horizon, 
whereas the best blue comes from near the zenith. In fact, when the water 
is smooth and the angle of observation such as to reflect the low sky, the 
apparent blue of the water is much deteriorated. Under these circumstances 
a rippling due to wind greatly enhances the colour by reflecting light from 
higher up. Seen from the deck of a steamer, those parts of tho waves which 
slope towards the observer show the best colour for a like reason.” The facts 
indicated in this quotation are, of course, quite correct; but the explanations 
given may well be questioned, and a closer examination shows that they 
require to be modified considerably. 

Considering first the effect of clouds in the sky, careful observation shows 
that the presence of a cloud alters the appearance of the sea in two entirely 
distinct ways. In the first place, the water under the shadow of the cloud is 
screened from the direct rays of the sun, and the amount of light that can be 
diffused upwards from within the liquid is greatly diminished, and it must 
therefore necessarily appear darker. This feature is admirably shown in 
aeroplane photographs of water when the sky is clouded. In the second 
place, the presence of a cloud greatly increases the brightness of the part of 
the sky against which it is seen, and therefore also the brightness of its 
reflection in the surface of the water. In the case of an individual cloud, 
the apparent position of its reflected image on the surface of the water 
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'(which depends on the position of the observer) and the position of the 
shadow (which is independent of it) may be entirely different. When the 
clouds are more numerous and the sky gets more or less completely overcast, 
the two effects occur together over practically the whole area of the water, 
and the result is that the brightness of the surface-reflection is considerably 
enhanced, and the brightness of the light diffused out from within the water 
made quite small. The appearance of the sea is therefore naturally com¬ 
pletely altered, but this in no way indicates that the blue colour of the sea, 
as ordinarily seen when the sun shines full into it, is merely reflected 
sky-light. 

The difference in the colour of the sea, when it is entirely smooth and 
when its surface is slightly ruffled, or even merely rippled, is, indeed, 
remarkable; closely connected with this effect is the difference in colour 
between the fore and back parts of an undulation on the surface of the 
water. Careful observation shows that the explanation for this suggested by 
Rayleigh is not adequate, and that the effect, or at least the greater part of 
it, really arises in another way. It is obvious that the light molecularly 
diffused within the water before it can emerge into the air must in part be * 
reflected internally at the surface of the liquid. If the surface of the liquid 
be viewed very obliquely, that is in a direction nearly parallel to it, the only 
part of the diffused light which can reach the observer's eye is that which is 
incident at nearly the critical angle on the boundary between the two 
media, and of this a considerable part would be reflected internally, and the 
portion that emerges would also be greatly attenuated by the increased 
angular divergence of the scattered pencils. In the same circumstances, the 
external surface would reflect the low-lying parts of the sky almost com¬ 
pletely, the incidence being nearly grazing. The diffused light from inside 
the water would thus be overpowered by the sky-reflection. When, however, 
the surface of the water is even slightly disturbed, the conditions are 
completely altered. The scattered light can emerge freely, into the air 
through the parts of the surface that slope towards the observer, and to 
a lesser extent through the parts that slope away from him, so far as they 
are visible at all, the latter portions showing the reflections of the sky more 
conspicuously. The differences in colour that arise in this way, and are 
actually observed, are much greater than can be explained merely by 
referenoe to the difference between the different parts of the sky. 

Again, as has been pointed out by Tyndall and Buchanan, the colour of the 
sea is best seen when looking almost vertically down on its surface. The 
‘effects seen in this way can hardly be influenced by sky-reflection, as the 
-brightness of the zenith sky is relatively small, and the reflecting power of 
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water for normal incidence is only 2 per cent. Further, both of these 
writers describe observations made in circumstances in which the sky- 
reflection is eliminated altogether. One view that might perhaps be taken is 
that, while the colour of the sea is a real phenomenon which may be 
observed under suitable conditions, the appearance of the sea as a whole, as 
seen from the deck of a steamer, is largely determined by reflected sky¬ 
light. I think even this view would be a mistake. If it were true, the 
elimination of the reflection should result in the general appearance of the 
sea becoming impoverished. It will be shown later in the paper how this 
test can be applied, and the result is exactly the opposite. As a result of the 
discussion, we are thus led to the conclusion that the colour of the sea is a 
real phenomenon, that it is not due to reflected sky-light, and that the latter 
is merely a somewhat inconvenient disturbing factor in the observations. 

7. Colour of the Sea not due to Suspended Matter. 

It has been shown in the foregoing pages that pure water of the highest 
obtainable transparency is capable of exhibiting in its own body, as the result 
of molecular scattering, a blue colour of intensity amply sufficient to explain 
all that is observed in any actual case. There is a consensus of opinion 
among observers that the natural waters which show a deep blue are the 
most transparent of all. Nevertheless, in order to account for the observed 
return of the light from within the water, they have also agreed amongst 
themselves to supply a greater or less amount of suspended matter, accord¬ 
ing to the supposed requirements of theory! The position here is fairly 
analogous to that we find illustrated in regard to the theories of the colour 
of the sky. Ignoring the possibilities arising from the molecular structure 
of air itself (regarding which at least an early hint was given by Herschel), 
vesicles (!) of water were postulated. Subsequently duet-particles took their 
place, and were dispensed with only after it was recognised that the air 
itself was capable of explaining all that was observed; dust is now only a 
disturbing factor, the effect of whioh in favourable circumstances may be 
quite negligible. In the opinion of the writer, it would make for progress 
to adopt at once the position finally reached in the parallel case, and to* 
recognise that the observed colour of the sea is primarily due to the water 
♦itself, and that suspended matter, if present at all in appreciable quantity, is 
to be regarded as a disturbing factor, of which the effect requires to be 
assessed in each individual case. As regards the deep blue or ultra- 
marine colours of the oceanic waters, at any rate, there is good reason for 
believing that the observed luminous effect is not due to suspended matter 
in any appreciable degree. In order that suspended matter might have 
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a noteworthy optical effect, it should be present in a highly dispersed or 
colloidal form. Not only is this unlikely, in view of the actual marked 
transparency of these waters, which has already been remarked upon, but it 
would also be inconsistent with the coagulative property of the electrolytes 
present in the sea-water. As is well known, the colloidal matter brought 
down by the great rivers is thrown down when the fresh and salt waters 
mix, and practically none of it gets far out to sea. This is very prettily 
shown in sailing out from the mouth of a river or from the coast by the 
rapidly decreasing intensity of the Tyndall phenomenon shown by the 
sunbeams playing in the water. In the deep sea the Tyndall phenomenon 
can only be perceived if one looks down into the water in nearly the same 
direction as that in which the sun’s rays enter the liquid. The tracks of the 
sunbeams can then be perceived going down into the water, and appearing by 
virtue of perspective to converge to a point at a considerable depth within it. 
This relative faintness of the Tyndall phenomenon in deep water is itself the 
best proof of the negligibility of any effect save that of molecular scattering. 
Reference may be made also to the observations of Tyndall,* who examined 
different specimens of sea-water, and found that, while the green seas 
showed suspended matter, the deep blue waters were very pure, and con¬ 
tained very little matter. Aitken,f speaking of the Mediterranean, mentions 
large white reflecting particles present in it; but, from the details mentioned 
in his paper, it is clear that he is referring to the greenish-blue regions near 
the coast, and not to deep-sea water. 

As regards inland lakes, it is difficult to be very precise, as so much 
depends on the individual circumstances of eaoh case, but it is more than 
likely that a detailed examination will show that, in the case of the very 
transparent deep blue waters, the influence of suspended matter is almost 
negligible. In this connection, it is useful to consider how suspended 
matter, if present, would influence tho observed results. The quantity of 
suspended matter and the state of its dispersal are here both relevant. 
First, we shall consider the case of very finely dispersed matter, and note 
the changes that would occur as the quautity is increased. In Section 6, it 
has been shown that the total observed luminosity for any wave-length is 
proportional to the scattering coefficient, and varies inversely as the 
attenuation coefficient. In the region of the spectrum in which there is 
no selective absorption, both of these quantities would be increased in the 
same ratio, and hence the luminous effect would remain unaltered. In the 
region of selective absorption, the scattering would be increased without any 

* Quoted *» extetuo in Bancroft’s paper, loc . cit. 

t Bancroft’s paper, loc. cit, 
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appreciable increase in the coefficient of attenuation . Taking this into 
account , a long with the figures given in Table I, we may draw the following 
inference: (a) a w/y small quantity of finely dispersed matter would not 
appreciably alter either the colour or intensity; (5) a larger quantity of 
such matter would cause some increase in intensity, accompanied by a 
decrease in the saturation of the hue, 

Suspended matter not very finely dispersed would operate in a different 
way. The first effect of increasing size of the particles would be the break¬ 
down of the \~ 4 law as regards the intensity of the light scattered in any 
given direction. With a collection of particles of different sizes, the oolourof 
the light scattered would be praotically the same as the colour of the light 
incident on the particles in any given layer, and we should find the water 
exhibiting a greenish-blue or green colour according to the quantity of 
suspended matter. It must not be supposed that the presence of suspended 
matter necessarily increases the intensity of the light scattered upwards. 
This depends a good deal upon the nature and the size of the particles. If their 
diameter be not small compared with the wave-length, they would diffract 
light unsymmetrically, that is, scatter more strongly in the direction of the 
primary beam than in the [opposite direction towards the source, and this 
would result in a diminution of the intensity of scattering iu the latter 
direction. If, further, the particles are of a fairly uniform size, special 
polarisation effects would also be observed. It is, however, not necessary 
here to enter further into these details. 

Finally, it should be remarked that iu regard to the total quantity of light 
scattered upwards from the water, small changes iu the quantity of suspended 
matter, if any, present iu the water are of much less importance than varia¬ 
tions of the transparency of the water arising from other causes, e.g., the 
appearance of a very small quantity of organic matter in the water exercising 
a selective absorption in the blue region of the spectrum. This would greatly 
enfeeble the scattered light that emerges from the water, without much 
altering its colour. 

8 , Polarisation and Colour Phenomena observed at Sea . 

According to the theory of molecular diffraction in liquids, the light scattered 
at right angles to the direction of the illuminating beam should be polarised. 
In attempting to test by observation at sea, other interesting effects are also 
noticed whioh will now be described. 

As already remarked above, the reflection of sky-light at the surface of the 
water is an embarrassing feature in making observations of the colour of the 
sea. Its influence may, however, be eliminated in the foliowing simple way: 



Scattering qf Light in Water and the Colour of the Sea. 77 

Light refected at the polarising angle from the surface of a liquid may be 
quenched by observation through a suitably oriented niool Hence , by 

observing a tolerably smooth patch of water through a niool at the polarising 
angle, the surface reflection may be got rid of The niool may be mounted at 
the eye-end of a cardboard tube, so that it can be conveniently held at the 
proper angle with the surface of the water and rotated about its axis so as to 
get the correct position for extinction of the reflected light. During a recent 
voyage, the writer made some observations by this method in the deeper 
waters of the Mediterranean and Red Seas, and found that the colour of the 
sea, so far from being extinguished when the sky-reflection is cut off, is seen 
with wonderfully improved vividness and with saturated hues. Even when 
the water is ruffled or when it is viewed more obliquely than at the polarising 
angle, the niool helps to weaken the sky-reflection. Further, as is well- 
known, the light of the sky is itself strongly polarised, and this fact may in 
favourable circumstances be used to practically eliminate sky-reflection from 
the whole surface of the sea. For this purpose, the time most suitable is 
when the sun has reached its maximum altitude, and the observer should stand 
with his back towards the sun and view the surface of the sea through a nicol. 

The part of the sky facing the observer has then its maximum polarisation, 
especially the low-lying parts, and the amount of polarisation is further 
enhanced when the light is reflected from the water at various angles of 
incidence. By turning the nicol about its axis, the best position for extinction 
should be found, and the whole surface of the sea will then be found to glow 
with a vivid blue light emerging from inside the water. Part of this improve¬ 
ment is also due to the fact that the nicol in great measure cuts off the 
atmospheric haze which covers the more distant parts of the sea. 

The obvious way of testing the light from the sea for polarisation, that is, 
viewing it through a nicol and turning the latter about its axis, is interfered 
with by the fact that the intensity of the reflected light also varies at the 
same time and obscures the variation in the intensity of light diffused from 
inside the water. Even thus, however, it is possible to observe the polarisa¬ 
tion of the scattered light, the surface of the water appearing less blue when 
seen through the nicol in one position than when viewed directly. Much 
the better way of detecting the polarisation of the diffused light, however, is 
to hold the nicol at the proper angle for extinguishing the surface-reflection 
from the water, and to vary the azimuth of observation relatively to the 
direction of the sun's rays entering the liquid. Striking changes in the colour 
and intensity of the light diffused by the water will then be noticed. The 
best time for making this observation is when the altitude of the sun is 
moderately large but not too great. Obviously, if the sun's rays are too 
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nearly vertical, varying the azimuth of observation can make no difference. 
But when the sun's rays inside the water proceed at an angle to the surface, 
the variation of the azimuth of observation alters the relation between the 
direction of the primary beam and the scattered rays under test. When the 
observer has his back to the sun, he looks down practically along the track of 
the rays inside the water, and the scattered light reaching his eye is 
unpolarised inside the water and is not extinguished in any position of the 
nicoL The colour of the scattered light is then seen as a vivid but com¬ 
paratively lighter blue, iis the azimuth of the plane of observation is swung 
round, the intensity of the scattered light diminishes and its colour changes 
to a deeper blue, until finally when the observer nearly faces the sun, 0 the 
intensity of the scattered light is very small and it appears of a dark indigo 
colour. If the polarisation of the scattered light were complete and the 
direction of observation exactly transverse to that of the primary beams 
inside the water, the nicol would have completely quenched the light. This 
is, however, not actually the case, evidently because we have to deal not only 
with the scattering of the sun’s direct rays inside the water, but also with 
multiply-scattered light, and also with the blue light of the sky which enters 
the water and is then re-scattered within it. It is evident that these con¬ 
tributions to the luminosity of the water would diminish the perfectness of the 
polarisation,! and would give a much darker blue than the primarily scattered 
rays. 

The relatively deep colour of the secondarily scattered rays mentioned in 
the preceding paragraph is also prettily illustrated by observing the water on 
the shadowed side of the ship, where the sun’s rays do not strike it directly. 
Such water shows a much darker and deeper colour than the contiguous 
parts exposed directly to the sun’s rays. A similar explanation may be given 
of the deepening of the colour of the sea as the sun goes down. The lower 
the altitude of the sun, the more important is the contribution of sky-light 
re-scattered within the water to the observed luminous effect. The blue 

* He cannot, of course, exactly face the sun, as the reflection of the sun's rays from 
the surface of the water would then interfere with the observations. It is advantageous 
to choose a time when the altitude of the sun is such that these reflections are also 
quenched by the observing nicol. It should also be mentioned that the partial polarisa¬ 
tion of the sunlight, when it enters the water obliquely, and a similar effect which occurs 
when the diffused light emerges from the water, make it possible to detect an appreciable 
dependence on the azimuth of observation of the colour, even without the use of the 
observing nicol. 

t Much in the same way as the polarisation of sky-light, even at 90° from the sun, is 
incomplete. It is also possible that the imperfectness of the polarisation of the 
molecularly-scattered light (due to asymmetry of the molecules or other cause) may 
contribute to this result. But on this point, the author reserves opinion. 
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colour of the sea, as observed with the aid of a niool when the sky is 
completely overcast by clouds, also appears of a distinctly deeper tint than 
sunlit water. It is probable that this may, at least in part, be due to the 
importance of multiple scattering in such cases. 

The difference between the colour of the parts of a wave sloping towards 
and away from the observer has already been mentioned and explained. A 
remarkable feature noticed in this connection is that when the surface of the 
sea is viewed through a nicol, the degree of contrast varies enormously as the 
nicol is rotated about its axis. The preoise effect, of course, depends upon 
the relative intensity, colour, and polarisation of the light reflected from the 
surface of the water at different angles and of the light emerging from inside 
the water. Broadly speaking, the phenomenon observed is that in one 
position of the nicol the sea appears almost flat and undisturbed, and in 
another position ruffled and full of ripples. The visibility of the horizon, 
which depends on the contrast between sea and sky, also varies, in some cases 
very greatly, as the niool is rotated. 

9. Colours of the Transmitted Light 

Finally, a few remarks would not be out of place regarding the nature of 
the colours observed when an opaque body, e,g., a white plate, is immersed at 
some depth under water. It should not be assumed that the colour which it 
exhibits really corresponds to that transmitted by an equivalent column of 
water of twice the depth. The observed effect is really the resultant of two 
distinct factors: (a) the light molecularly scattered upwards towards the 
observer by the column of water between the plate and the surface; and 
(6) the light scattered by the plate and reaching the observer after attenua¬ 
tion in passing through the column of water. The effect (b) itself is compo¬ 
site, for the light reaching the plate and scattered by it consists of two parts: 
(c) regularly transmitted light, and (d) lateral illumination of the plate, due 
to molecular scattering in the liquid. It is clear from this that the colour of 
the plate would appear much bluer than that of the transmitted light really 
is, and that observations of the latter by this method are quite futile. 

10. Summary and Conclusion . 

The paper puts forward a new theory of the colour of the sea, namely, 
that it is due to the molecular scattering of light in water. The following 
are the principal conclusions contained in the paper:— 

(a) The intensity of molecular scattering in water can be calculated from 
the “ theory of fluctuations ” developed by Einstein and Smoluohowski, and is 
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found to be in round numbers 160 times that in dust-free sir. This agrees- 
with the value observed experimentally. 

(b) The coefficient of extinction of light in water calculated from theory 
also agrees with the observed value in the parts of the spectrum in which 
there is no selective absorption. 

(c) A sufficiently deep layer of pure water exhibits by moleoular scattering 
a deep blue colour more saturated than sky-light and of comparable intensity. 
Tile colour is primarily due to diffraction, the absorption only making it of a 
fuller hue. 

(d) The theories hitherto advanoed that the dark blue of the deep sea is 
reflected sky-light or that it is due to suspended, matter are discussed and 
shown to be erroneous. 

(c) A number of interesting effects, due to polarisation and multiple scat¬ 
tering observed at sea, are described and explained. 

(/) It is pointed out that the colour of a white plate as seen when 
immersed at some depth under transparent water does not really correspond 
to the character of the transmitted light. 

The author is indebted to Mr. L. A. ltamdas, post-graduate scholar, for 
efficient assistance in the experimental work. 
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1. By a repeating pattern, or " repeat,” as it is sometimes termed for brevity 
of expression, is to be understood a figure in two dimensions of such shape 
that a number of figures identical with it may be assembled so as to fill spaoe 
of two dimensions without leaving any interstioes. We inolude in the definition 
any number of separate figures, relatively fixed in position, which, as a whole, 
possess the repeat property. 

The object of the present communication is, after some general notions 
concerning the subject, to establish a simple method for the design of repeats 
which leads naturally to a useful classification of these geometrical forms. 
In particular, in view of the circumstance that it is aesthetically desirable to 
construct forms which possess some kind of symmetry, a caloulus for the design 
of symmetrical repeats is brought forward.* 

* The eubject etudied herein haa been broached in a little book by the first author, 
entitled 'New Mathematical Paetimea,’ which is on the point of publication by the 
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2. The geometry which is involved is of a novel but simple character. It 
is entirely two-dimensional so long as patterns in two dimensions are in view. 
Two figures are looked upon us identical only when they can be made to 
coincide by movements in the plane. If two figures be such that one is the 
image of the other, but not identical with it, and one bo denoted by a, the other 
is conveniently denoted by la, and, when necessary, the position of the line 
which determines the position of the image will be stated. 

If a point u be joined to a fixed point 0 in the plane and the line aO be 
produced an equal distance to a ; a, a', are the point images of one another 
(or are in point symmetry) with respect to the point 0. 

Any locus of points % has a point image with respect to 0 which is the 
locus of the corresponding points a'. 

The point image of a figure with respect to any point in its plane is an 
identical figure rotated through two right angles about an axis perpendicular 
to the plane. 

The figure and the point image are conveniently denoted by 

a, Pa, 

the point O being specified when it is necessary to fix the relative positions 
of the two figures. 

Generalities concerning Repeats. 

3. It is convenient to briug together some well known facts, along with 
others which may not be well known or may bo new. 

The only regular polygons which are repeats are the equilateral triangle, 
the square, and the regular hexagon. 

Theje are important l)ases for use in the method of construction which will 
be presented. 

Every parallelogram is a repeat. 

Since any parallelogram can be divided into two identical triangles by 
drawing either diagonal, it follows that 

Every triangle is a repeat. 

4. Every Quadrilateral is a Repeat. 

This valuable result appears hitherto to have escaped the notice of 
geometricians.! It is fundamental in the subject, and is obvious to any 
geometrician almost as soon as it is stated. It follows readily from the fact 
that the sum of the interior angles is equal to four right angles. 

Every hexagon in which each pair of opposite sides involves lines which 

Cambridge University Press. It is there dealt with as affording a mathematical 
recreation, and is not seriously considered from a scientific point of view. 

+ The result for a convex quadrilateral is given as Example 14, p, 80, of Sommerville , s 
4 Non-Euclidean Geometry,’ 1914. 

VOL. Ot—A. 
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are equal and parallel is a repeat. This theorem is obvious directly a few 
hexagons are assembled. In this case the sum of three alternate, interior 
angles is equal to four right angles. 

Observe also that if we join two opposite angular points of such a hexagon, 
we divide it into two identical quadrilaterals, and that any quadrilateral is 
obtainable in this way. Since the hexagon is a repeat, its bisection into 
identical quadrilaterals establishes the quadrilateral as a repeat. Conversely, 
if we assume the repeat property of the quadrilateral, that of the hexagon is* 
established. 

5 . The Principle of Ihissection. 

We have found that the parallelogram and the special hexagon above 
defined give each rise to a new repeat by bisection into identical figures. We 
have here a general principle. Whenever it is possible to dissect a repeat 
into a number of identical figures, the figure so derived is a repeat. 

6 . The Principle of Composition. 

When we assemble a given repeat, we can in genera] draw a boundary 
enclosing two or more repeats, such that the figure enclosed by the boundary 
is a repeat. Thus, from the quadrilateral repeat we derive the special 
hexagon repeat. Many examples of composed repeats present themselves 
later. The principle is the converse of that of “ dissection.” 

7. Nature of an Assemblage of Repeats. 

When a repeat is assembled, it may always appear in the same orientatfon. 
Such is the case with the square, the regular hexagon, and the special hexagon 
connected wit!) the quadrilaterals. Such an assemblage may be said to 
exhibit one aspect of repeat. 

On another hand, if we assemble the equilateral triangle, the general 
quadrilateral and an infinite number of other repeats, # we find that the 
assemblage exhibits two aspects of the repeat. Other assemblages, according 
to the nature of the repeat, involve three, four, or six aspects. 

This is not the whole story, because some repeats can be assembled in 
more than one way, and these ways may exhibit different numbers of aspects. 
As an example, it will be shown that one category of repeats is such that every 
member of it may be assembled in three different ways, exhibiting one, two, 
and four aspects respectively. The nature of the assemblage in regard to 
aspect is an important feature of the classification. At the present stage it 
need only be remarked that the equilateral triangle is the only dne of the 
three repeating regular polygons that cannot have fewer than two aspects in 
assemblage. In general, a repeat derived by “ dissection " has more aspects 
when assembled than the repeat dissected; and, conversely, the repeat derived 
by “composition ” has fewer aspects than the repeat from which it is ddrivSrtt 
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8 . The Principle of Absorption, 

To explain, we make an assemblage of equilateral triangles, a tessellation, 

and number the triangles, which have the same aspect, 1 , and the remaining 
triangles are numbered 2. Then we see that every triangle numbered 1 or 2 
is adjacent to three triangles numbered 2 or 1 respectively. Dissect each of 
the triangles numbered 2 by lines drawn from the centre to the vertices. 
Add to the triangles numbered 1 the adjacent thirds of each of the adjacent 
triangles ; thus forming an assemblage of regular hexagons at the expense of 
the triangles numbered 2 , which have all teen absorbed by the triangles 
numbered 1 . 

This is the simplest illustration of the principle. It may be at once 
generalised for the equilateral triangle by taking any trisection at pleasure 
into three identical figures. The square, the regular hexagon, ami many other 
simple forms may be treated in a similar manner. 

9. The Principle of Line Transformation . 

It is convenient to regard the equilateral triangle as the simplest repeat. 
The simplest way (not the only one) of assembling it is to cause each side to 
touch, throughout its entire length, the side of another triangle. The 
method of transformation, as applied to such an assemblage, consists in trans¬ 
forming each triangle to some other shape, the same in each case, so that 
.the flat space is still filled up without leaving interstices. When this 
is carried out the triangle, m transformed in shape, is established as a 
repeat. 

To effect such a transformation we divide the triangle into three com¬ 
partments by straight lines drawn from the geometrical centre to the vertices, 
and suppose the three identical compartments to be numbered 1, 2, 3, such 
numbers being in ascending order of magnitude when read counter-clook- 
wise about the centre. It is convenient to regard these numbers as sym¬ 
bolising colon rs. 

It is not quite a trivial remark that these triangles may be assembled so 
that the colours 1, 2, 3 are adjacent to the colours 1 , 2, 3 respectively. 
The fact is established by the diagram, fig. I, which may be extended 
indefinitely. 

If the colours 1, 2, 3 be the same we have the ordinary tessellation com¬ 
posed of identical equilateral triangles; we have nothing new. But if the 
colours be not the same we have an assemblage subject to a certain contact 
system which may be briefly denoted by 

1 to 1 , 2 to 2, 3 to 3, or 11, 22, 33. 

We have a new hind if repeat. 

G 2 
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10. Moreover the contact system may be varied. In the present instance 
there is only one other essential variation, viz., the contact system 

1 to 1, 2 to 3, or 11, 23. 

This is established by the diagram, fig. II, which can be extended 
indefinitely. We have again a new repeat because the assemblage is subject 
to another system of contact. The diagrams show that the new repeats 
exhibit two and six aspects respectively. 

There may be identities between the colours which must be subjected to 
examination, but always the contacts are of two, and only two, natures:— 

(i) The adjacent compartments are similarly coloured. 

(ii) „ „ „ differently 

11. We next seek to distinguish the three compartments of the triangle, 
not by different colours, but by altering the shapes of the compartments 
differently. The object is to abolish the colours by transforming the colours 
into shapes. 

The First Nature of Contact . 

The adjacent compartments are similarly coloured. 

In the left-hand diagram of fig. Ill, the common boundary of the com¬ 
partments coloured 1 is a straight line; in the right-hand diagram the 
colour 1 has disappeared and the adjacent compartments have a common 
zig-zag boundary which is of such a shape that the two triangles have been 
transformed so that they remain of the same shape. 

We have thus a repeat of a new shape and involving two colours. The 
assemblage is subject to the contact system 

22, 33. 

The enquiry is now into the law which controls the shape which replaces 
the colour. 

If AB be the initial boundary we see that the new boundary line which 
connects the points AB must not be changed in orientation by a rotation 
through two right angles about a perpendicular, through the mid-point of AB, 
to the plane of the paper. In other words the point image of the new 
boundary with respect to the mid-point of AB must be identical with that 
boundary both in shape and orientation. 

If we desired to treat each of the three colours in the same way, we could 
restrict the new boundary so as to lie entirely within the rhombus originally 
formed by the two compartments, coloured 1, when in contact. But this is 
not always to be desired, and other bases than the equilateral triangle come 
into view, and other conditions. The principles which will now be set forth 
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are applicable to all bases and to various conditions, so that it iB not 
convenient to restrict in any way the delineations of boundaries which 
explain and exemplify the principles, but rather to leave them to be 
subsequently modified so as to conform to requirements which may present 
themselves. 

Suppose that the dotted line AB denotes the original boundary of the 
compartment coloured 1 and that the base piece extends below AB, the shape 
of the piece and of the compartment not being at present before us. 

Change the boundary to the zig-zag A&OaB where 0 is the mid-point of 
AB. If AbQaft be its own point image with regard to 0 it follows that the 
part BaO above AB is the point image of the part AbO below AB, fig. IV. 

In general we can draw any system of closed curves above AB and the 
corresponding closed curves, point images of the former, below AB and the 
required transformation will be effected. 

The closed curves above AB determine additions to the base piece while 
those below AB determine corresponding pieces which must be cut away from 
the base. Examples are given in fig. XV. 

Shapes thus defined fit together and are to be employed in substitution of 
the colour. Each colour is treated on the same principle but care must bo 
taken that the several transformations are compatible with one another. 
More upon the subject of compatibility is postponed to a later stage in the 
paper. 

12, Symmetry of Shape. 

Having a symmetrical calculus in view we must distinguish between the 
transformation patterns which are symmetrical about the line which bisects 
the line AB at right angles and those which do not possess this symmetry. 

The symmetrical shape will be denoted by 

S 2 

the unit suffix denoting that the first nature of contact (that between identical 
colours) is in view. 

Different symmetrical shapes are denoted by 

C3 C! f Q " 

The unsymmetrical shapes are denoted by 

Ui, Ui', U,". 

It must be noticed that the symmetrical shape has the same shape as its 
image with respect to a line perpendicular to AB in the plane of the paper so 
that 


hut 


S, = IS, 
UijfelU,. 
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The symbol I is not to be regarded as an operator. The notation merely 
means that the patterns Ui, IUx are related to one another in a certain 
manner. 

Briefly to resume, we may say tlmt, denoting the base figure by a shaded 
aiea, we may take any system of shaded areas exterior to atid above AB 
(additions to the base) and a corresponding system of unshaded areas within 
the area of the base figure (gaps in the base piece), the boundaries of the 
shaded and unshaded areas being point images of one another with respect to 
the mid-point of AB. 

On the suggestion of Mr. G. T. Bennett we call repeats which have gaps in 
them “ stencil ” repeats, and those which involve several separate pieces, 
relatively fixed in position, " archipelago ” repeats. Both of these come into 
view in the transformation due to the first nature of contact. 

13. The Second, Nature of Contact 

Hero a colour 2 is invariably adjacent to a colour 3. We require a trans¬ 
formation such that it is mechanically impossible for the compartments so 
coloured to be in juxtaposition in any other manner. 

It is clear that if we take, in respect of the compartment coloured 2, any 
system of closed curves above AB and any system below AB within the base 
a& a definition of its transformation we at the same time completely determine 
the transformation pattern that must be associated with the colour 3. 

We always view the transformation pattern from the inside of the base 
looking outwards, so that the closed curves whioh define the shape associated 
with the colour 3 are derived from those whioh define the shape associated 
with the colour 2, by taking the point image of the latter with regard to 
the mid-point of AB, fig. V. 

Suppose then that we are given, by shaded and unshaded areas, the trans¬ 
formation pattern of the colour 2, we take the point images of the contours of 
the added and subtracted areas with respect to the mid-point of AB, shading 
those areas which then become exterior to the base, and leaving unshaded 
those which become interior. 

We thus arrive at the transformation pattern for the colour 3. Examples 
will be seen in fig. V. 

The two transformation patterns are connected in the same way as the 
exterior and interior patterns arising from the first nature of contact. The 
first nature of contact can, in fact, be exhibited as two contacts of the secoxid 
nature, one on each of two halves of the original boundary. 
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The only condition of transformation is that the two transformation patterns, 
determined as above, must be different. In the contrary case they would 
belong to the first nature of contact. 

Put in another way, we have merely to take any convenient set of closed 
curves, not belonging to the first nature of contact, to replace the colour 2 ; 
and then the point image process produces the closed curves which are to be 
taken to replace the colour 3. Examples are shown in fig. XV. 

14. For the purpose of the symmetrical calculus these patterns are separable 
into three classes:— 

(i) Those which are symmetrical about a straight line at right angles to 
AB and passing through its mid point. 

Such will be denoted by 

S,, 8«\ 8,", .... 

(ii) Those which do not belong to the class ;(i), and, further, are not 
symmetrical about AB. Such will bo denoted by 

u„, u,', u 3 ". 

(iii) Those which do not belong to the class (i) but arc symmetrical 
about AB. Such will be denoted by 

V a , V 2 \ Va",.... 

the Buffix 2 always denoting that the second kind of contact is in view. 

Examples of the three classes are given in fig. XV. 

10. The symbol I being as defined above 

lSa = Sa, lU, 5 SU fc IVa^Va. 

For a 2 to 3 contact, if Sj, Us, V», be patterns associated with the colour 1, 
PS Jt PUa, PVa, denote the patterns to be associated with the colour 2 . 

lu the shapes, symbolised by Va, 

PVa 5 IV 3 . 

15. The Construction of Symmetrical Repeats. 

A repeat may be symmetrical— 

(i) About an axiH in the plane of the paper. 

(ii) By being unchanged by certain rotations about an axis perpendicular 
to the plane of the paper. 

In the ease of (i) there are definite principles which it is useful to recognise 
at once. 

The axis of symmetry will usually be either a straight line passing through 
an angular point of the base polygon or a straight line which is perpendicular 
to a side of the base polygon, at the mid-point of the side. 
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Suppose that AB, A'B' are two equal sides of the base polygon, and 
symmetrically situated with regard to the axis 



The boundary patterns are viewed in the direction indicated by the arrows. 
We obtain symmetry by taking 


for AB 


Si. 

U,. 

s 2 , 

u* 


for A'B' 


S,, 

IUi, 


S s , 

iu 3 , 

PV 3 = IV* 


In the case of (ii) there is no difficulty in obtaining symmetry. The 
matter will be dealt with when the various bases are brought into view. 

16. We are now in a position to resume the discussion of the repeats which 
may be derived from an equilateral triangular base. It is, as above remarked r 
essential to*secure compatibility between the transformation patterns. If we 
take any point 0 in the area of the triangle (fig. YI) and join it to the 
vertices, we divide it into three parts which may be associated with the 
corresponding sides, BG\ CA, AB. Wo may take the triangles OBC, OCA, 
OAB for the coloured compartments. The point image of 0 with respect to 
the mid-points of the three sides being the points A', B', C', we may take the 
parallelograms OA', OB' 00' for the areas within which the transformation 
patterns are to l>e restricted, where the contact system only involves contacts 
of the first nature. (Readers will supply letters to fig. YI.) 

To obtain a generalisation, observe that we may proceed in a similar 
manner in regard to any division of the triangle into three parts. In 
particular, we may associate the parallelograms OA', OB', OC', above, in any 
manner with the sides, BC, CA, AB. Sinoe the triangular base has symmetry 
ol the third order, the number of different shapes thus obtained from the same 
division of the triangle and the same transformations will be two, viz,, the 
number of permutations of three different things arranged in circular order. 
If the base is without symmetry, there will be the full number, six, of 
different repeats derived from the Bame division of the triangle and the same 
transformations. 
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17. The First System of Contact . 

There are three cases to consider corresponding to the colouring of the 
compartments in the ways 

(«) 1,1,1, (*) 1,1,2, (c) 1,2,3. 

In order to exhibit some of the results, we may take the simplest trisection 
of the triangle to guide the transformations. For (a) three examples are 
given in fig. VII. They are examples of “ block/' “ stencil," and “ archipelago ” 
repeats respectively. 

18. The stencil example is of particular interest because it can be used as an 
actual stencil to produce the equilateral triangle repeat which is the base of the 
system. This observation may appear at first sight to be trivial but in reality 
supplies the first glimpse of a principle of great importance. It is in general 
possible to draw a contour surrounding any given repeat in such wise that 
the area inside the contour, which is not part of the original repeat, itself is a 
repeat. In the present instance the contour referred to is a regular hexagon 
and the illustration by its shaded and unshaded portions exhibits two repeats. 

The duality arises in the following way. If in a rhombus, to which the 
pattern which replaces the colour is restricted, we draw the system of closed 
curves according to rule, it is dear that those areas of the rhombus which 
have not been enclosed possess the same property, viz., the boundaries of those 
areas which are inside the boundary of the base are the point images of those 
which are outside that boundary. It follows that the boundary patterns which 
replace the colours always present themselves, qiod the rhombus, in pairs. 
Moreover, for any division of the triangle base into parts and for any associa¬ 
tion of these parts with the sides of the triangle, the transformation patterns 
invariably present themselves in pairs. 

It will be observed also that the external boundary, in the present instances 
a regular hexagon, also by itself determines a repeat so that in reality each 
figure exhibits three repeats. In connection with this circumstance there is 
a theory of some elegance which will be dealt with later in the paper. It is 
involved in one of the fundamental theorems of the geometry of repeats. 

The repeats of this category, viz., 1, 1, 1, can be assembled in only one 
manner and two aspects arc always exhibited. The category embraces an 
infinite number of repeats. 

19. For b (1, 1, 2) there are three ways of assembling exhibiting 6, 2, 6 
aspects of the repeat respectively, fig. VIII. 

In the transformation of the colours 1, 2 we select any two of the patterns 
symbolised by Si, Ui and we may take for the point 0 which determines the 
areas within which the patterns may be drawn, any point in the area of the 
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triangle. An example of repeats of this category is shown in fig. X the 
external boundary which determines a second repeat being shown dotted. 

20. For c (1, 2, 3) we select three different patterns and by using both U\ 
and lUi it is easy to secure symmetry. Examples are given in fig. IX. 

21. The Second System of Contact , 1 to 1, 2 to 3 or 11, 23. 

There is only one way of constructing a symmetrical repeat, viz., by taking 
Si for 1, Y a for 2, and PV a for 3. 

Take the point 0 upon a perpendicular and join it by straight lines to the 
other two vertices. The perpendicular being the axis of symmetry the com¬ 
partments coloured 2, 3 are on either side of it and it bisects the compart¬ 
ment coloured 1. Construct the images of the compartments coloured 2, 3 in 
the corresponding sides and the point image (in the present instance this is 
the same as the image) of that coloured 1, thus forming an exterior polygon, 
viz., a hexagon. It is clear that if we construct any V 3 pattern within the 
prescribed area the portion of that area which does not belong to the pattern 
will also be a V 2 pattern. Hence the exterior polygon may be employed to 
form a second repeat by the process of cutting away from it any repeating 
pattern which has been constructed according to rule. In particular we may 
cut away the triangular base. 

We may also vary the trisect ion of the triangle in the manner described in 
Nos. 5, 22, and proceed to an external contour by taking two images and one 
point image as above. Examples are shown in figs. X, XI. 

22. Concerning the Principles of Dissection and Composition . 

There is a point that is made conveniently at this stage of the research. 
The equilateral triangle yields an infinite number of repeats by trisection 
into three identical parts, the lines of section being straight or curved and 
drawn through the geometrical centre. 

Conversely any one of these repeats may be assembled so as to form other 
repeats. Now the three identical pieces into which the triangle has been 
dissected may be put together so as to form a repeat in more than one way. / 
Thus looking at the diagram, fig. XII, the repeat marked a may be assembled 
as to form the original equilateral triangle. If we take the point images of 
the repeats thus placed with regard to the mid-points of the adjacent sides, 
we obtain, the stencil repeat constituted by the areas marked b . Further, if 
we take the point images of the areas AoA, BoC, CoA, with regard to the 
mid-points of CA, AB, BC, respectively, we arrive at the archipelago repeat 
constituted by the areas marked c ; and if with regard to the mid-points of 
BC, OA, AB, respectively, the archipelago repeat constituted by the areas 
marked d We can, therefore, in every case assemble the repeat in four 
♦different ways so as to form another repeat. The proof of the above follows at 
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once from the rules of transformation that have been given. This point will 
appear again at a later stage. 

23. The Classification of Repeats, 

The foregoing pages suggest a method of classifying repeats depending upon : 

( 1 ) the simple geometrical form taken as base ; 

( 2 ) the contact system which guides the transformation from colour to 
shape; 

( 3 ) the nature of the colouring of the compartments of the base ; 

(4) In the case of symmetrical repeats the transformation is indicated by 
the symbols S h Ui, S 3 , U», \> 

We will denote the equilateral triangle base by the letters T. E. and the 
contact systems 11 , 22 , 33 ; 11 , 23 by (i), (ii), respectively, so that the 
classification is 

T.E. (i) 1,1,1; 1,1,2; 1,2,3. 

T.E. (ii) 1 , 2 , 3. 

For symmetrical forms we have the five categories :— 



24. The Theory of Complementary Repeats. 

It is evident from the preceding discussion that every repeat is associated 
with an infinite number of complementary repeats which are determined by 
the division of the l)ase into three (n) portions. One or both (some or all) 
of two 1 ) of the portions may have no area and therefore be non¬ 
existent . 

On the other hand the dissection of the triangle (base polygon) may be into 
any number of distinct areas, and these may be grouped into three (n) lots, 
constituting the three (n) portions; moreover, any number up to two (w— 1 ) 
of these lots may be non-existent. 

To illustrate this point consider the circular stencil repeat derived from 
the equilateral triangle, fig. XIII. The division of the triangle is into nine 
areas grouped into three lots marked a, &, e, respectively. The point images 
of these with respect to the corrresponding sides are marked a' t h\ c\ 
respectively. In regard to the upper side the areas marked a and a f are 
available for the transformation pattern of type Sj, and similarly for the other 
sides the areas marked 6 , V ; c, c\ 

The pattern of the repeat is given by the small areas V, 6 ', o', and the 
large areas a, b t c. 
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The exterior oontour which determines the complementary repeat is 
composed of the boundary lines of the small areas a\ b\ <?', and the curved 
boundaries of the larger areas a\ b\ c\ The contour consequently consists of 
seven distinct closed boundaries of which six enclose the small areas a', £>', c'. 

The complementary repeat is constituted by the collection of areas enclosed 
by the seven contours which do not belong to the first repeat. There are no 
such areas enclosed by the six small contours, so that effectively the exterior 
contour is determined by the curved boundary of the large areas a\ c\ and 
we are led to the complementary repeat constituted by the large areas a', b\c f 
and the small areas a , b, e. 

It may be noted also that the third repeat (see tig. XIII) consists 
of the whole of the areas marked with the letters a, b } c, a\ b\ c\ and is 
identical with the circular repeat that is derivable from a regular hexagonal 
base. This is a stencil form and is the nearest approach to a circular block 
repeat that it is possible to construct. 

The subject of complementary repeats in general is considered again in 
Part II. 

25. The Isosceles Right’ Angled Triangle Base T. It 

We can divide the triangle into three parts in any manner, but for present 
purposes it is convenient to effect the division by joining the vertices to 
some point 0 upon the perpendicular drawn from the right angle on to 
the base. For * most purposes it suffices to take the point 0 at the centre 
of gravity of the triangle. We number the compartments 1, 2, 3 in counter- 
clock-wise order and first consider the contact system 

II, 22, 33. 

Assemblage can be made in one way; but when the colours 2, 3 are 
identical a second way of assembling is found which exhibits four aspects 
instead of two. 

With the contact system 

11, 23, 

there is only one way of assembling and this exhibits four aspects. The 
classification is 

T.E. (i) 1,2,2; 1,2,3. 

T.E. (ii) 1, 2, 3. 

There are three symmetrical repeats 



Some examples are given in fig. XIV. 
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The point 0 which determines the dissection of the base is conveniently 
taken either at the middle point of the hypothenuse or at the centre 
Of gravity. The exterior boundary which determines a second repeat is 
shown in dotted lines, 

26. The isosceles triangle with vertical angle 120°, T. can be assembled 
either on the contact system 11, 22, 33, or on 11, 23. 

The classification is 

T. | tt. (i) 1,2,2; 3,2,3. 

T. fir. (ii) 1, 2, 3. 

There are three symmetrical repeats:— 



S' Si 

The point 0 may be suitably placed either at the vertex or at the mid 
point of the long side. 


Correlation between Arrays in a Table of Congelations. 

By C. Spkauman. 

(Communicated by Prof. L. N. G. Filon, F.R.8. Received December 28, 1921.) 

Two recent papers in these Proceedings have dealt with certain problems of 
probability which are of very great importance for psychology in particular, 
but in themselves are quite general * As both papers made reference to some 
of my own, the following considerations may not only be a further positive 
contribution to the topic, but incidentally serve to clear up some misunder¬ 
stand ings. 

Suppose that the product moment coefficients of correlation have been 
determined between any set of variables a , b, c, d, ...z, and have been set 
forth in a square Table thus :— 
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* Maxwell Garnett, 1910 ; G. Thornton, 1910. 






Arrays in a Table of Correlations. 
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Both the said papers dealt with the problem as to how the correlation 
between parallel arrays of these coefficients (ignoring the coefficient that has 
no partner) are related to the inner constitution of the variable. One of the 
papers (Garnett) further inquired as to how this inner constitution is related 
to the general satisfaction of the equation, 

= XxzTyz, where \ xz is constant whilst y takes all values 

except x or z* (1) 

The present paper will endeavour to provide a general method for solving 
many of the cases at issue, and also will attempt actually to solve certain 
cases of primary importance. 

1. Following Bravais (and also Pearson), we will represent each of the 
variables as a function of a number of elements uncorrelated with one another. 




b « 


<P (fi^a ... 

(ej€* ... c* 




( 2 ) 


where e x ... e« are the elements common to both functions, whilst the rest 
occur only in one. 

If, then, a and b are taken to have been measured respectively from their 
means as origins, and if—again with both Bravais and Pearson—we assume 
that these two functions are represented with sufficient approximation by 
Taylor's expansion to the first differentials, we get 

a = Ai*i +A*e a + ... A v e V) and similarly for h t t>, (3) 

T st. w 

For convenience, this may be written as a = £ (A r *v), where the 2 

T 5= I 

indicates summation over all the elements entering into any of the variables 
a t b, ... z y the coefficient A being taken as ^ero whenever the element is not 
present really. 

Then, in the case of any particular observation of the variable a , say the 
mth, we get 

ftm sz 2 (A r * £mrX (4} 


and, letting S indioate summation with respect to the different observations 
of the same variable, we may for further convenience 

denote A/ .*s"(s Wf ») by A/ 3 . (5) 

TO « I 


* Otherwise expressed as *v*/r,* * r pv/ r w for the psychological significance of which,, 
see Spearman^ * Psychological Review/ vol. 27, p. 159. 
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Hereupon, bearing in mind that by hypothesis all products vanish. 


S (<r,„ 3 ) 

irt = l 


2 1 A r * 

T — l 


S ((„„ a )] = 2 [A/ 4 ], and similarly 

I'M “1 T-' 1 


s M = 2 [II/ 9 ] 




m*l 

m~n 


S (aj>m) = 2 [A/IV] 


15=1 


(«) 


Writing next A # V(?M) as A”, and similarly B", (7) 


>'«* = V [A" B"]. 

r “ 1 


( 8 ) 


we get 

In similar fashion, the correlations of a and b with the rest of the variables 
c ... z can be arranged in two columns as follows (dropping, for brevity, the 
indices to the symbols of summation) 

Tqi 


Tad 


2 [A"C"], 

Tic- 2 

2[A"D"], 

8? 

11 

M 

2 [A"Z"], 

»v = 2 


( 

n J 


( 9 ) 


If, next, K ah denotes the coefficient of correlation between the two columns 
and x is any of the variable c> d ... z, then 

= r 2(A"X"]. 2|B"X"] = ^S[A'X w J.36[FX")i 

since the factors (X [A' 3 ]) and (X ) are constant and positive. 

Hence,expanding by the formula for correlations of sums*and using again 
X to denote summation in respect of all the elements from ei to e*i, whilst <r 
and n refer to x taking successively the values C, D ... Z, 

S[A/Bj'<r ,/*] + X [A^'ByV „<r „r „ „] 

R afe = _£_ £ ££x _ £. r Vj _. (10) 

ap //%+c k f-j "i , .t r » /V> -i v ’ \ v / 


VCStAX „] + 2 2 [A/A v V x „<r x ,r s „ x „]) 
0 0 /lAy 0 y 0 > 


V /(2[B/X« a ] + 2 2 [B,'B/<r x „c r x ,r „ x „]) 

0 0 0*Y 0 Y *0 Y 

2. Now, this last equation (10) has numerous applications and simplifica¬ 
tions according to any special conditions that may be introduced. We trill 
here apply it to the most important condition of all, that is, where all the 
correlations derive from one and the same element alone, e.g. t 

a = Aiei-f A„e v -f ... 
b = Bi€i 4- B M e^ + ,,. 

z = Z\€\ + Ze€ 4- ... 
e M , and etc., being always different. 

* Spearman, 1 Brifc. J. Psych.,’ vol. 6, p. 410 (1010). 
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Then, no summation with respect to r is required for (8) and (9). For (10), 
the second term in the numerator, as well as under each of the roots in 
the denominator, vanishes. We have, therefore, 




A'B W 


y<AV)v/(BW) 


“ ± 1 , 


(in 


according as A' and B' are of the same or different signs. This is in 
agreement with the conclusions reached previously (by way of Udny Yule s 
formula for partial coefficients), that the present assumption of there being 
only one single common element leads to equation (1).* 

In this connection, consider also the case where the variables a, h, _;■ have 

several common elements, but always the same and in similar proportions, e//., 
p * f* ••• + + ... IVp-f* + where 

are common to all the variables, whilst no others are common to any: \pq is 
constant for different elements. Then, since is always in the same 
proportion to X yt so also is Xf to X y " whereby r x „ x „ = 1. Hence using (TO) 


S[A'B'cr x *»J + X [A/B y V „(r „] 
Atx _ t—j. 


v/(X[A'V^]+ s [A/A y V x „o x „]) v / (2[B'V X '< a ]+ 2 [IV^V, „<r, „]) 

ft¥y ft y ft¥y ft y 


v/({2[AV,-]}») v'OStBW]}*) 


+1, as before. 


( 12 ) 


3. So far, our inferences have been from the inward structure of the 
variables to the values in the correlational table. But even more 
important is the inverse direction of inference, especially when applied to 
the same condition as before. That is to say, having seen that the fact 
of only one independent element being common to two or more variables 
proves both ll xv = 1 and also equation (1), the question now arises 
as to whether either of these equations proves that there can be only 
one element. 

As regards R x// = 1, this question must be reserved for another occasion. 
But as regards equation (1) the answer can be shown here to be quite generally 
affirmative. 

The question is tantamount to asking whether, on assuming (1), each of the 
variables can be reduced to the form 

a ~f a 7) + &a (13) 

where 1. /„,/*, etc., are constant for all particular values of a, b , etc. 

2, tf is an element common to all the variables, 

3, & a , 2>6, eta, are uncorrelated with rj , 

4, S„, etc,, are uncorrelated with each other. 

* Hart and Spearman, * Brit J. Psych./ vol 5, p. 68 (1912). 

VOL. Cl —A. 


H 
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Now, we can always write any of the variables, say a, bo as to satisfy 1 and 
2, giving to/„ and to y any values we please, so long as, and only so long as, 
B a —a —f a y. 

But in order to fulfil the third condition, we must also have 

0 = 04 ,, which is equivalent to 0 = ov»r a ,—/ a <r n ,* 

which — r ai) — f a , if this time we choose the units so that <r 0 *= = ... a, = 1 . 

Hence we can fulfil the third condition by, and only by, making/,, = r„ n . 

In such manner, the first three conditions can be satisfied for any set of 
variables whatever. But there remains the fourth condition, which will be 
satisfied if, and only if, we also obtain 


0 = r SM = r (a _ 4 ,,and therefore 

= r 0 »-/ a n,-/ t n I ,+/ 0 / t ,f which, on replacing the/’s by their values 
from (13) 

= rat— »W (!*) 


This is ellccted easily in the case where the set of variables entering into the 
table of coefficients is very large. For then we need only ohooso for y the 

value of S (.«), where the summation is over the said large number of 

.r = a 

variables, and there is a change of unit so as to make c v = 1 . For now we 


T t 


V/(*»-) frw* 


where x' ^ z" denote any of the variables 


including a itself, whilst m is the number of these variables 


\/ OV*") 


approximately, since m is by assumption very large. 


Hence, 


'i'ajfl'bti 




(15) 


But by (1), r, Ul = — T .tz i b ‘ ±ZSi & ^ls£SC. (16) 

Further, the numerator of r rMrh * can be written as (r^ — r m ) —?***), 
which, owing to the largeness of m , approximates to the value it would have 
if x and x* took all values quite independently of each other. And this is 
aero. 

Again owing to the largeness of m, v*? and approximate respectively to 
?ax and 


* Spearman,' Brit. J. Psych.,’ vol. 5, p. 419. 
t See preceding footnote. 
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Accordingly, r ai approximates to 


H which by (15) = r.„r h , so 


that = 0 and condition 4 is fulfilled as required. 


(17) 


This not only corroborates the result obtained in the above mentioned 
paper of Garnett, but dispenses with his particular and precarious assumption 
of " normal ” frequency distributions, so that it extends the theorem to one 
of perfect generality, except that m must be very large. 

In order to fulfil condition 4, freed even from this limitation, the constitu¬ 
tion of 7) must be more complicated. Let us choose for it the value expressed 
in the following determinant 


pf( S/M.t) 

p/x a a 

ppih 

pp : z 

-1 

Pa 3 ~ 1 

0 

0 

-1 

0 

pf-l 

0 

-1 

0 

0 

p 3 —l 


where ^ == 1 /\/(hagr^), \ having a meaning as in (1), so that pa retains 
the same value whatever variable may be taken as q, 
i EE any new variable uncorrelated with all the others (<r = 1) * 

Mi == the complementary minor of the first elementf in the first row, 
S == the sum of such minors for all elements in the first row, 
and p is such a value as will make <7 n = 1. 

This gives us, expanding the determinant according to the elements of the 
first row 4; 




HaM n + fj. h Mbrab+ ... +nMzr az _ 

7 (pa^a + ... TMiS + 2S*8y [^x/MyMjrMyray]) 


But by (1) 

Txy 'ssz \xqTyq SS hyqT X q sss \/ y/ ^ jfix thftt 

m 1 (jU</ 3 1 ) M a 4 * S C2' a 

~ fa ^(W- Wi ... + if? — 1 ] Mr a 4- M,S + S' a ) h h “ 8 M< - 

But, on considering the determinant, clearly (/4* 3 —1)M X = M». Substi¬ 
tuting Mi accordingly 

1 S 1 


Tan = 


p, aX /{ MiS' + S /a -hMiS) pi 


(18) 


* This is here assumed to be possible, at any rate if the present theorem is only 
applied to a finite number of variables. The case of an infinite number has already 
been demonstrated by (17). 

t Of course, “element” is here no longer used with the same meaning as previously 
in this paper. 

} Spearman, * Brit. J. Psych./ vol. 5, p, 419. 

H 2 




100 Correlation between Arrays in a liable of Correlations, 

Consequently 7 *^—or r^ k = 0. And extending this result to all the 
other variables, all of them become actually reduced to the required form of 
fxV + $x, fulfilling all the required conditions. 

The practical bearings of some of the foregoing results may be illustrated 
by reference to the following Table of coefficients, obtained from mental tests 
applied to 757 children* :— 



Mathe¬ 

matical 

judgment. 

Controlled 

association. 

Literary 

interpreta¬ 

tion. 

Selective 

judgment. 

Spelling. 

Mathematical judgment ... 

_ 

0-486 

0'400 

0 *397 

0*296 

Controlled association . 

0*486 

I — 

0*397 

0*397 

0*247 

Literary interpretation 

0 *400 

0 -897 

— 

0*836 

0 *275 

Selective judgment . 

. 0 897 

0-897 

0 *335 

— 

0*1% 

Spelling . 

0 297 

0-347 

0*276 

0 *196 

— 


The median value of (even without any correction to compensate for 
the disturbance by sampling errors) works out at over 0*98. It thus accords 
very exactly with the value obtained in (11) and suggests the applicability of 
the theorem demonstrated in 3 whereby all the correlations will be ex¬ 
clusively due to some single common element. 


* The experiments* are by Bonaer. They are quoted with reference in ‘Brit, Journ, 
Paych.,’ vol, 5, p. 62 (1912). 
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The Kinetic Theory of a Special Type of Rigid Molecule . 

By F. B. Prormcs:, M.A., Fellow of Corpus Christi College, Oxford 

(Communicated by Prof. A, E. II. Love, F.R.S. Received January 19, 1922.) 

1. The present paper is an exercise in the classical kinetic theory, with no 
admixture of quantum theory, or of the modern theory of atomic structure. 
The researches of Chapman* ami Enskogf suggest an attempt to see how far 
exact methods can be used when the molecule has rotational as well as trans¬ 
lational energy. It is now well established that if X is the thermal con¬ 
ductivity, the viscosity, and r v the specific heat at constant volume of a 
monatomic gas, X/^r v is nearly equal to 2'5. No exhaustive theory is yet in 
sight for polyatomic gases, but the views of Eucken^ arc of great interest, and 
hie formula X//*c„ = J(9 7 — 5) agrees with many experiments. The present 
paper discusses the effect of energy of rotation on viscosity and thermal con¬ 
ductivity in a special case, and may help to elucidate certain points, 
notwithstanding the crudeness of the adopted model. 

The need of a molecular model which shall lend itself to calculation has 
often been felt. In his first paper on the kinetic theory, Max well § considered 
the collision of perfectly elastic bodies of any form, and enunciated the 
theorem about energy of rotation which was afterwards included in the 
general doctrine of equipartition in the steady state. Of recent years more 
attention has been paid to slight departures from the steady state, with a 
view to obtaining a rigorous t heory of thermal conductivity, diffusion, and 
viscosity. Jeansll considered the perfectly elastic collisions of smooth spheres * 
whose centres of mass and figure are different. Approximations were made 
by neglecting powers of rf<r higher than the second, where r is the eccen¬ 
tricity and <r the diameter of the molecule, so that we have rather an 
unfortunate limiting case in which energy of rotation only adjusts itself 
infinitely slowly in comparison with that of translation; while the free path 
phenomena were not treated in detail. It appeared to the writer that there 
would be less trouble with the molecular model suggested by Bryan.IF 

* S< Chapman, ‘Phil. Trans./ A, vol. 216, p. 279 (1915); yoL 217, p. 115 (1916). 
t D. Enskog, 4 Inaug. Dissert./ Upsala, 1917. 

} A. Eucken, ‘Phys. Zeitechr./ vol 14, p. 324 (1913). 

§ J. C. Maxwell, ‘Phil. Mag.’ (4), vol. 20, p. 33 (1860); ‘Collected Papers/ voL l, 
p. 406; see also L. Boltzmann, 4 Sitzber, Praise. Akad. Berlin/ p. 1395 (1888); * Wise. 
Abhandl./ vol. 3, p. 366. , 

|| J. H, Jeans, ‘Phil, Trans./ A, vol. 196, p. 399 (1901); ‘Quart. J. Math./ vol. 26, 
p. 224 (1904). 

f G. H. Bryan, ‘Brit. Ass. Rep./ p. 83 (1894). 
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Imagine two spheres to collide and grip each other, so as to bring the points 
of contact to relative rest. A small elastic deformation is produced, which 
we suppose to be released immediately afterwards, the force during release 
being equal to that at the corresponding stage of compression. Thus the 
relative velocity of the points of contact is reversed by collision. 

Let 0, Oi be the centres of two identical molecules of mass M and radius 
a , P, P x the points of impact, ( — MI*, — MI y , —MI,) the impulse at P on the 
first sphere and (ML, MI y , ML) the impulse at Pi on the second sphere. 
The direction-cosines of OOx are taken as ( l , m, n). Let 
u x \ Uy > u/ be the linear velocity of the first sphere before collision, 

Wx t w/, o)/ be the angular velocity of the first sphere before collision. 
u z \\ u y i, u-i be the linear velocity of the second sphere before collision, 
w Tl ' f <*>yi\ a>z\ be the angular velocity of the second sphere before collision, 
v Xt tty, v. be the linear velocity of the first sphere after collision, 

<u Xt toys to t te the angular velocity of the first sphere after collision, 
u xh u yU u t i be the linear velocity of the second sphere after collision, 
toti be the angular velocity of the second sphere after collision, 

and write k = F/a* where h is the radius of gyration of the sphere about any 
axis through the centroid. Then we have fiftoen equations of the five types 


n x = Kjt4*L, toj — toxA- 


r?L ~~n\ v 


u z\ — <*x\ — 


ml z —n\ u 


tea J 

Ux— metto/ 4- natoy — (n x i 4- mcuo z \ — nao>yi) 

+ 4- nato v — (u x \ 4- macoti — nato v \) = 0. 

Writing 

0* = — u x + ma (toti 4- td t )—na (o> y i 4* o> y ), 

we find 


u x — u x 4“ 


*Q y /4-7(6,4-mB v 4- n& t ) 


tox = 0) x + 




„ _ « K® x l+l(® x + m& v + n® z ) _ , . n% v 

u x i — «xi- - -£-, toji = - 7T~i —r* 

1 + fc a (14* k) 


(i> 

( 2 ) 

(3> 

(4> 


We note the following facts about this collision:— 

(1) Accented and unaccented letters can be interchanged in equations (4), 
with definitions of @,\ B v ', 0,' of the same form as (3); thus equations (3) 
and (4) can be used also to calculate elements after collision from those before 
collision, for a given {l, m, n) physical possibility not being considered. It 
follows that the (twelfth order) Jacobian of transformation is numerically 
equal to 1. 
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(2) The formulae are unchanged when the signs of /, m, n and the angular 
velocities are changed, leaving the linear velocities unaltered, 

(3) The r6le of the two colliding molecules can be interchanged by changing 
the sign# of /, w, n. 

(4) There is no gain or loss of kinetic energy by the system. 

2. Confining our attention to a single gas, the number of molecules in 
the volume element dxdydz with velocities between v T} Vy, and + 

Hy + fluy, u z + du 9i and angular velocities between m Xt «, /f w*, and M r + dM 7 , 
<o y -f doo y , Wj+rfwj, is written 

Wji ^(Vy, co~) dx dy r/* ddUy dn ~ dto x dti) y doi 

The external forces on a molecule are assumed to be statically equivalent 
to a force (MF X , MF y , MF*), at the centre, where F is independent of the 
velocity.* Direct collision between molecules (u x> u yy u z> w x> a>y, m z ) and 
(w*j, Hyi, u x \, & TU a) y u <#*\) is not possible with the direction-cosines /, m, n of 
equation (4), the direction-cosines — l, — m, ~n taking their place. The 
proof of the equation satisfied by / is well known.f The later proofs are 
free from a defect pointed out by Lorentz,J which would be quite fatal with 
a rigid molecule. Thus the direct collision just referred to does not give 
linear and angular velocities (u x \ n y \ u z \ «./, cod) and {u x \\ u yX \ u sX \ 
fitfyi 7 , after collision; the nearest thing to an inverse collision is 
that molecules {ic Zt u yy u e , — a> X) — &> y , ~ w-)and (Wsi, %i, u 9 — k> x i, — w y i, “Wxi), 
oblliding at (—/, — m 9 — n), give molecules (u x \ ii y y u-\ —w x \ — ©/, —<*)*) 
and (Uji, Uyi, u z x', —cun' — w y i ~co?i) (see notes (1) and (2) of last article). 

Writing dr for the expression duxduydu^lwxdwydwz and dry for 
du x idv y idu x ida> x ido>y}do) x i we have 

j (///-//.) - !+«•£ +%! + «.■!£ 

, „ hr. „ 3/, F hr 

where 

Y as l (m z , — u z ) + in {iiyi —« y ) + n (m z1 —«,). (0) 

Here <r = 2« is the diameter of the molecule and <£S an element of solid 
angle in the direction (l, m, n), integration with respect to S being over that 
hemisphere which makes V positive. 

* For the general ease see H. A. Lorentz, ‘ Abbandlnngen liber tbeoretische Physik,’ 
vol. 1, p. 164 (1907). 

+ L. Boltzmann, • Wien. Ber.,’ vol. 06, Abth. 2, p. 824 (1872); vol. 72, p. 427 (1876); 

4 WiM. Abhandl.,’ vol. 1, p. 861; vol. 2, p. 1 ; ‘ Gastheorie,’ vol. 1, p. 98. 

J H. A. Lorentz, ‘Wien. Ber,,'vol. 96, Abth. 2, p. 116(1887); L, Boltzmann, ibid., 
p. 153. 
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The advantages of Bryan's model will now be apparent. We have no 
angular positional co-ordinates in the equation, and no 0/f)a> terms on the right* 
From —ff\) VdSdri =s 0 in the equilibrium state we pass to ff\ =//i 
for all possible collisions, notes (1) and (S) of Article 1 justifying the trans¬ 
formation of the integral 

1 4> (/'// -ffx) YdSdrdrx to - J J (f 4 - <f> - <f> x ) (f’fi -//i) VrffiWrrfr, * 

Hence the distribution 


log / ss \ { u/ 4 uj* 4 w, 3 4- KV? (a> x s 4 4 a>* 8 )} 4 4 4 p"* 4 <r (7) 

is sufficient for equilibrium, though not proved to be necessary. 

In a paper on the kinetic theory of a gas whose molecules are smooth rigid 
bodies of any form, Ishidat finds also linear terms in w, but his reasoning 
seems to depend on an erroneous inclusion of the angular momentum of a 
molecule round its oentroid in the class of summational invariants. The 
linear terms are said to be determined by the visible motion of rotation of the 
gas. With our present model, at least, there are weighty reasons against this; 
firstly, that excess angular velocity of one sign tends (unlike excess linear 
velocity) to disappear when two molecules collide; and, secondly, that for a 
gas rotating uniformly in a cylindrical vessel there is no need to assume a 
unilateral distribution of angular velocity. To prove the first point consider 
two groups of molecules with definite linear and angular velocities, which are 
within narrow limits of (tt Xi u y> u z , oi y , a> 2 ) and (i^ t , tty h n zh m x i, 6> y i, 

respectively. The number of collisions in winch the line of centres is within 
an elementary solid angle dS near (/, m, n) is proportional to VdS, and we 
have to find the mean angular velocity after collision. Write 

= CO x i 4 <0 X .= UtI — Ujc, . 

Then (•>) and (4) give three equations of the type 


1 — m 2 4 n*) J- «* 4 (hn*y 4 nlu z ) 




Take axes for the moment so that <t>* = <P y = 0 and <P Z is positive. Then 

*: = i l — (P 4 m 2 ) \ ct z 4 ( nl *x + rnnuA 


* Cf, Boltzmann, * Gavtheorw/ vol. 1, pp. 119-121 ; Ennkog, p. 24. 
t Y. Ishida, ‘Pliys. Rev./ vol. 10, p. 317 (1917). 
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We have V = <Pn, and integration is over the hemisphere n > 0. The mean 
values of «* * * § ', «/, */ are given by 

Trot* = / stands, 7rst y ' = J x y '/tdH, ttx/ “ J */?«/£>. 


Terms after the first in the expressions for «/, a/, «/ vanish on integration, 
so that 

7r«x / = «x j•£» — y— (w 3 + a- 2 ) J dS, 7r*,/ = a y j* w ('/i 3 -f / 3 ) J- dS, 

Trot..' = «, j{«-(Z 2 + />/•*) |<*S. 

Evaluating the integrals, 



3 


(l + sr) 


1 



i - 


_JL _1 

2(1 + *)/ 


0L X 


{>■ 


1 +K j 


X «*• 


Each of the three coefficients being numerically less than unity, the magni¬ 
tude of the mean angular velocity after collision is less than («/ + «/+ a* 3 )*. 

As regards mass-rotation of the gas as a whole, the case of a monatomic gas 
rotating with uniform angular velocity is one of those for which Boltzmann* 
found an exact solution, and the proof applies also to the present molecular 
model. Boltzmann’s solutions make both the left and right-hand sides of his 
equation (5) vanish. As far as tire left-hand side is concerned, X, p,, v, p and 
<r in equation (7) may be any functions of x, y , z and t The right-hand side 
vanishes if 


\,<r —- const., fM 352 yVtg‘~“zOdLyj v *£cCl/, p —— *rf2y“-yO Xt 

where Q X} fl y) H r are constants, and the mass-motion is a uniform rotation 
with angular velocity — fl/2\. Thus rotation of the gas as a whole does not 
necessarily imply preponderant rotation of the separate molecules about any 
axis. 

3. The geueral idea underlying all recent theories of viscosity and thermal 
conduction in gases is that of successive approximation, initiated by 
Maxwellf and applied to Boltzmann's equation by Brillouin^ Lorentz,§ and 


* L. Boltzmann, 1 Wien. Ber., ! vol, 74, Abtli. 2, p. 539 (1876); 4 Wise. AbhandL,’ vol. 2, 
p. 60 ; ‘Gastkeorie,’ vol. 1, p. 130. 

t J. C. Maxwell, 4 Phil. Trans., 1 vol. 157, p. 80(1866) ; ‘Collected Papers,’ vol. 2, p.68. 

t M. Briilouiu, 4 Ann. Chiro. Phya.,’ (7), vol. 20, p. 451 (1900). 

§ H. A, Lorentz, 4 Archives Norland./ vol. 10, p. 343 (1905) ; ‘Theory of Electrons/ 
2nd ed„ p. 267. 
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HUbert* Hubert’s argument is essentially as follows. Writing D tor the 

operator ^ 

0 0 0 0 , -re 3 i 1? ® xP ^ (t\ 


equation (5) becomes 

J iff i' -ffi) VdS dn = ~ Df. 


Expanding / in the form 


f- <£>+^+~ + 


and equating coefficients of the various powers of If a 3 , we have a set of 
equations to determine 4>, 'P.of which the first two are 

J(<b'4> 1 '-<I><l> 1 )VefS<fT 1 = 0, (9) 

J(0,'^' + 'l>''P','-d>i^-4>^i)VrfS<fT 1 = J)4>. (10) 

For the solution of (9) we take 

^ _ pM 1 W/» 

8,tt*WP 

exp [ - {(* - Vzf + (%- vff + (w, - i ’ x ) 2 + tea? (oaf + » y s + w/)| J . 

( 11 ) 


where p is the density, T the absolute temperature and (v x > v *) the mean 
velocity of the gas at (x, y, z) at time t , and It the universal gaa constant 
1*35 x 10~ 16 . This choice of parameters makes j fyfrdr = | Q-ty dr for any of 
the five functions 

f = 1, Ux> %, Hj, Ur 2 + V + U * + * a * (*»** + «/ + G>* 3 )* 

Following Brillouin and Hilbert we write = <!><£, so that we have to the 
first order in l/a a 

/^(l + ^/cr*), (12) 

where <f> is given by the equation 

j <J>, (<f>' + <f> x ' _ ^ y rfS rfn * I) (log $>), (18) 

and satisfies the additional conditions 
| <P<f>dr = J <S?<f>u z dr = | <$>(f>u y dr ss | ^% z dr 

= | <£</> {?V* 4- v/ y a + w, 3 + *#*(»/ -f* + o>* 3 )} f/r=s 0. (14) 


4 D, Hilbert, ‘Math. Arm.,’ vol. 72, p. 565 (1912); ‘Linear© Integralgleichungan/ 
p. 270. 



Special Type of Rigid Molecule. 


107 


4. Following Hilbert and Enskog, it is convenient to introduce the new 
variables 


ft = 


ft 


M \* 

2RT 


j (tt*—Y? jf), 

ft 8 * 


II 

/ M \ 

V2KT/ 

| ^ 

■ o*—o 

\» 


/ M/C \i 


/ Mac \ 

ft 

ao>* 

) «<»*, 

ft *= 

\2RT/ 

q* - 

\2R1V 


h (15) 


and write 

p> = ft 8 +ft*+ft a , q s as ft s -fft*+ft a , dr ss dp, dpy dp, dq, dq„ dq„ (16) 
tl 


0 , 3, 3, 0 

5 = S + *& +,v 8j? 'S’ 

Then if no external forces are acting, equation (13) becomes 
f exp( — ft*— <]i a )(if>'+ <f>i — </>—</>i) V 'fS dr t 


(17) 


Mtt 3 


■UU±1 V (£) + 


V2RT/ 


M \i y a + y i dT 


.TV \2RT/ T rfif 


+ ( p -s +a l +, 4) i< «(p) + 


t±i 

T 




/ 0T , 3T , 0T\ 

1 

7 


te/ '7 a^-^-^-nay ' a 

where we write with a slight change of notation 

V as l(p*i~p*)+m(p#—pt)+*(pii—p*). 
With a similar slight change in equations (3) and (4) we have 


( 18 ) 


n ,_ r ,*0x + iV 

* =ft+"TT^’ 




ft* = ftr—r+7 - ’ ?xl iil+ i+* J 


(19) 


( 20 ) 


( 21 ) 


where 0* = fti—ft + ^^Kfti + ft) - * -iw (fti+ft)- 

In order that equations (18) may be soluble, certain conditions must be 
satisfied, which, as Hilbert pointed out, are the approximate hydrodymunical 
equations, together with the equations of continuity and energy. Writing Q 
for the right-hand side of equation (18), we have 

Jexp( — p 3 —q t )Qi/rdr 

m j eX p (_ j *-pS - </,*) (<(>'+ ’ - f- <fn) +VdS dr dr u 
where ^ is an arbitrary fuuotion of ft, ft, ft, ft, ft. ft, subject to oertain 
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conditions of integrability. Writing [<f>, ijr], in Enskog’s notation, for the 
integral on the right, we iind as before 

o, f ] = -! Jexp(-^-y a -pi s -'/i*) 

(<f>' + 4>~ <M W + i r i '—V dSdrdri, 

showing that [</>, 1 ^] = [i/x, <f>]. It follows that necessary oonditions for the 
solubility of (18) are J exp ( —p 3 —'/ 3 ) dr = 0, where ^ is any of the 

functions l,p z ,p y ,Pz, p' J + , /~- The right-hand side of (18) is of the form 

Q = Qoo 4 Qo (p 1 4 q 3 ) 4 {Q*o 4 Q* (p 3 +'7 2 ))/'i+ • ■. 

4 Qzzjpx 3 + ... +Q yiPtf>M+ .... 

where the coefficients Qoo, .are independent of p x , p y , p r , q r , q„, q,. 

Evaluating the integrals we find 

Qoo — 0, Qo = —j) (Qxjr 4 Qyy 4 Qx.\)> QxO = —4Q*, 


Qyo — 4Qy, Qsj — d-Qj. 

Using these equations to remove the djdt terms from (18), it becomes 
J exp (— pi*—gi 2 ) (tf)' 4 <)bi' — <h — <M V dS dr , 

= Qx(/ + y*-4)p x + ... 4Qxr {pf-Utf+f)} 

4- ... 4 Qy» PyPx + ••• : 


where 


,, _ Mor 1 1 0T 


n _ 2Mtt* / M \* 

^ \2RT! 3*’ 

dv„ 


Q,.- 


2M7T 3 


p 

?v t 


iJLfm 

\ 2 ht) \ a ?> 




(22)' 


(23) 


It remains to limit the form of <f>* We must have by consideration of 
orthogonal invariance, with due regard to (14), 

<t> — Qx<f>x + Qy$y + 4 Q. r x<f>rx 4 . ■ • 4 Q,t/: < hyi 4 ..., (24) 

where 


<f>* = PojOr + Pl9* 


•£** - Q ; **“ -\f) + P* {p*Ux-{ (Pz<iz 4 p y q v +P/1.)} 4- P* (</**—4 q 3 ) 

4>t/- ~ P Wi 4 1 J 8 (p„q, 4 p/jy) 4 P 4 q/jz 


h -( 26 ) 


and Pa, ... P* are functions of /P, </ a , Pi</r 4,/y/y 4/v/« only. Writing 

I (4) = \ exp(-^*- ?1 *)(f 4^i'-*-*») VdSrfri. 

the functions Po, .., have to be found from the equations 

= (p 3 +g*~4)px ~i 
I (^,) = p ,»-4(p» +2 »)r 


(26) 

(27) 


* Cf. Brillouio, loe. eit. ; H. A. Loientz, 1 Vortriige iibor die kinetiecbe Theorie dor 
Materie,’ p. 185 i!9l4). 
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’}• 


(28) 


Equations (14) may be written 

f exp (— f) tfnfr dr = O' 
where = 1, p z , p y , p tt p 3 + ^ 

5. Following Enskog, we attempt a series solution of (27). The functions 
are made to satisfy (28), and are of the following types :— 

Conductivity type. 

I (m*+Pyily + i y/z) 3 ' - 8r £±i±M £fe±£±D '‘ 


(1) 4> 

l . 

(2) <f> = p^q 3 ’ (ptfz + p y q y +)* + >„ 

(3) <p = p 3r tf (?,■/* + p,/iy + Pz'pf* </r, 

(4) $ 


3tt (2£-f 1) 


\P» 


'/*• 


[ P* T <?* (Ptf* + IWhj +iw*) 2t+l 

i6r(r+^+s->r(j*+^+*) / 

-- 31 

Viscosity type. 

( 1 ) <f> - f q^ (JV/; + pj/ly + pz’JzY {Px 3 ~ 5 ^), 

(2) <j> as ftf* {pflz+pyqy +p&y {q*—W)> 

(3) <(> = jo*V' (pdiz+pyfjy +p&y ! v*h - 4 {p* ( u +/v/y+ p>q>) 1 • 

To solve the first of equations (27) write 

<f>x ^ (29) 

where c h c 3t ... are constant coefficients and <£ 2 , <f> 3) ... functions of the 
conductivity type. Write also 

a* = | exp (—/>*—y a ) (}P + (/-~£)ih<f> n dr* 

(Imn = arm = |>m, <£«] = J CXp ( -/-tf 2 ) 1 (<£ m ) rfr 
Then the quantities a M n are known by quadrature, and (27) gives 

tfitfn+■ ^12 + = <*i 

<V* 2 i + Waa + •** = *a j** (31) 




(30) 


Those are the equations for the assumed coefficients. Chapman and Enskog 
have shown that terms of the first three degrees account for about 98 per¬ 
cent. of the thermal conductivity and viscosity of a monatomic gas. It will 
be convenient, though not theoretically necessary, to neglect terms of degree 
higher than the third, thus obtaining a theory of the same approximation ae 
Chapman’s first theory.* We take 

« <pi fa - {q 2 -l)P*> <h = (P* r lx+Py<jy+M*)Px'\ 

<f>« - q 3 q* S' 


<f>i ~ ( Jx> 


<^6 - 

* S. Chapman, ‘Phil. Trans./ A, vol. 211, p. 433 (1911). 
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Evaluation of the integrals (30) is simplified by observing that only even 
powers of occur in I ($»), since the change from ** to merely inter¬ 
changes the rdlc of two colliding molecules. The work is not laborious, but 
would become ao if carried to a higher degree than the third. We find 

Cty = f 7T 3 , = f 7T 3 , = *4 = *5 = «6 = 0, 

(17« + 4) (27r)*7r 6 5/c(27r)*'7r 6 a 

--- —L — -, a\% = r \a * a ‘ n “= au = ai5 ~ a w = 

3(l«f/cr d(l4-*r 


«11 


6#(2tt)M _ (2**+2* + l)(2ir)M 

^'31 n T-T \o ? ^‘33 ' ' /I i f 

3(1+ *)* (1 + *)* 

= a24 = rt 2B zs a* = 0, 


(33) 


It follows that r 3 = c t = c 6 = c tf = 0, and ci, c s are given by the equations 

<V*n + '/'is = «i, '’lWai + Wva — «■% 

30**+ 45*+ 15 3(1 + *)* 


Hence 


f, = 

c a = 


102**+101** + 75* +12 4+’(2-7r)4’ 

76*+ 12 3(1+*)* 

"i02**+101** +75* +12 4^(2 vf 


(34) 


To deal with viscosity we write <f> xx as c 7 <£ 7 -f -f where 

07 = 08 = <ix a ~W> <fa = P*?*" 4 (?>*<?* + Py?y + PS]*) (35) 


and a„ = | exp ( -p* - tf) (p,*—£ (p* + <f )} 0* dr, 

a mn remaining as in (30). We find 

“7 = « 8 = «» = 0, 

.. _ 4(13* + 6)(2tt)M 

77 -45(1+*)*-•' " 7a = = 0 


(36) 


(37) 


(38) 


Thus to our present order of approximation 0« = c ; 0., where 

c . 15(1 + *)* 

' 7 4(13* + 6)7r 3 (2ir)i' 

6. Considering only the Q* term in (24), the heat flow per cm.* (in 
mechanical unite) is 

\f(U'-v x ) {(u x -v x y+(vy-v v ? + (u t -v,f + KO? (<u z »+6)/+«/)} dr, 

, , . M 3 n a * 8/ * iBT 

where /- 4, + ®ifv^«P(-J> , “S , )(^+^ 

from (12) and (29). The first term in f contributes nothing to the flow. 
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Replacing 9T/cte by — 1, we have an expression for the thermal conductivity, 
which becomes on reduction 


or 


. ir 3 /2R*T\4 /K , 0 . 
x = ~4^(i r) (5ci+ " Ci ' ) ' 

9 /R a T\i (1 + (50+151« + 37) 

16? W M/ 102**+101**+76* +12 ‘ 


The case in which qo is of no physical importance > but it is curious to 
see why X-oo in this ease. Rotational motion is practically absent, and the 
effect of a collision from (4) is to transfer each velocity to the other molecule, 
virtually as if there had been no collision at alL The conductivity has a 
finite limit as tc — 0, notwithstanding that w -* oo in the steady state. 

Considering only the viscosity terms in (24), the X* component of stress in 
the gas is given by 


X x -p = M J/ [{Vs—Cjf— J {(«*—+ %)’ + («*—•»,)*}] rfr 

Mir 3 /2KT\* 


So 3 




on reduction. Identifying the coefficient of 
substituting from (38) we have 


o 0v*_3i 
" fa ^ & 


with —fyiiand 


15 /MRT\»(l + *)» 
M 8a»\ ir / 13*+ 6 


Also c„ = 3K/M, so that 

X (13* + 6) (50**+151* + 37) 

fic v l"0 (102* ;, +101* :! +75* +12)’ 


(40) 


(41) 


For * as 0,-f .and 1 we liave \/pr v a= 185,182, T56 respectively. Euoken’s 
value corresponding to y = 4 is ty/w* = 1'75; experiment gives y = 1-33 
and \/f*c v = 1’80 for chlorine. It is not intended to suggest that the 
evidenoe supports any particular model; only that Eucken’s number is as 
well confirmed as we can expect, seeing that \/pc v does not depend on y 
alone. Qualitative writers have often conjectured that viscosity is but little 
affected by rotation of the molecule. With our model, p changes in the 
ratio 1:1’26 as * changes from 0 to 1, and the lower value is the same as that 
of a monatomic gas in Chapman’s first approximation. Another much debated 
matter is the partition of transported energy between the translational and 
rotational kinds in thermal conduction. As far as our theory goes, we find 


transported rotational energy _ 4 (19*+ 3) 

transported translational energy 25 (2**+ 3* +1)’ 


(42) 
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whioh changes from 048 to 0S9 as k changes from 0 to 1, with a maximum 
of 0 67 in between. It is difficult to imagine a model more effective in 
converting linear into angular velocity, and vice versd, so that tO per cent, 
may well be an upper limit of the relative efficiency of transport of rota¬ 
tional and translational energy. 


The Specific Heats of Air, Steam and Carbon Dioxide . 

By Sir B. T. Glazkbrook, F.K.S. 

(Received March 6, 1022.) 

In a recent number* is a paper by Mr. W. I). Womersley bearing the 
above title, in which an account is given of a determination of specific heats 
of the gases named, employing a calorimeter designed by the late Prof. 
B. Hopkinson. 

Mr. Womersley’s experiments extended over the range 1000° C. to 
2000°, and he states that the lower parts have been filled in from the 
researches of Swann ami Holborn and Henning. 

The results are given in a Table on p. 486 for every 100° C. up to 2000°. 
Swann’s experiments were made at temperatures of 20° C. and 100° G\, so 
that the range of values from 200° to 1000° depends on the work of Holborn 
and Henning, and, unfortunately, some error has been made in connection 
with their results. 

They expressed these as the mean specific heat at constant pressure 
between 0° C. and the temperature of the observation—in the case of steam 
between 100° C. and the observation temperature. 

Mr. Womersley has transformed their figures into mean volumetric heat 
per gramme-molecule, but I have been unable to deduce his figures from 
those given by Holborn and Henning, and, in view of the importance of the 
matter, it seems desirable to call attention to the discrepancy. 

Holborn and Henning, in their paper,t give—Table VIII—their experi¬ 
mental results, and also the results obtained from a formula whioh expresses 
Hie experimental results within, in most cases less than 1 per cent. In the 
case of steam, two formula*, which differ but slightly, are given, while in 
Table IX (p. 842) are stated the results at every 200° C. up to 1400° 0. 

* ‘Boy. Soc. Proc,,’ A, vol. 100, p. 483* 

+ ‘ Aunakn des Physik/ vol. 23, p. 809 (1907). 
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. I have reduced these last to volumetric heats per gramme-molecule in 
each case by multiplying by 28,18 and 44 respectively and subtracting 1 ‘985, 
the difference between the volumetric heats at constant pressure and constant 
volume. 

The results are given in the second, fourth and sixth columns of Table I. 
In the third, fifth and seventh columns are values taken from Mr. Womersley’s 
Table, which in the range 200° to 1000° are said to “ be filled in from the 
researches of . . . Holborn and Henniug.” The differences are very con¬ 
siderable, amounting to from 6 to 8 per cent. 

The figures at the higher temperatures given in these columns are the 
results of Mr. Womersley’s own experiments. It will be noticed that these 
are higher than the corresponding figures due to Holborn. 


Table f. 


Tem- 

Nitrogen. 

Steam. 

Carbon dioxide. 

pe rat ure. 

Holborn. 

Woinenler. 

Holborn. 

i 

Womerale;. 

Holborn. 

Womereley, 

°C. 

200 

4*70 

6-00 

0 *89 

0*61 

7 48 

7-5 

400 

4*81 

5-177 

6*43 

6 70 

8*04 

8*36 

600 

4*91 

6-832 

0*52 

0 *85 

8*61 

0 03 

800 

6*02 

5*471 

6-69 

7-02 

8*98 

9 *56 

1000 

5*18 

5 *590 

0*91 

7-20 

ft ;i3 

9*94 

1200 

5*28 

5*098 

7*20 

7-76 

9 *64 

10*21 

1400 

5*84 

5*706 

7*56 

8 35 

9*88 

10 *41 


In an appendix to the Report of the I5.A. Committee on Gasoous 
Explosives for 1908, the opinion is expressed that the values given by 
Holborn and Henning are too low, and this may be the case, but that fact 
will not explain why the high values given in Mr. Womersley’s Table for the 
range 200° C. to 1000° C. are assigned to these authors. 

With regard to Mr. Womersley’s own values, it is no doubt difficult to 
dUcuss their accuracy from the small-scale diagrams (figs. 4 and *5), in 
which the slopes of the various lines give the volumetric heats— 
Mr. Womereley doubtless used large diagrams—but the points are in 
many cases scattered somewhat too widely to justify the accuracy of 1 to 
2 per oent. which is claimed, and in some cases— e.g., fig. 4, the curves for 
1800° and 1600°—lines could be drawn of distinctly less slope, which would 
represent the experimental results more closely. 

Thp values deduced above from Holborn and Henning’s results agree 
▼OL. CL—A. 1 
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closely with those given by Piers and Bjerram* in various papers in the 
' Zeitsohrilt fur Electrochemie ’ in 1911 and 1912, of which a summary was 
given Iiv P ye in the ‘ Automobile Engineer ’ for February, 1920. 

Mr. Womersley states that, at the time the experiments were initiated 
and carried out, Bjerram’s corrections to Pier’s results had not arrived ; 
they were to hand before the date of the paper, August, 1921. 


A Photographic Spectrum of the Aurora of May 13-15, 1921, 
and Laboratory Studies in Connection with it. 

By Lord Rayleigh, F.R.S. 

(Received March 6, 1922.) 

[Plate 2.] 

§ 1. Aurora of May 13-15. 

On May 13, 1921, and the following days, there was a magnetic storm of 
almost unprecedented violence, connected without doubt with a large and 
highly eruptive spot near the centre of the sun’s disc. 

At the time I was systematically photographing the spectrum of the 
diffused light of the sky every night for the investigation of the faint aurora 
lino ordinarily present.! The instrument used was the spectrograph No. 1+ 
having a Rutherford prism, and a cinematograph lens of 3 inches focus, working 
at F/1'9. An orthochromatic plate was used. The direction of view was 
45° up to the north. 

On developing the photograph of May 13 (t.e., begun on the evening of that 
day) it was found that the nitrogen negative bauds had come up strongly, as 
well as the green aurora line. This was the first intimation I had that any* 
thing unusual was in progress, and the day of May 14 was spent in preparing 
as far as possible for an extended programme if the aurora shonld continue. 
Two additional spectrographs were extemporised. The aurora did continue 
on the night of May 14, and presumably throughout the intervening day. 
Another and somewhat stronger photograph on an orthochromatic pl&te was 
got with the Rutherford prism instrument used before. 

* Such small differences as there are appear to be due to the fact that Bjerram uaed 
Holbotn’s experimental results. Table I has been calculated from his smoothed ourve. 

+ ‘ Roy. Soc. Proc.,’ A, vol. 100, p. 367 (1981). 

X hoe. cit., p. 368. 
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A-three prism spectrograph with another F/V9 lens showed that the aurora 
line was quite out of coincidence with the krypton line used for comparison, 
but unfortunately too long a silt was used, and the lines were too much curved 
for satisfactory measurement of the interval. For the rest, the three-prism 
instrument gave a much weaker spectrum than the other, and nothing was 
gained by using it. 

The third instrument had a portrait Jens of much smaller relative aperture, 
and was pointed at the sky 45° up from a southern window. An Ilford 
panchromatic plate was used, in the hope of getting the red part of the aurora 
spectrum. Nothing came out except the strongest negative band of nitrogen. 

On the night of May 14 the aurora was watched visually. The moon was 
7 days’ old and set at 1.33 in the morning of May 15. After the moon had 
set, the aurora was observed high up in the north, with a variety of colours, 
including shades of purple and violet. It could be seeu red through an 
orange gelatine filter, transmitting from about X 5800. The clouds interfered 
considerably, no part of the sky being really clear. The form of the aurora 
could not be made out. 

An orthochromatic plate was exposed to the sky under yellow and blue 
filters which were of such intensity as to give about equal actinic effects with 
direct moonlight, or with the light of the sky on ordinary moonless nights.* 
On this occasion the actinic effect under the blue filter corresponded to a 
more than tenfold relative intensity. Thus the auroral sky on this occasion 
was much richer in blue and violet rays than the ordinary night sky. The 
colour index was more than 2‘5 units lower. 

The best spectrum was that of May 14, 1921, reproduced in Plate 2, No. 1. 
The comparison Bpectrum is a krypton vacuum tube. The spectrum of 
May 13 was generally very similar, though not quite so intense. 

The Table on p. 116 is a list of the lines and bands on the photograph, with 
intensities, on a scale of ten. 

The whole spectrum, then, is accounted for by the chief aurora line of 
unknown origin, and the negative bands of nitrogen. There is nothing else 
on the plates except a trace of continuous spectrum, probably due to 
moonlight. 

These plates show considerably more detail in the nitrogen bands than 
previous photographs. The best previous photograph, so far as T know, is 
that of Vegard, reproduced in ‘Phys. Zeit./ XIV, p. 680, 1918. This was 
taken at Bossekop, in the north of Norway, and very long exposures were 
given. His work had the great merit of proving beyond all doubt that the 
bands were really negative nitrogen bands. 

* See *Koy. Soc. Proc./ A, vol. 99, p. 10 (1921). 
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I 

' Intensity. 



• 

May 13. 

May 14. 

Green aurora line . 

Negatire nitrogen bands— 

Blue group . 

5678 

6 

7 

I 4709 

3 

2 


| 11 4661 

3 

3 


III 4690 i 


2 


IV 4664 | 

- 1 

1 ? 

Violet group. 

I 4278 | 

9 ! 

9 


11 4286 ! 

5 ; 

6 


Ill 4199 ! 

2 

4 


IV 4160 | 

1 1 

1 ? 

Ultra-Tiolefc group ..... 

I 3914 | 

10 1 

10 


It is remarkable that the strongest nitrogen bands are much more intense 
than the green aurora line, though the plates used are very sensitive in the 
region of the latter. 


§ 2, Laboratory Studies on this Spectrum. 

The opportunities of getting as good a photograph of the auroral spectrum 
as this one are few, and I was anxious to make the beBt use of it in deter¬ 
mining the conditions for an artificial reproduction of the nitrogen bands 
exactly as they appear in the aurora. I wished, if possible, to produce them 
without any admixture of the various other spectra of nitrogen, but have not 
been wholly successful in doing so, after many attempts. Some relevant facta 
have, however, been gathered which are not to be found in the published 
literature. 

A discharge tube was made as in the figure, which is one quarter size. The 



concave cathode was of aluminium, 1*2 cm. diameter, and was mounted, as 
shown, in a brass cap cemented with sealing-wax on to the neck of the vessel* 
A brass tube from the cap leads to the pump. This device was first used by 
Aston * and has the great advantage of preventing a parasitic discharge from 
striking down to the pump through the connecting tubes. In my case it waa 
* 1 Phil. Mag.,’ vol. 39, p. 613 (1920). 
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not necessary to perforate the cathode, and the currents used were not heavy 
enough to demand water cooling. The anode was also arranged in the way used 
by Aston (originally by Lodge), with an insulated metal tube round it, so as to 
act as its own rectifier. For the rest, the figure will explain itself. A stream 
of rarefied air or nitrogen from a capillary inlet was passed through the 
tube and the rate of flow controlled by reducing the pressure in the feed 
reservoir. In this way the gas in the tube was kept pure and the pressure 
controlled. At low pressures the various features of the cathode discharge 
can be very well isolated in a large tube of this kind, and the spectra 
examined separately. 

In small discharge tubes it is difficult to trace the boundary between the 
negative glow and dark space when the latter is much more than about 3 cm. 
long. The difficulty is mitigated by the use of a large tube, and still more by 
photography, using a filter of Wood’s ultra-violet glass, which cuts off wave¬ 
lengths more than about X 4000. In this way the green luminescence of the 
glass, which hinders visual observation, is entirely got rid of. Such a photo¬ 
graph of the tube is reproduced in Plate 2, No, 7, scale natural size. The dark 
space is 5*6 cm. long, and the alternative spark gap between the balls about 
1*3 cm. 

In this photograph a weak transverse magnetic field deflects the oathode 
rays to the left, where they were received on a piece of mica, to avoid fracture 
of the glass. A pencil of undeflected rays proceeds along the axis of the 
tube. These are the “ retrograde rays ” examined by Sir J. J. Thomson.* 
He found hydrogen atoms and molecules and oxygen atoms; also negatively 
electrified and unelectrified atoms. 

The retrograde rays in nitrogen do not seem to have been examined in 
detail. It will suffice to call them atomic rays in distinction from cathode 
(electronic) rays. 

It is noteworthy that the thin pencil of cathode rays is of very small 
section compared with the negative glow, and that the track of those rays is 
as luminous in the dark space as in the negative glow, except for the super¬ 
position of the negative glow upon them. The view soraetimea expressed or 
implied that the negative glow is simply an excitation of the gas by the pencil 
of cathode rays from the cathode,is seen more clearly than usual to be untenable. 

The part of the discharge tube under investigation was focussed on the slit 
of the spectrograph, the same instrument with which the aurora was taken, 
but not in exactly the same adjustment as before, t The spectrum in Plate 2, 
No. 2, shows the spectrum of the dark space, which is, of course, only com- 

* «Phil. Mag./ vol. 24, p. 209 (1912). 
t It wafc disturbed by an accident. 
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paratively dark, as a background. Crossing it are the narrower spectra of 
the atomic rays and cathode rays, which are separated by the magnet, as in 
Plate 2, fig. 7, Si in the figure represents diagramrnatically the position of 
the slit, or rather of its image. 

In judging of the spectra excited by these rays, it is necessary to allow for 
and subtract, so to speak, the background spectrum of the dark space. 

It is found that the relative intensities within the blue group of negative 
bands, or within the violet group, vary under different conditions of excita¬ 
tion. This is most conspicuous in the blue group, where the second band may 
be stronger than the first. In the violet group the first band iB always much 
the strongest. Accordingly, attention is concentrated on the blue group, 
the components of which are called I, II, III, in order of increasing 
refrangibility. 

In the auroral spectrum of May 13 II is as strong as I. On May 14 II 
was stronger than I, and III was equal to I. 

Let us compare this with the artificial spectra. In the dark space I is 
much stronger than II and III is barely visible. Where the track of the 
cathode rays crosses the spectrum, the bands are strengthened, but their 
relative intensity is not conspicuously changed. Where the atomic rays cross 
the spectrum II is much stronger, and III is rather stronger than I Thus 
the atomic rays give approximately the intensity ratio which obtained in the 
aurora of May 14. They go slightly beyond the mark, as regards the 
increased relative intensity of II. 

On the other hand, the dark space and the cathode rays showed no approxi¬ 
mation to auroral conditions. 

To examine the negative glow, the slit was placed parallel to the length of 
the discharge with its image as at S 3 S 3 in the figure, so that half its length 
was in the dark space, and half in the negative glow (Plate 2, No. 3). The 
relative intensities of I, II, III, are about the same in the negative glow as 
in the dark space and in the cathode rays. The negative glow is thus unlike 
the aurora in this regard. 

There are other points of interest brought out by the photograph 
(Plate2, No. 3), The bands of the second positive group of nitrogen (see particu¬ 
larly those of wave-lengths 4059, 3998, 3806, 3754, which are marked with 
dots above the photograph) are much more strengthened in the negative 
glow than on the negative bands. This behaviour of the second positive 
group has already been described by Seeliger and Pommeranig.* On the 
other hand, the aluminium lines 3944 and 3962 (dotted below the photo- 


* 4 Ann. d. Phys./ vol 69, p. 696 (1919). 
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graph) are stronger in the dark space, which as regards these would be more 
correctly called a bright space.* 

There is a good deal of evidence from the work of Birkeland, Stormer,and 
Vegard, for attributing the aurora to cathode rays from the sun. The 
observations which have been described do not seem very easily conformable 
to this view. It was thought likely that in the blue group of negative 
l)ands, II would gain intensity relative to I as the cathode rays became 
harder, I have not, however, succeeded in tracing such a tendency. A 
series of exposures were made ait decreasing pressures, then with increasing 
hardness of the cathode rays, the alternative spark between balls in air 
varying from 0*5 mm. to 17 mm. 

At 0:5 mm. alternative spark the cathode rays could not be satisfactorily 
observed inside the comparatively narrow dark apace, as there was not 
room to separate them from the atomic rays. They had to be observed 
in the negative glow where they cross one another at the magnetically 
displaced focus of the concave cathode. But they are so bright at these 
high pressures that no ambiguity arose from this. As the alternative 
spark increased the dark space widened, and the cathode ray spectrum could 
be photographed inside it. Throughout the range from 0*5 mm. to 17 mm. the 
band I was much stronger than II, and no definite tendency to equalisation 
was noticed. At 17 mrn. alternative spark it was necessary to give 5 hours' 
exposure, even with the great light grasp of the instruments used, and at 
still lower pressures the cathode beam faded into invisibility, although the 
atomic beam could still be traced. 

Keduction of pressure has a two-fold effect. It increases the hardness 
of the cathode rays, and at the same time diminishes the concentration of 
molecules in their path. In order to examine the luminosity produced by 
harder rays than this, it would be necessary to control the density of the 
atmosphere traversed independently. This could, perhaps, be successfully 
done by the use of Lenard's aluminium window. It is true that by using a 
denser atmosphere, we should violate the conditions which obtain in the 
upper air. In observing the aurora we look through immense thicknesses of 
very feebly luminous gas. In a laboratory imitation these great thicknesses 
are prohibitive, and it is necessary to increase the luminosity per unit volume 
of the gas in some way. It may be argued that this changes the spectrum 
of the light, and spoils comparison with the aurora. Without a full knowledge 
of the mechanism of luminosity such as we do not possess at present, the 
criticism cannot altogether be met. 

* Possibly those lines should rather be referred to the first negative layer, the limits of 
which are not easily defined. 
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So far, then, as the detailed development of the negative bands is 
concerned, the cathode rays do not imitate the aurora so well as the 
atomic rays. 

The negative bands can also be observed in the “ first negative layer,” the 
luminous layer nearest the cathode, which is regarded as continuous with the 
canal rays, and would be prolonged into the latter if the cathode were 
perforated. Here, too, the negative bands have the auroral character, II, in 
the blue group, being equal in intensity to I (Plate 2, No. 4). 

Finally, it is possible to observe the negative bands at low pressure in the 
capillary of a spectrum tube of the ordinary form, thus, in the positive 
column of the discharge. This observation is due to Hasaelberg,* and was 
used in his measurements of the negative bands. In this case, too, the 
intensity distribution is like that in the aurora, the development of the 
later members in each group being exceptionally good. Thus, Hasselborg 
gives the wave-lengths of six bands in the blue group.f These bands are 
more like the auroral ones than any others that I have been able to produce 
artificially, and are shown in comparison with them in Plato 2, No. 5. 

If these bands could only be obtained alone, without the second positive 
group, the comparison would be very satisfactory. 

In the capillary at low pressures we have a procession of ions of both 
signs, but of opposite charges, moving in a strong electrical field. 

It appears, then, that an intensity distribution like that in the aurora has 
not been obtained, except in cases when we can suppose the bombarding 
particles to be, in part at least, of atomic dimensions. Purely electronic 
bombardment has not been observed to give it. 

This, as far as it goes, would be in favour of the idea which has sometimes 
been advocated, that rays from the sun of an atomic nature give rise to the 
aurora. I have not succeeded, however, in getting so simple a spectrum as 
that of Plate 2, No. 1, in any experimental bombardment of the gas with atomic 
rays. Let us take, for instance, the spectrum of the first negative layer. 1 
have carefully followed the changes in the spectrum with increasing pressure. 

In no case did the negative series of nitrogen bands appear without 
contamination with other nitrogen spectra. At the lower pressures, the 
nitrogen Urn 3995 was conspicuous, and of intensity comparable with the 
blue negative bands I and II. As the pressure increased, this line 
weakened, and the nitrogen bands of the second p 9 sitive group, 4059, 3998, 

* ‘Acad. Imp. des Sciences de St. Petersburg, 1 7th Series, vol. 32, No. 15 (1885). 

t It lias been suggested that the appearance of negative bands in the spectrum of the 
capillary is due merely to the ordinary expansion of the negative glow at low pressures. 
But the same effect is obtained in a specially shaped tube, in which the cathode (and 
anode) are both u round the corner.” 
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3805, and 3755 came in* but before the line had faded out. Thus, at no 
stage is nitrogen represented by negative bands only, as in the aurora 
spectrum (Plate 2, No. 1). 

The best approximation to this state of things was at a dark space of 2 cm. 
(equivalent spark gap in air, 3 mm.). The spectrum in this case is reproduced, 
(Plate 2, No. 4), and shows the line 3995 marked by dots, somewhat less 
intense than the blue negative bands of nitrogen. The pressure is just short 
of that required to make the positive bands come in. I speak of the pressure 
because it is the independent variable which is directly observed and controlled; 
but, of course, indirect and perhaps complex effects of a change of pressure 
are really concerned. 

Again, in no case are the hydrogen lines absent from the experimental 
spectra. The air, or nitrogen, fed into the tube was dried with phosphorus 
pentoxide, though I did not specially study the effect of prolonged drying. 
The hydrogen appears to come from the electrode, the intensity being greatest 
when the electrode is new, and depending also on the material of which the 
latter is made. 1 have tried aluminium, iron, tungsten, and silicon, and 
experience has been in favour of the latter, which gives a minimum of 
hydrogen, and, moreover, gives no lines of its own. But even prolonged 
running of a silicon cathode does not get rid of the hydrogen lines from the 
first negative layer (Plate 2, No. 4). 

Spectrum of the, Aurora, and Composition of the Upper Atmosphere, 

We have reason to believe, not indeed from direct experiment, but on very 
strong theoretical grounds, that the upper atmosphere in which the aurora 
occurs, is rich in the lightest constituents of air, helium and (possibly) 
hydrogen. The subject is fully discussed in a recent paper by Chapman and 
Milne.f Do these constituents appear in the auroral spectrum ? The 
photographs reproduced confirms clearly all previous evidence that they do 
not. We are faced, therefore, with the alternatives that either they are not 
there, or that the conditions of excitation are not such as to develop the 
spectrum. 

In the case of hydrogen we have no cogent evidence that it is a normal 
constituent of the lower air, and we may escape from the need for explaining 
its absence from the aurora on this ground. On any other view a formidable 
difficulty would be encountered. For, according to all laboratory experience, 

* 3998 cannot be well separated from the Urn 3995 with the revolving power used, 
but the presence or absence of the other second positive bands mentioned serves to 
discriminate. 

t 4 J, R. Met. Soc./ vol. 46, p. 357 (1920). 
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even a trace of hydrogen asserts itself in the spectrum of any kind of electric 
discharge through air, under any conditions of pressure. 

We may turn to the question of helium, and ask whether, if present 
in the quantities anticipated from the theory of diffusion, it could fail 
to be excited by cathode ray or atomic ray bombardment of the gas. 
It is impossible at present to predict a priori the relative visibility of 
different gases in a mixture; indeed it depends very much on the discharge 
conditions. It is known that helium may be largely masked by admixture 
of nitrogen, but this action is most conspicuous in the positive column. 
To test the visibility of helium in a mixture with nitrogen, five parts of 
helium with one of nitrogen whs fed in through a capillary tube to 
the large discharge vessel (figure), and the cathode ray and atomic ray 
spectra photographed at low pressures, the alternative spark gap between 
balls being held at 1 cm. 

The violet and ultra-violet negative nitrogen hands are still the most 
conspicuous feature in both spectra (Plate 2, No. 0), but the helium lines 
4471 and I) 3 marked with dots above are comparable in intensity with the 
blue nitrogen group. In the cathode rays, these lines are scarcely, if at 
all, visible. On the other hand the green helium line 5016 (marked with 
a dot below the photograph), is weak in the atomic rays and stronger in 
the cathode rays, though here only about equal to the second member of 
the negative nitrogen group, which is comparatively weak in the cathode 
ray spectrum. 

If diffusion in the atmosphere is considered to begin at 20 kilom. up, 
this composition of five volumes helium to one of nitrogen should prevail 
at about 130 kilom. But the particular aurora in question extended to far 
greater altitudes than this. Stormer* found for one long auroral ray heights 
ranging from 192 to about 470 kilom., so that the whole of this ray (the 
only feature about which we have published information) lay in an atmo¬ 
sphere which should consist almost entirely of helium. These observations 
were taken in the neighbourhood of Christiania, But it seems not un¬ 
reasonable, considering the world-wide distribution of this aurora, to assume 
that it occurred at about the same height over the south of England. 

We may possibly escape from the conclusion that the luminosity photo¬ 
graphed in the spectrum (Plate 2, No. 1), occurred in an atmosphere consisting 
largely of helium, by putting its height near the lower limit of auroral 
heights (90 kilom.) and by putting the height at whieh aepaxation of the 
gases by diffusion begins rather higher than the probable value of 20 kilom. 
But there is a minimum of room for escaping in this way. 

* 1 Cemptea Rendu*; vol. 172, p. 1672 (1921). 
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Upon the whole, it appears very difficult on the hypothesis of atomic rays 
to explain the absence of helium lines from the spectrum and, it may be 
added, the absence of nitrogen line spectrum. 

On the hypothesis of cathode ray excitation, this difficulty would be con¬ 
siderably relieved, but in that case we encounter another difficulty, namely, 
that the nitrogen band spectrum in the aurora has the intensity distribution 
characteristic of atomic rays, not of cathode rays. 

ft seems best at present not to lose sight of the possibility that the mode 
of excitation may be something entirely different from either. 

§ 3. Summary. 

A photographed spectrum of the aurora obtained on the night of March 14, 
1922, is reproduced. It shows the negative bands of nitrogen in considerable 
detail, also the green aurora line of unknown origin, which, however, is 
subordinate. 

A number of laboratory photographs of the negative bands of nitrogen 
excited in various ways are reproduced for comparison. 

With atomic ray excitation, and still better in the narrow positive column 
(capillary tube) at low pressure the development of the negative bands can be 
imitated. But other nitrogen spectra (line spectrum and second positive 
band spectrum) persistently appear in addition. 

The cathode ray spectrum is free from these foreign spectra. But the 
negative bands produced in this way are not developed like those in the 
aurora, the intensity being much more concentrated in the first band of each 
group. Hard and soft cathode rays behave alike in this respect. 

The auroral spectrum is also discussed in relation to the upper atmosphere. 
Assuming that helium is the main constituent above 130 kilom., as the theory 
of diffusion indicates, then it is difficult, on the hypothesis of positive ray 
excitation, to explain its absence from the spectrum of this particular aurora, 
which at Christiania, reached to 470 kilom. Experiments on artificial 
mixtures indicate that helium should be visible. 

With cathode ray excitation, this difficulty would be lessened, but the 
different development of the nitrogen bands remains. 

It is possible that the true mode of excitation of the aurora has not yet 
been suggested. 
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DESCRIPTION OP PLATE. 

No. 1.—Aurora spectrum with krypton eo^parkon.. The yellow-green aurora line, 
X 5578, is seen on the right in approximate eo&ddence with the strong krypton line. 

No. 2.—Spectrum of nitrogen, in the cathode rays and atomic rays separately, seen on a 
background of dark space, which is only relatively dark. Note the development of 
the various members of the blue group in each case. The atomic rays give an 
intensity distribution more like the aurora. 

No. X —Spectrum of negative glow above (second positive group of bands marked) and 
of dark space below (aluminium lines marked). 

No. 4.—Spectrum of first negative layer. Nitrogen line marked. 

No. 5.—Spectrum of the capillary of a nitrogen spectrum tube at low pressure, placed 
in comparison with aurora. Note similar development of bands. 

No, 6.—Cathode rays and positive rays in a mixture of five parte helium and one part 
nitrogen. Helium lines marked. 

No, 7,—Direct photograph of the discharge tube as used in obtaining 8|)ectru 2, 3, and 6. 
The dark space traversed by atomic rays (straight) and cathode rays (deflected). 
Below is the negative glow, then the positive column. The tube is photographed 
through ultra-violet glass. Scale about one-quarter. 


Fourier's Series and Analytic Functions. 

By T. Caiu,kman, Docent in Mathematics in the University of Upsala, 
and G. H. Habdy, F.R.S. 

(Received February 2, 1922.) 

1. Introduction. 

1.1. In the theorems which follow we are concerned with functions /(x) 
real for real x and integrable in thesensa of Lebesgue. We do not, however, 
remain in the field of the real variable, for we suppose, in §§ 4 et seq., that 
fix), or a function associated with fix), is analytic, or, at any rate, harmonic, 
in a region of the complex plane associated with the partioul&r real value of x 
considered. 

The Fourier’s series considered are those associated with the interval 
(0, 2tt). If a is a point of the interval, we write 

*(*)-*{/(a+w)+/(«-u)~2s} <0 < a < 2ir), ' (tU) 

*<«) “ H/(«)+/(2w-«)-2s} (a - 0, a « 2w)i 
where s is a constant. 
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We write 

z «* x+iy, w s= u+iv (1.13) 

for the complex variables of which 0 and u are the real parts. 

By a region A, or A (S, «), in the plane of w, we mean a triangle defined by 
inequalities 

OgR (w)I* v (arg w|g « ($>0, 0 <«*$*■). (U4> 

When we say* that $ (w) n analytic, (or harnmiic) and bounded in A, 
we mean that it is an analytic (or harmonic) function regular at all points 
inside A, and that its modulus at all such points is less than a constant 
K = K(S, a). It is immaterial whether we suppose <f>(w) regular at points 
on the boundary of A, other than the origin ; for we can always replace A by 
a slightly smaller region of the same type. The origin is, in general, an 
essential singularity of (w). 

In § 2 we prove two lemmas concerning derivatives of functions of a 
real variable. In § 3, remaining in the real domain, we prove a theorem 
concerning Fourier's series, of which our main result proves later to be a 
corollary. In § 4 we prove two lemmas concerning harmonic functions. In 
§5 we consider our principal problem. Given that <f> (w) is harmonic ami 
bounded in a region A, what is the necessary and sufficient condition that the 
Fourier 8 series of f (x) should converge when x «= a ? The answer to this 
question is contained in theorem 2. We also prove an analogous theorem 
in whioh, instead of supposing <f> ( w ) bounded, we suppose that the integral 

Jfl+'(*0I *dudv, (1.15) 

taken over A, is convergent. In § 6 we add some notes relating to certain 
theorems of lindelof and Monfcel. 

2. Lemmas concerning derivatives of functions of a real variable . 

2,1* Lemma 1. If {u) is a function of the real variable u, continuous and 
indefinitely differentiable for 0 < u < £, and 

+ (u) = o (1), f « <*) = o (A) (2.12) 

when u 0, then 

= (2.i3) 

This is a special case of a known theorem.* 

2.2. Our second lemma is. of the same character, but is not actually 
included in any of the theorems proved in the memoir just referred to. 

' * Q. H. Hardy and J. E. Littlewood, "Contributions to the Arithmetic Theory of 
M’roc. London Math. Soc.’ (S), vol. 11, pp. 411-478,427, Theorem 8 (1818). 
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Lemma 2. Suppose that ty(u) is a function of the real variable n which 
possesses ct third derivative ifr'" (w) for 0 < w < 8, and that 

f (w) = o (w s ), y («) = o(^) (2.21) 

when u — 0. Then 

yjr" (u) - 0 ( 2 . 22 ) 

when u ■* 0. 

Let f = £«, where 0 < £ < and suppose that 0 < (1 + f) u < & Then, 
by Taylor’s Theorem, 

%)— 2^(«) = fV"(»)+if !l {V r,,, (' M +^i?)—V r " ( w_ #»£)}> 

where 0 < 0i < 1, 0 < 0a < 1; and therefore 
lie" (u)\£^(\<f>(u + l;)\ 4- f)| +2 |(/>(m)|) 

+%(w"(u+0lz)\ + w"(n-e a z)\) 

= \+M. (2.23) 

/l x 

say. Since yfr'" (u) = 0(-j, we have 

w<*Us + =^s)<!$ 

where H is a constant; and we can therefore choose ? so that 

N<K (2.24) 

When £ is fixed, we have 

* “ g^Ta {(!+£)’ <> (« s ) + G — 0* 0 («*) + 2o(u*)} = o (1) 

so that 

(X| <** (2.25) 

if w is sufficiently small. From (2.23), (2.24), and (2.25) the conclusion 
follows. 

The form of the proof is modelled on that used by Landau in the discussion 
of theorems of this character * 

3. Preliminary theorem. 

3.1. Theorem 1. Suppose that <f> (u) possesses a second derivative <£'' (it) for 
0 < tt < 5, and that 

*"(«) = 0(i} (3.11) 

* See E. Landau, “ Einige Ungleichungen filr zweimal differs ntiierbare Funktionen,” 
4 Froc. London Math. Soc/ (2), vol, 13, pp. 43-49 (1913); and * Darsfceliung und 
BegrUndung einiger neuerer Ergebniaee der Funktionentheorie/ p. 64 (1916). 
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Then the necessary and sufficient condition that the Fourier's series of /(#), for 
x as a , should converge to the sum s, is that 

(u) -* 0 

wAm « -*> 0 through positive values. 

We make certain preliminary simplifications. We suppose, first, that 
0 < a < 27t ; the modifications required when a is an end-point of the 
interval are trivial. We may then suppose 8 < Min (a, 27r — a). 

We may suppose, without loss of generality, that/=0, except in the 
interval (« — 8, a -f 8), for the behaviour of/outside this interval is irrelevant 
to the question of convergence. We may also suppose that s = 0. Thus 

4>(u) as H/( a + tt )+/( a “ w ')} (0 <M^) = o (w > 8). (3.13) 

If the Fourier’s series of / (#) is 

TO 00 

/ (#) -w A 0 4* 2.A „ = | a 0 -f £ (r/„ cos -I- sin (3.14) 

1 x 

then that of <f> («) is 

as 

<p (u) -w Aft -f- 2 (« n cos net -f Z> n sin na) cos nu , (3.15) 

i f 

and the Fourier’s series of f(x), for cr = a, is that of <£(w) for w~0. Our 
problem is therefore equivalent to the corresponding problem for this latter 
series. 

We observe that (3.11) involves 

<t>‘ («) = 0 (3.16) 

3,21. The condition is sufficient. This may be proved very simply in two 
different ways which are each of interest. 

(a) It is sufficient to prove that 

A„ = 0(i). (3.2X) 

For the series is summable (Cl), by the classical theorems of Fejcr and 
Lebesgue, and a series which is summable (Cl), and satisfies (3.21), is 
necessarily convergent.* 

It is enough then, to prove that 

jV“<£(w)dw:= O^j. (3.22) 

* L. Fej<5r, “Untersuchuugen ttber Fouriei’sche Reihen,’’ ‘Math. Ann.,’ vol. 58, 
pp. 61-69 (1904) ; H. Lebesgue, “ Recherches sur la convergence des sfiries de Fourier," 
‘Math. Ann.,’ vol. 61, pp. 251-280 (1905); G. H. Hardy, “ Theorems relating to the 
convergence and summability of slowly oscillating series,” * Proc. London Math. 8oc.,' 
aer. 8, vol. 8, pp. 301-320 (1909). Soe also Ch. J. de la Vall6e Poussin, * Cours d'aualyae 
inftnitfiaimalo,’ vol. 2, ed. 2, pp. 164-162 (1912); H. 8. Carslaw, ‘ Introduction to the 
theory of Fourier's series and integrals,' vol. 1, ed. 2, pp. 234-243 (1921). 
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Since <£ (u) is bounded, the integral is equal to 


») +0 (;) + °(«) +0 ( n *| v . S ) = °( i )' 


by (3.11) and (3.16). 

(b) A sufficient condition for convergence is that 




when e -* 0 by positive values.* But 

<f>{u + e) — <f> (w) = etft' (u+0e) (0 < 0 < 1) 




by Lemma 1. Henoe 


(3.23) 


1 '<*> = ” (* |! 5 (£ s )) “ " (' i % m 0 (1) - 

which proves (3.23). 

3.3. The condition is necessary. We denote by <J> (u) Iiiemann’s function 

(m) = 1 A 0 « 2 +£ ^ (1 -cos «») (0 < « < 8), (3.31) 


and by fa(u) the function 


<h (*) = [* d V J* (0 dt (0 o < 8), (3.32) 

These two functions are identical. For the Fourier’s series of ^(w) is 
convergent when 0O<$, since <f>{u) has a second derivative for such values 
of u y and therefore! 3>(w) has, for such values of u t a generalised second 
derivative equal to But fa (u) has an ordinary second derivative, 

and a fortiori a generalised second derivative, also equal to <£(w). Hence 

¥ (il) as <1> («) — fa (u) 

has, for such values of «, a generalised second derivative which is everwhere 
zero; and is therefore} a linear function C+ Du. If now the series is 


* EL Lebesgue, loc . cit. t p. 263, and 1 Lemons sur lea series trigonon^triques,’ pp. 60,64; 
Oh. J. de la Vall6e Poussin, loc . ot/., p. 150. 

+ By * Hiemanna First Theorem/ l>e la Vall6e Poussin, loc. ct*., p. 172. 

} By 4 Schwarz’s Lemma,’ De la Vall6© Poussin, loc . cit., p. 171. 
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% 

convergent for u = 0, we have* = o («), and it is evident from 

(3.32) that ^a(w) = o(u), Hence C -f llu = o (u), which is only possible if 
C = l> s= 0. Thus <f> s (u) = <p (u), and so 

Mm) = «>(«*)• (3.33) 

Also «/>/" («) = <f>’ (n) = 0 (3.34) 

by (3.16). From (3.33) and (3.34) it follows, by Lemma 2, that 

^Wa*(«) = o(l), 

which completes the proof of the theorem. 


4. Lcm mas concerning h armotile fnnetiom. 

4.1. Lemma 3 .—Suppose that u (.e, ?/) = u-(r t 0) is a real harmonic function 
regular for r < 11, and that 

|«|.< M (rS R). 


Then 


' r}*> +q n \ 
<Px d q y h' 




(4.11) 

(4.12) 


//o“ suffix indicating a value taken at the origin. 

We have, by the familiar formula of Poisson, 

«(*■ « = ij!,’ + > * (1< ’ W" 1 * 


Hence 


_1_ ^ 

-7r J „ \ K - 


It 


■v'* (i'.—iy ) 


7 --J;-—-it «(K, 4>)dd>. 

ll — c~'+ (>: + r;/) J v y 




and the result follows immediately. 

4.2. Lemma 4 .—Suppose that <f>(w) is* harmonic and hounded in a region A- 
IVtra 

♦»(«> = ( £! *<■■’'= °(£) «•**> 

when u — 0 fyy positive values. 

Let £ be a small real value of w, and It = f siua the perpendicular from 
w = f on to one of the sides of A through «■ = 0. The circle whose centre is 
w as £, and whose radius is E, lies entirely inside A if £ is sufficiently small. 
Applying lemma 3, with q — 0, wo obtain 

• ♦»<» = »&)-"(,?)■ 

which proves the lemma. 

* Again by * Biemann’s First Theorem.’ 

VOL. Oi.—A. K 
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5, Proof of the main theorems . 

5.1. Theorem 2. — Suppose that <f>(w)i$ harmonic and hounded in a region A. 
Then the necessary and sufficient condition that the Fourier series of f(x), for 
x s= a , should he convergent, is that <f> (n)-+ 0 token 0 through positive values. 

By Lemma 4, <f>" (u) = ™). The theorem is thus an immediate 

corollary of Theorem 1. 

As a special case we have, 

Theorem 3. —If is the value, token u = 0, of the real component of a 

function F (w) of the complex variable -w, and F (w) is analytic and hounded in a 
region A, then the necessary and sufficient condition for convergence is that 
<f> (u) 0. 

This is the form in which we originally proved the theorem. The idea of 
extending it to auy bounded harmonic function was suggested to us by 
Dr. Marcel Riesz. 

5.2. We next prove a theorem which resembles Theorem 3 in all respects 
save one. We omit the condition that F («?) is hounded in A, substituting 
for this the condition that the integral (1 .15) should be convergent. The 
condition has a simple geometrical meaning, namely that A is mapped, by 
the transformation W = F (w), on a region of finite area in the plane of W. 

Theorem 4. Sujrpose that (u) =s <f> (u, 0) is the value , for v = 0, of the 
real part <f> (u, v) of a f unction F (w) analytic in A, ami that the integral 
(1.15) is convergent. Then the necessary and sufficient condition that the 
Fourier s series of f (x), for x = a, should converge to the sum s, is that 
0 when u ~+ 0 through positive values * 

We have our proof of Theorem 4 on the following additional lemma. 

5.2. Lemma 5. —If F (w) is analytic in A, and the integral (1.15) is 
convergent y then 

F»(«)-.(i) (521) 

when w — 0 in any manner inside a region A' iiUerior to A. In particular 

* w <«> = .(I) (5.22) 

when u -+ 0 through posit ive values. 

* It may be well to point out explicitly that the convergence of (1.15) does not in 
itself imply the boundedness of F (w) in A. A simple example to the contrary is obtained 
by taking F (te) ** log log w. An example in which F(tr) is bounded, but (1.15) is not 
convergent, is given by F(tv) » ttf*, where c is positive. The integral (US) is equal to 
either of the integrals 

(W + W) du dv, || (*,+*,«) du dv, 

where <P + ** F. There is therefore no theorem more general than 4 and related to 

4 as 2 is to 3. 
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We require (5,21) only when w is real, and state our proof for this case. 
The modifications necessary in the general case are trivial and may be left 
to the reader. 

Suppose then that u is real, and that C is the circle whose centre is 
tv = u and which touches the oblique sides of A. The radius of C is 
p = u sin a, and we have 

F (tv) = S- (w~u) n = 2 a n (w — u) n (5.23) 

0 U • 0 

for \'W—v | < p. Also 

I n | «„ | y» = - f f | F' (w) | 4 dn dv, (5.24) 

>U 1 IT J J 

the integration now being over the interior of C.* This integral tends to zero 
when u — 0, since (1.15) is convergent. Hence 

H I *„ I Y" = * I F<"> («) 1 2 (* sin «r = « (V). (5.25) 



which proves (5.21), for real w> and a fortiori (5.22). 

5.23. The proof of Theorem 4 is now immediate. We have only to take 
n » 2 in (5.22), and the theorem becomes a corollary of Theorem 1. 

Note on certain theorems of Lindelof and Montd. 

6.1. We were originally led to Theorem 2 by an argument which differs 
materially, as regards the proof of the necessity of (3.12), from that of §3. 
Our original argument depended upon a very interesting theorem first 
proved by MoiiteLf This theorem, in its simplest form, may be stated as 
follows ;— 

Suppose that (i) </> (tv) i is analytic and hounded in a region A, and (ii) that 
4> (tv) -+ 0 when w -+ 0 by positive values. Then <p ( w) -+ 0 uniformly , when w—Q 
in any manner within any region A' interior to A. 

This theorem has been generalised by Mon tel himself and by Lindelof,} in 

* Bee L. Fej6r, “ tlber die Konvergenz der Potcnzreihe an der Konvergenzgrenze in 
Fallen der kunformen Abbildung auf die addielite Ebene/* ‘ H. A. Schwarz Festschrift/ 
pp, 42-53 (47), (1914). 

t P. Montel, “ Sur les families de fonetions analytiques qui admettent des vaieurH 
exeeptionnelles dans un domaine,” * Annales Scientific ue» de 1’Ecole Normale Sup6rienre,* 
(3), vol. 29, pp. 487-535 (519), (1912). 

J E* Lindeltff, “ Bur un principe g6n6ral de l'analyse,” * Acta Soc. Fennicee/ vol. 46, 
no, 4, pp. 1--36 (7), (1915). A different proof of what is substantially the theorem 
proved here by Lindelof was given later by Hardy and Littlewood (“ Abel’s Theorem 
and its converse/* * Proc. London Math. Soc./ ser. 2, vol, 18, pp. 205-235 (p, 218, lemma *). 
(1917). 



132 


Fourier's Series and Analytic Functions. 


two directions. In the first place the hypothesis (i) may be replaced by the 
more general hypothesis that <f> (vi) does not assume either of two excep¬ 
tional values. Secondly, we may consider, instead of tho straight line of 
hypothesis (ii), any simple continuous path which leads to the origin from 
inside A. 

We are concerned here only with the theorem in its simplest form. It 
seems worth while to point out how naturally it follows from some of the 
lemmas on which our preceding analysis depends. 

Suppose that \<f>(w)\ < M in A and that u is real. Then, if C is the circle 
of §4.2, we have 


\4> {n) (u)\ 


n 1 f <f> ( tr) ^ ? M 

2iri j c (w—") n+1 ~ (?/ sin a)"' 


( 6 . 11 ) 


Thus < f> (u) = o(l), <j> iu) (a) = 0 ( iy 

for every n, and therefore, by Lemma* 1, 

* w (") = °(^) 


( 6 . 12 > 


Now let a < ol be the angle of A' corresponding to a, and O' the circle of 
radius «.siii«' corresponding to C. If w lies within C' we liave 


<f> (v<) = £ (/'•-«)" = £+ 2 - 4n+4>2, 

o 'a; (i /., + i 


(6.13) 


say. From (6.11) we deduce 
1 


. . v ... ™!M . . w/situ \ 

63 = i —r . 7 — V r- . in sin a )" = M — 

r 1 n ! (26 sin a) n * 1 


sun a 


p+i 

SI lloj Sill a — Sill a' 


which tends to zero when p -+ ao . We have therefore 

|^| <he (6.14) 

if only p is sufficiently large. When p is fixed, every term of <fn is of the 
form 

0 (A) 0 (V) = 0(1) 

\VJ 

in virtue of (6.12), so that 

|<^il<it‘ (6,15) 

if u is sufficiently small. From (6.13), (6.14), and (6.15) the conclusion 
follows. 

6.2. The direct analogue of Montels theorem for harmonic functions is false, 
as appears at once from the trivial example <j> *= arc tan {r/n). A modifica¬ 
tion of the argument of 6.1 leads, however, to the following result:— 

Suppose that 4* ( u > v ) & a rea ^ harmonic function, regular and hounded in A, 
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and that <f> 0 when w -► 0 along either of t wo radii vectored interior to A- Then 

<f>~* 0 uniformly when w~+ 0 in any manner within any region A 7 interior to A. 

6.3. Similar arguments, based upon Lemma 5, lead to the conclusion that 
in Mantel's theorem of 6.1, the hypothesis that <p (?/;) is hounded may he replaced 
by the hypothesis that the integral (l.lf>) is convergent. A direct proof of this 
theorem is not without interest, but the actual result is included in the more 
general theorems referred to in 6.1.* 


On the Free Transverse Vibrations of a Uniform Circular Disc 
Clamped at its Centre; and on the Effects of Rotation. 

]>y R. V. South well, M.A. 

(Communicated by Prof. H. Lamb, F.R.K. Received September 23, 1921.) 

Introduction and Summary. 

§1. A thin circular disc, entirely unconstrained, can vibrate transversely in 
modes which may he characterized by any number of nodal concentric circles, 
crossed by uniformly spaced nodal diameters. The natural frequencies, for a 
disc of uniform thickness, have been calculated by Kirchhoff,f and a recent 
investigation by Prof. Lamb and the present author* has shown the amount 
by which they are increased when the disc rotates at any given speed about 
its axis. 

This extension of Kirchhoff’s analysis was suggested by published accounts 
of failures iu turbine discs, the circumstances of which indicated that they 
had their origin in forced vibrations, intensified by resonance.§ It was 
realised that the results would be only indirectly applicable to design, mainly 
because in practice discs are constructed with curved profiles (the thickness 
increasing from the rim to the boss), hut also because the calculated 

* For <f) (w) coven* ft Unite area when w cover* A, and there are therefore infinitely 
many values which <f> (w) does not take. 

t “TJeber die Schwingungen einer elastischen Scheibe/’ ‘Crelle's Journal/ vol 40 
(I860), and * Pogg. Ann./ vol. 81 (1850). The essential* of the analysis are reproduced in 
Lord Rayleigh’s ‘Theory of Sound/ vol. 1, §§ 218, 219. 

I ‘ Roy. See. Proe./ A, vol. 99, pp. 272-280 (1921). Throughout the present investiga¬ 
tion this paper will be quoted by the abbreviated title “Spinning Pises,” and its 
equations by their number with an A affixed : thus equation (34a) below is equation (34) 
of the “ Spinning Discs ” paper. 

§ Vf K, Baumann, “ Some Recent Developments in Large Steam Turbine Practice,” 
‘ Journ. Inst, Elect. Eng./ vol. 59, pp. 019, 620 (1921). 
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frequencies, in some instances, will be seriously affected by the “ clamping” 
which is introduced when the disc is attached at its centre to a shaft and 
rotor of considerable inertia. 

Varying thickness, and the allied complication of loads imposed at the 
rim by the inertia of the blading, introduce difficulties of such magnitude 
that it will probably not be possible to calculate the effects of these factors 
with any great accuracy. But the effect of central clamping may be studied 
in a general fashion, if we confine our attention, as before, to a disc of uniform 
thickness, and calculate, by a further extension of Kirchhoff's analysis, the 
increase in frequency which results when a constraint of this nature is intro¬ 
duced. The present paper contains the results of an investigation on these 
lines. Its scheme is generally similar to that of the joint paper to which 
reference has been made; that is to say, exact calculations are given for the 
two limiting cases obtained by neglecting in turn the centrifugal and the 
flexural stress-systems, and these are followed by an approximate treatment 
of the problem in its general form. 

The assumption made in regard to “central clamping” requires some 
explanation. It is evident that in practice any alteration in the dimensions 
of the boss will modify not only the boundary conditions imposed upon the 
transverse displacement, but also the centrifugal stress-system, which in 
part determines the differential equation governing this displacement at all 
points in the disc. Both of these effects will influence the natural frequencies 
of vibration, the first in a way which we may regard as direct, and the second 
indirectly. Now the centrifugal stress-system, in practice, will depend upon 
many factors (V.g., the diameter of the boss, the diameter of the shaft, 
the stresses imposed by the process of “shrinking on,” the weight of the 
blading, etc.), and it is not possible to make any one assumption in regard to 
its distribution which will satisfactorily represent all cases. For the purpose 
of the present paper, which is intended to throw light on the general 
principles involved, it has therefore been thought best to concentrate atten¬ 
tion upon the direct consequences of clamping, and to assume that the clamps 
prevent transverse displacement without altering the centrifugal system, so 
that this system is such as obtains in a disc which is continuous up to the 
centre. 

A constraint of this nature is easily visualized (ej/, } clamps which are 
brought into contact with the rotating disc after it has taken up the strains 
appropriate to its speed of rotation ), and it is easy to reproduce in experiments. 
The approximate methods given in the concluding section of this paper 
enable us to deal with any other system of centrifugal stresses which may be 
specified, and in our exact calculations (§ 3) for the spinning membrane (or 
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disc of negligible flexural rigidity), by retaining unchanged the differential 
equation used previously, we are led to the interesting conclusion that in this 
limiting case clamping has no direct effect upon the frequencies, although it 
alters the modes by introducing terms which would become infinite at the 
centre; it follows that the only way in which clamps can modify the 
frequencies is indirectly, by changing the centrifugal stress-system. 

The other limiting case, of the non-rotating disc, is discussed in § 2. 
Figs. 3-6 show how the frequency varies with the radius of clamping in the 
gravest modes having 0, 1, 2 or 3 nodal diameters, and some of the higher 
frequencies have been calculated for the special case in which the radius of the 
clamping circle is infinitesimal. It was to be expected that a constraint of 
this particular type would involve no alteration in frequency for modes having 
two or more nodal diameters, since in such modes both the displacement and 
the slope vanish at the centre even when the disc is completely free. It is 
also found, somewhat unexpectedly, to he without effect in modes having one 
nodal diameter,* although the frequency in the gravest mode rises very 
rapidly with an increase in the radius of the clamping circle; but for the 
“ symmetrical” modes, in which there are no nodal diameters, an entirely new 
series of frequencies is obtained when the centre of the disc is clamped. 

In the general case, when the flexural and centrifugal systems are both 
operative, the conclusion is reached that clamping confined to a small circle 
has a negligible influence upon the gravest frequencies in inodes which have 
two or more nodal diameters, and tiiat sufficiently exact estimates of these 
frequencies can be obtained, as explained in the “Spinning Discs” paper, 
from the relation 

1? (34a) 

where and p s are the gravest values of p found by neglecting (1) the flexural 
rigidity and (2) the rotation. This formula gives an estimate which is of the 
nature of a lower limit to the true value. It also yields reasonably accurate 
results as applied to modes having one nodal diameter, if is given the 
value appropriate to the size of clamping circle considered. But in the 
symmetrical inodes the gravest frequency found by neglecting the flexural 
rigidity is zero, the effect of the central constraint being nil ; hence, the 
formula (34a), as applied to this case, would make no allowance for the effeot 
of rotation. It is evident that the flexural rigidity, in a disc of which the 
centre is clamped, must in practice prevent the occurrence of modes in which 
the displacement, or its slope, is discontinuous at the centre, and will in this 
way bring the centrifugal system into operation. Special calculations are 
therefore required for the symmetrical modes, and the gravest frequency has 

* In these, 8 w/cr has finite values at the centre when the disc is completely free. 
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been investigated (Section II b, §5) by means of Rayleigh's method of an 
assumed type,* in which the potential and kinetic energies are calculated on 
the t>aBis of an assumed form of w, and the frequencies determined from the 
condition that their sum must be constant in the vibration. It is known that 
this method gives an upjmr limit to the true value, and hence it may 
also bo applied to modes having nodal diameters, as a convenient means 
of estimating the limits of possible error involved in the use of the 
formula (34 a). 

Although it still has no direct bearing on the occurrences in actual turbine 
discs, it is evident that our analysis has been made more representative of 
practical conditions by the assumption of central clumping. The new 
frequencies found for the symmetrical modes are of special interest, since 
it appears that vibrations of this type have been a Bource of trouble in 
practice, f 

Exception may perhaps be taken to the fact that in this, as in the former 
paper, certain factors which would require consideration in a strict theory of 
flexure have been ignored: no account has been taken of the additional 
deflections which accompany the transverse shear stresses, or of the terms 
which depend on “rotatory inertia.” Roth of these factors increase in 
importance with the thickness of the disc, and occur whether the disc rotates 
or not. In the latter ease they are generally neglected, aud are in fact quite 
unimportant except in the higher inodes of vibration, where the disc is 
divided by nodal lines into a large number of segments. When the disc 
rotates, the terms which depend upon “ rotatory inertia ” are modified by the 
addition of terms of " gyroscopic ” type, containing the angular velocity <o as 
a factor. It is not difficult to show that these cancel out of the general 
differential equation of transverse vibration, but they appear in the boundary 
conditions. On the other hand, in the problems of this and the former paper 
they prove to be of the same order of magnitude as the other “ rotatory 
inertia*’ terms (of ordinary type), and may therefore be equally neglected. 

The author desires to acknowledge his indebtedness to Miss B. S. Gough and 
Miss S. W. Skan, of the Aeronautics Department, National Physical Laboratory, 
for the valuable assistance they have given him in the detailed calculations of 
this paper; also to MissC. G. (J. Phillips, who prepared the diagrams for repro¬ 
duction. 


* ‘ Theory of Sound,’ vol, 1, §§ 88, 89. 
t Of. Baumann, ioc. tit. 
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I. Free Transverse Vibrations or a Non-Rotating Circular Disc 
Clamped at its Centke. 

§ 2. Following Kirchhoff and Rayleigh, we shall neglect the effects of 
“ rotatory inertia ” and of the additional deflection caused by shear. Then the 
differential equation which governs the transverse displacement ( w) of the 
middle-surface may be written, in polar co-ordinates, as follows*:— 

3*w, Eh 2 I' c 2 1 3 1 FP f n /t , 

9 T& + iuwo w ' = (1) 


la this equation, p denotes the density of the material, E Young's 
Modulus, and a Poissons Katie, while h is the half-thickness of the plate. 
The boundary conditions of the present problem are 

d*w 1 1 (hr 1 3V\ , "] 

r ( 2 ) 

3 r y*v' 1 3 iv 1 c 2 an (1 —a) 3 s 3 w w _ n 

3r _3 r 2 r 3 r r* tiff 2 r* ..dr v„ j 

at the free edge (r = a), and 


w = 0 , 


at the circumference of the clamping circle ( r = h). (3) 


Assuming a solution of the type 

iv = Wsins(0—0o)»inj0(Z—/ 0 )> 

and substituting in (1), we obtain the equation 




where 




The complete expression for W tlms consists of the two solutions of the 
equation 

f rf* . 1 d S 2 , ,, | Txr _ A 


'*+ 1 ** + * w = o, 

dr r dr r 


together vith the two solutions of the equation 




* Cf. Rayleigh, ‘Theory of Sound,’ vol. 1, §218, or Love, ‘Theory of Elasticity,’ 
§ 314(d). 
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The solutions of (7) are the Bessel functions denoted by J $(tcr) and Y,(*r), 
and the solutions of (8) are the modified Bessel functions denoted by I,(#r) 
and K* (/cr). Thus we have 

W s «J, (kt) + /3Y, (kt) + 7 T, {kt) + $K, (kt), (9) 

where a, /3, y and 8 are arbitrary coefficients. 

Then if we employ the recurrence formulae for Bessel functions, viz., 


!.'(*) = “ In (*) + I.+,(s).J 


( 10 ) 


and the similar formulae for Y B ' (?) arid K„' (z) respectively,* the edge 
conditions (2) may be written in the formf 


[j, (*«) -(!-«•) *j 

—7 -p- j» (#«) + -- J.+1 (kii) ] 

L tcyr Ka J 

•1 

[y. (*«) — (! —a) < 

Y. («*)+— Y,+i (Kay 
L tc J a J Ka J 

n 

[l. («a) + (l-«r) \ 

L, tra? tea j 

n 

J~K,(*«) -f (1 — o-) - 

[sCs- 1 )^ 1 K#+J {lca) 

H 


and 


tc* ^ (*«)— Ka «T a +i (tea) 4 1 - ( m ) “ tcaJ s+ i 

4- /8^*Y,(#cff)—/raY f+ i(/fcr)4- ■£(*— 1) Y,(*a) — tea Y, +1 (/ea)J* J 

. —1 7 (* a ) + Ka l«+x («(*) — ^ ** (* rt ).+ * a h+x (* rt ) j* J 

— X [ sK,(*a)4 /raK <+1 («a)— -^T—1) K s (tea) 

L k a 

+*«K f „(*a)J.]:y s =.0. (12) 


* Whittaker and Watson, * Modem Analysis/ §§ 17.21, 17.61, 17.7, and 17.71. 

+ The coefficients a and ** are important, since the equation* may be satisfied solely by 
reason of a being aero : a being necessarily finite, equation (12) has been multiplied 
throughout by this quantity. 
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whilst the conditions (3) at the circumference of the clamping circle become 
«J f + yl,(*:&)-b8K f («/>) ss 0 (13) 


and 




.<r/i 


J. («*) - J.+1 («*)] + /8 Y. (*ft) J 

I 

l~T,(*&) + I. +I (*ft)] + 8[^K.(*l) + K.«(«fc)] } = 0. (14) 


Eliminating the coefficients u, /3, y, B from (11)—(14), we obtain a deter- 
minantal equation which, for any required value of the ratio b/a t may be 
solved by trial,* assumed values of tea being adopted, and the resulting values 
of the determinant plotted against these. Table I gives results obtained in 
this way in respect of the gravest frequencies for inodes in which s has the 
values 0, 1, 2 and 3: <r has been taken to bo 0*3. 


Table I. 


* - 0. 

if — 1. 

.V - 2. 

, 

» H. 

hjn. 

ua. 

bja. 

Ka. 

bio. 

Ka. 

bja. 

! 

IC«. 

i 

0 *276 

2 50 

0 '060 

1 *68 

0-186 

2-50 

0*43 

( 4*0 

0 -642 

5 00 

O 397 

3 *00 

0 *349 

3*00 

0 *69 

! 6*0 

0 '840 

1*00 

0 *603 

4*60 

0 522 

4*00 

0 -71 

; 7*0 



0 -684 

; 5-00 

0-700 

8*00 

U '82 

' lo *o 



0-771 

! 8*00 

0-81 

10 *00 


j 



0-827 

! 

11 oo 




! 


In the limiting case, when the radius of the clamping circle is indefinitely 
reduced, the analysis may be considerably simplified. For if s has a value 
greater than 1, the coefficients of « and f$ in (13) and (14) vanish when 
b = 0, and these relations will accordingly be satisfied by making y and B 
zero, without restriction of a or ft. The frequencies are thus found by 
eliminating « and ft between (11) and (12), which now reduce to the 
corresponding equations of Kirchhoff for a completely free disc. 


* Tables of the functions J w (*) and l H (e) ( n integral) are given by Gray and Matthews, 
‘Treatise on Bessel Functions,’pp. 247-288. The Neumann functions Y 0 (*) and Y*(i), 
as here defined, have been tabulated by the British Association, * Report for 1914,’ 
pp. 7&-82, and the functions K 0 (*) and Kj («) by W, 8. Aldis, * Boy. Soe. Proc., 1 A, voh 64, 
pp. 203-223(1899) 
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When * has the values 1 or 0, we may substitute in (13) and (14) from the 
ascending Reries for the Bessel functions. We have 


!•(*)’ 


1_ 4 + -’ 
1 +i + -- 


•M*) 

!>(*) 


z 

2~ 


z* 


16 


7+*"> 


Z 7 3 

2 + i 6 + - 


Y 0 (*) = J»(«) log 

Yi(*) = Ji^logz-i-l + a 8 ..., 
K„ (*) = - la (sr) {log*—E) 


( 15 ) 


K,(*) = -Ii(»){log*-E}-^ + | + ..., 

Z 4 

where* K = log 2 — 7(7 being Killer's constant), 

= 0*11593... 


Hence (observing that the limit of slogs, when *-*0, is zero) we see that 
the significant terms in (13) and (14), when s = 1, are 

1 


teb 


08 + 8 ) « 0 , 


and 


2 P \ 2 ^ 4 / \ 


* 6 —E 


■^ + l) =0> 


(16) 


respectively. It follows that (/S + 8) must vanish, and that both ff and 8 must 
be infinitesimal iu comparison with u and 7 , although their contribution to 
the value of the slope is finite at the centre. Hence, if tea is finite, the con¬ 
tributions of # and 8 to ( 11 ) and ( 12 ) will be infinitesimal, and the finite 
frequencies of vibration in modes characterized by one nodal diameter can be 
found from a relation identical with that which obtains for a completely free 
disc; that is to say, these frequencies also are unaffected by clamping which 
is entirely confined to the centre. 

The gravest frequency for the completely free disc, in modes characterized 
by one nodal diameter, is zero, the “vibration" consisting simply in a rigid- 
body rotation of the disc about a diameter. We should expect that this zero 
frequency will become finite when the slope of the disc is constrained at the 
centre; but it is easily verified that equations (11)—(14), when 8 = 1, are 
satisfied if we write 

tea ~ tch =. 0 , 

* This significance for E (the symbol employed in the tables referred to) continues 
down to equation (24), after which E is again used to denote Young’s Modulus, 
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so that a zero frequency of vibration is still possible in the limiting case, when 
the radius of the clamping circle is indefinitely reduced. Alternatively, the 
existence of a mode having zero frequency can be established by verifying that 
the expression 

w as (e* 4 - fr log r) sin (17) 

where e and f are arbitrary constants, is a solution of equation ( 1 ), which 
will also satisfy ( 2 ) and ( 3 ), provided that f is infinitesimal, but related to e 
by the condition 

e+C[log»- + lJr-rt = 0, (18) 



Fio, 1. 

On the other hand, when the results (Table I) obtained for finite values of 
b/a are plotted, as in the curve AB of fig. 1 , tea appears to be tending to a 
finite value as bfa-+ 0 . Jt thus appears that the frequency must rise very 
rapidly as the radius of the clamping circle increases from a zero value, and 
the conclusion may be confirmed by expanding the determinantal equation 
which is obtained by eliminating «, /3, 7 , 8 from (11)—(14), on the assumption 
that Kb is very small. When s~ 1 , the determinantal equation is easily 
thrown into the form* 

A 4 AJi (A) —^Ta(A), AYi(A)—r/Yy (A), Ah(A)~ v h(A), AK, (A)~T,Ky(A) ( 
J,(A). Y,(A), -Ij(A), — K*(A’) f 

BJi (B), B Yi (B), - BIi (B), * l\K x (B), 

.MB), Y 0 (B), -MB). — K 0 (B) f 

« 0 , (19) 

* a being finite, it is legitimate to multiply the first two rows by this quantity. The 
complete equation contains an additional factor 1/6, which has been cancelled out of 
equation (19), since it cannot be zero. 
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in which A and B are written for tea and teb respectively, and t) ia substituted 
(for brevity) in place of the quantity If we expand the determinant, 

substituting from (15) for the Besael functions of argument B, the positive 
powers of B are found to be associated,with powers of A not lower than 
the fourth, whilst the terms which are important when B -+0 may bo obtained 
from the determinantal equation 


A* 


AJi(A) —7?Jjj(A), AY X (A)- V Y*{A), AI, (A)-^1*(A), AKi (A)— (A), 
JjfA), Y*(A), ~I.(A), — K*(A), 

0 , - 1 , 0 , 1 , 

1 , log B, -1, (logB-E), 


= 0 . ( 20 ) 

Hence we find that the complete equation (19) may be written in the form 
(positive powers of B)x (terms in A 4 and higher powers of A) 

—*[(^■ 4 - 0 -) A 4 4- (higher powers of A)] 

—(2 log B—E) |j~ (3 4- <r) 4“ (higher powers of A)j = 0, 


and when A-*0 the significant terms in this equation are 

~*(3 + a) A 4 (llog b) = ().. (21) 

The solution A = 0 (for all values of B) corresponds to the configuration 
of equilibrium, with which we are not at present concerned ; the alternative 
solution may be written (since A log A -*■ 0 with A) in the form 

A 4 = —|j~g> where It — b/a. (22) 

Hence, A -» 0 when 11 -+ 0 (the result found previously), but 



The diagram shown in fig. 1 connects values of A (or tea) with values of It 
(or b/a ); AB is a curve drawn through points which have been plotted 
from Table I, and OC is a curve obtained from the approximate determinantal 
equation (20), tables being employed to find the exact values of the Bessel 
functions in the first and second rows. In this connection, it is convenient 
to employ the substitutions 

AJa(A) as 2Ji(A)—AJo(A), 

AY, (A) - 2Y,(A)-AY 0 (A), 

—AIj(A) s* 2Ji(A)—AI 0 (A), 

— AK, (A) = 2K,(A)-AK«(A). 
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From the fact that the two curves very nearly overlap, it is evident that (20) 
approximates closely to the correct equation over the range considered ; a 
sufficiently exact transition from one curve to the other may be made by eye. 

This completes the discussion of clamping for modes in which s = 1 . When 
$ = 0, the significant terms in (13) and (14) are 

a + y + 08—S) log tcb + SE =s 0 *) 

and £=*_<>. f (23) 

tco J 

Both relations are satisfied if we write 

/3 = $ = — i( a + 7 ), (24) 

and ( 11 ) and (12) can then be expressed in terms of a and 7 only. Eliminating 
« and 7 , we obtain an equation in tea which may be solved, as before, by trial. 
The results depend to some extent upon the value of a, which throughout 
this paper has been taken to be 0*3 (a representative value for steel); for this 
value, the first four calculated roots for tea are 

*a = 1*937, 4*573, 7*79, 10 94, 

and the corresponding frequencies can be obtained from ( 6 ) in the form 

iP = ^ x (5-156, 1(50-2, 1349, 5250). (25) 


where E is Young’s Modulus for the material considered. 
Fig. 2 illustrates the nature of the two gravest modes. 



The variation of the frequency with the radius of the clamping circle, as 
found from the foregoing analysis, is exhibitod in figs. 3-6, by means of 

curves which connect ( a non-dimensional quantity proportional 

to the frequency) with the ratio b/a ); these show, as we should expect 
from physical considerations, that the effects of clamping are unimportant for 
small values of 11, unless 8 = 1 , when |they increase very rapidly with the 
radius of the clamping circle. 
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0-5 


IO 05 


II. The Effects of Rotation. 

(a) Flexural Rigidity Neglected. 

§ 3. As in the paper on " Spinning Discs,”* we begin by considering the 
extreme case, in whioh the disc is so thin, and the rotation so rapid, that the 

* Loc . ext., § 2. On the assumption stated in the introductory section ol this paper, 
the centrifugal stress-system, and hence the equation of transverse motion, will be 
unaffected by clamping. 
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flexural forces are negligible. Under these conditions, the equation of trans¬ 
verse motion may be written in the form* 




hw 


f?Aa z \ 


where 
If we write 

and 


A «|(8 + <rX 


B=|(l+3<x). 


U += m (:m + 2 ) A, 


(5 a ) 
(2a) 

(8a) 


equation (5 a) may be reduced to the form 

4 Sr ^ IS} + (W + 2 ^“ 'S} W ~ ° - ( 26 > 

Again, if we write 

'iv = yx* 1 ' 2 

in (26), we obtain, as the differential equation to be satisfied by y t 

4® (1—*)g+4{l+s—(. + 2)*} g+ {m ( w + 2)-«(«+2)} y = 0, 
and this mav be written in the form 


d l y . 7-(a+/9+ 1) <fy_ *0 0 

dx 3 x(l—x) dx x (1 — x) ' ’ 


(27) 

(12a) 


(28) 


where « = £(*— m), ^ = |(s+m + 2), 7 = «+l. 

Equation (27) is hypergeometric. The solution finite for x — 0 is 

where C is an arbitrary constant, j 
or y x - CF («, fi, 7 , x) J 

(in Gauss’ notation). This is the solution which was discussed in the paper 
on “ Spinning Discs,” and the natural frequencies were obtained from the 
known theorem that, since 

7 — « + $, (13a) 

the expansion of F (a, ft 7 , «) becomes logaiithmically infinite at the edge 
(* ss 1 ), unless it terminates.! Hence we must have 

«i=s + 2n, (14 a) 

where n is a positive integer. 

* The suffix previously attached to p is for the present omitted, 
t Forsyth, ‘Differential Equations,* § 113. 

VOX* Cl.—A. L 
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To take account of constraints which prevent transverse displacement 
along some circle (x = constant), we must consider the second solution of 
(27). When $ is finite, this may be written in the form* 


where «' = <* + 1 — 7 s= — }(* + w), 

/3' a 0+l- 7 = Hw + 2-5), 

7' = 2—7 = 1 —s, J 

whilst if .s* as 0 (so that 7 = 1 ) the second solution isf 


(29) 


2/3 = O' [f (a, ft, 1, ■>■) log X+ 1^1 (; + ^~x) j; 
«(« + l)/308 + l)/l 111 2 2\ 

+ p-^5 x 2/ 





(J' denoting in each instance an arbitrary constant. Now, since 

y' =* + 

the expansion of F (a', j3',y',x) t in (29), is divergent unless it terminates. But 
it is easily seen, from (28), that if F («, fi t 7 , x) terminates with the term in 
m*, ho that (14)A is satisfied, then F (<x\ f3\ 7 \oc) will terminate with the term 
in ^ +n ,so that the solution given by (29) consists of a finite number of terms, 
beginning with a term in aT* and ending with a term in 

Again, it is evident that the quantity in twisted brackets on the right of (30) 
will terminate under the same conditions as F (a, 7 , x ), and at a term of the 
same order in x ; moreover, the factor F (a, /?, 1, x) in the first term is the 
solution found in (28). Hence, for all values of s f by suitably choosing the 
ratio of C' to C in the complete solution 

V ~ Vx+y*> 

we can make y (and hence w) vanish at any given radius ; and although the 
mode will be altered , the frequency of vibration will be unchanged. When the 
constraint is applied at the centre, so that the radius at which w vanishes is 
indefinitely reduced, it is clear that the ratio of C' to C will be infinitesimal, 
so that the inode is unaffected by the constraint, except at the centre: at the 
centre it will be affected only if e =» 0 , since for other values of s the central 
displacement is zero in the first solution (28). 


(b) Flexural and Centrifugal Stresses both Operative . 

§4. When the centrifugal tensions and the flexural stiffness are both 
operative, the difficulties of an exact solution are much increased, since the 

* Forsyth, op. eit § 115. 
t Forsyth, op* cit., p. 251, Ex. 1. 
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modes as well as the frequencies of vibration depend upon the relative 
importance of the two systems, In regard to the gravest frequency corres¬ 
ponding to any given value of s, it was shown in the paper on “ Spinning 

Discs”* that a lower limit to the frequency p can be obtained from the 

equation 

p* = p\ 2 +pi\ (34a) 

where pi and p a are the values of p obtained by neglecting the flexural 
rigidity, and the effects of rotation, respectively. 

The discussion just given shows that the values of are unaffected by 
clamping. Thus we may write, as in the earlier paper, 

pi* = Aar 1 , (20a) 

where A has values which may he found from the relations (2a), (8a) and 
(14a), given above. The following table (taken from the earlier paper, and 
amplified by the inclusion of a column for modes in which s = 0) gives 
numerical values for A on the hypothesis that a = 0-3, the value assumed 
previously:— 


Table IL—Values of A in the formula pi 2 =a A&> 2 . 
(N.B.—These values are not affected by clamping.) 



a = O. 

i 

.V w* 1, 

j 8-2. 

s a. 

,/ 0 

0 

I 

1 

i 

j 2 -35 

4 05 

— 1 

i aa 


5 -95 

1 8 95 

12*3 

n «* 2 

0-9 

i 

14*2 

i 1885 , 

23 *86 

n we 3 

19 '8 

1 

i 

25 *76 

! 82*05 

,J._ 

38*7 


The results of Section 1 show that the radius of clamping has an influence 
upon the value of but that when this radius is indefinitely reduced the 
only frequencies affected by clamping are those corresponding to the modes in 
which s = 0. Hence, writing 

< 2U > 

as in the “ Spinning Discs ” paper, we have tho following table of values for 
fi, of which only the second column (a = 0, centre clamped) is new: <r is again 
assumed to have the value 0 3. 


h 2 


* hoe. cit., § 4 . 
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Table III.—Values of p in the formula p 


(N.B.—Clamping is confined to the centre of the Disc.) 



$ as 

0. 



. 



* 

9 - 1 . 

.y 2. 

* - 3. 


Centro 

Centre 

(These values are not affected by 


fret*. 

clamped. 

central damping.) 

n *» 0 

0 ; 

5-16 

0* 

10*61 

66 *87 

« ** 1 

29 *07 ! 

160 2 

164*3 

443*9 

1040 

« - 2 

677 j 

1849 

1222 

2024 

4285 

« ** 8 

2988 

6260 

6266 

8574 

13287 


* But rf. the discussion of this case giren in §2. When the radius of clamping is finite, 
though very small, 1 '06 may be taken as a representative value of ju. 


By means of these tables (or of Table II and figs. 3—6, when the radius of 
clamping is finite) the lower limit given by (34a) can bo quickly calculated. 
But it is evident that no allowance will be made in this way for the effect 
of rotation in regard to the modes in which s = 0 : these, in a disc of which 
the centro is clamped, must be conditioned in the main by the flexural system, 
and will necessarily be such as will bring the centrifugal system into 
operation. 

§6. In the “Spinning Discs” paper/ olosely approximate results were 
obtained by means of Rayleigh’s method of an assumed type,t in which the 
potential and kinetic energies are calculated on the basis of an assumed 
expression for w, and the frequencies determined from the condition that their 
sum remains constant in the vibration. A frequency thus calculated is 
stationary for slight variations of the type, and a good approximation can, 
therefore, be obtained in this way if the type be suitably chosen. Moreover, in 
the oase of the gravest mode of all, it is known that the frequency will be 
overestimated, and in the present problem this statement applies also to the 
gravest mode corresponding to any definite value of s. Prof. Lamb has made 
use of this fact in devising a method whoreby the accuracy of Rayleigh's method 
may be improved; it consists in the .inclusion of a variable parameter in the 
assumed expression for w t the value of this parameter being afterwards 
adjusted so as to make the calculated frequency a minimum.! Using this 

* Jjoc. ciU , p. 276. 

+ * Theory of Sound,’ vol. 1, §§ 88, 89. 

I Of. his paper " On the Vibrations of an Elastic Plate in Contact with Water,” < Roy. 
Soc. Proc.,’ A, vol. 98, pp. 206-216 (1920), which appears to be the earliest illustration 
of the method. 
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device,* the gravest frequency of vibration in a mode having two nodal 
diameters was estimated, fora non-rotating* disc, with an error less than 
| per cent. 0 

Applying these methods to the determination of the gravest frequency in 
modes for which s = 0, we have as expressions for the potential and kinetic 
energies, in polar co-ordinatesf:— 


-V] =r Potential Energy of the Centrifugal Forces, 



where P = A(a a —r 2 ) par, 

and A is given by equation (2 a.) above ; 

V 3 = Potential Energy of Flexure, 

2ttEA 3 [ a f f&w 1 3w~f 2(1 — <t) dtr , 

= 3ir ^ 3j ) 0 ILa^+r a'rJ — 7 - rdr ’ 


(31) 

(1A) 


.(32) 


T = Kinetic Energy of the Motion, 



(33) 


In the application of Rayleigh's method, an assumed form for w is substituted 
in these expressions, and we obtain an estimate of the frequency from the 
energy equation 

Vi + Va + T = constant. (34) 

We begin with the extreme case in which o> is zero, since accurate results 
are here available for comparison. The simplest expression for w which 
satisfies the conditions that ?/’ and 0u?/9r vanish at the centre is 


tv 



sin 


(35) 


where k is an arbitrary constant. Substituting this expression in (32) and 
(33), we have 

v _ 87rPE/t 3 - 3 f '\ 

Yi = T(T^)a* M I 

> 

T — 7 tfpSphn 2 cob 3 pat, 

J 

and from (34) we obtain the value 

. 8 Yjh? 

** = —* ’ 

whence /x = 11429, when cr = 0 3. (36) 


* Vide § 5 of the “Spinning Discs n paper, equation (52). 
t Cf equations (25)~(29) of the 4< Spinning Discs 15 paper. 
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Comparing this result with the correct figure (5*16) given in Table 111, we 
see that it is over 100 per cent, in error. To obtain a closer approximation, 
we may employ the artifice of Prof. Lamb, and assume, in place of (35), that 

w = « ~^14- /3 ■£) sin p.J, (37) 


« and /S being arbitrary constants. Then we have 

y, = {(1 + ^)0 +4/9)+| (5 + 3cr) fP 8in»M ] 

T = iroPpf pha? -j^4^4~-j» cos 2 /^, 

and (34) gives the expression 

a _ 8 E/< 2 f(l4^)(l44^)44/3(543<r)/8 2 l 

ia 3(l-<r 2 ) / i« i L l/3 4/3/2 4/3 2 /5 /' 

Thus we have, in equation (21a) above, the expression 


where, if a = 0J 

L 4 2M/3 4 

M l+2mp + n/3 3 ’ 
5, 

L = , , 8 - 3-81, 

3(1-*) 



M = TiT ~—\ = 7-62 - 
3(1 — a) 

W = l 


N = + = 23-06, 

9(l-ff») 

n = 


The stationary values of fx are given by the quadratic 

(/n«m 2 )M 2 -(/N + wL~2mM) y a + (LK--M i ») = 0, 


(38) 


(39) 


(40),, 


or ^^-464^4 29 79 = 0, 

whence the gravest value of /»»*, in (38), is given by 

j> s s = 6'457 approximately, • (41) 

pfjf. 

n result which is still 25 per cent, in error. 

It is evident that the additional boundary conditions at the centre of the 
disc increase the difficulty of finding a suitable assumed form for w. The 
value of /S which corresponds to (41) is —0-275 approximately, and when 
this is substituted in (37) the resulting form for w is found to differ materially 
from the oorrect form shown in fig. 2. After several failures to guess a better 
form, the plan was adopted of calculating the deflection of the disc when 
clamped at its centre and subjected to a loading varying in intensity as 
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some power of the radial distance, the edge', being assumed to be free from 
shearing forces, but not necessarily from stress-couples. This deflection, 
multiplied by sin ptf, was taken as the assumed form of u\ and the frequency 
was then calculated by Rayleighs method : finally, tire index of r in the 
assumed intensity of loading was chosen so as to make the calculated 
frequency a minimum. In this way, the advantages of Prof. Lamb's device 
are retained, whilst the assumed mode, independently of the value given to 
the variable parameter, satisfies three out of the four boundary conditions. 

It is easily verified that the expression 


W = C fi - ai~ 2 r log ^j, 


(42) 


where 0 is an arbitrary constant, gives the displacement corresponding to a 
loading of intensity 


Z = I) 


" 1 d_ r dr I* 
,r dr dr A 




(43) 


*) L" 

where 1) = £ .. ; it may also be shown to satisfy the second of the edge 

conditions (2), together with both of the clamping conditions (3), provided 
that q > 1 and q -=fz 2. 

For a value of g close to 3 it will also satisfy the first of (2); but it is 
preferable to leave q indeterminate for the present, and to choose it 
subsequently so as to make the calculated frequency a minimum. We 
find that 

J> [^m *= 


and 

(• dW d»W 
jo dr ’ dr 3 

whence the potential energy of flexure in the mode 

v = W sin pt 


i: 


■ dr- 


(44) 


IS 

V. 


2irE h* 


a = . CW<<r» sin 8 /* 

3(l~<r-') 




.58(7-1) 

(45) 


The kinetic energy of the motion is 
T = 2tr php 3 con 3 pt j rW 2 dr, 

- ( 40 ) 
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The expression for the frequency is therefore given by equation (21 a) 
above, if 


:t (1— <r a ) 

£ -8(i-iXi-8)+g^-o -.) {i-t^+jgferff}] 


2 ('/-D 


1 . 2 ) g*(g—2)« 

2( ? + l)^2(? + 4) s 16 . 108 


(47) 



We have seen that the conditions to be satisfied at the centre require that 
q shall be greater than 1 and not equal to 2. Subject to this restriction, we 
may choose q so as to make ft, in (47), a minimum ; the required value is 
best determined by plotting ft against q, as shown in fig. 7, where the 
important part of the curve is also plotted on a much enlarged scale. 
Taking <r as equal to 0 3, it is found that the expression fi has a minimum 
value of 6'22 when q = 2'89. This is an error of less than 1-2 per cent, in 
the value of ft, or less than 0'6 per cent, on the frequency, which is a very 
satisfactory result: but the rapid rise of ft, as q departs from the optimum 
value, serves to explain why such serious overestimates were obtained from 
what might have been considered reasonable assumptions for the form of «>. 

We proceed to consider the effeots of rotation. Substituting for w, in 
(31), from (42) and (44), we have 


V, = „■* [i-££=§ 

_/_!_ g(g+2)Q-2) , 5i»fe-2)» 

I2(j+l) 2(?+4)» 3.18.16 
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The kinetic energy is given by (46), as before. Hence, by (34), the 
expression for the frequency will be of the form (20a), where 


X = 

L 2 (<7 4 * 1 ) 1 2 (y + 4) a ” r 16 . 108 J 

X, a 8 determined from this expression, may be plotted against q> in the 
manner of fig. 7. Its minimum value is 0'416, and occurs when q=* 3*295: 
like that of ft, it is sharply defined, and the optimum value for q will clearly 
depend in the general case upon the relative importance of the flexural 
and centrifugal terms. But if we regard it its determined entirely by the 
flexural system, the value of X will be only slightly, if at all, in excess 
of 0’5 ; adopting this value as sufficiently accurate for practical purposes, 
we may calculate the gravest frequency in a symmetrical mode from the 
formula 

tr = W+ft. t, 

pa* 

where 0 < X < 0 5, | 

and 5T6 < ^ < 5 22 . J 

A closer approximation could, of course, be obtained, in any particular 
instance, by using the curves for X and /a. Alternatively, by assuming the 
mode to be unchanged by rotation (so that p. is given by Table III), and 
employing (31), (33) and (34) for the calculation of X, we could obtain upper 
limits to the value of this quantity, for use in the general formula (49): 
Table II, as we have seen, gives lower limits. The calculations would need to 
be done graphically. 


1 W± 2?-4) 7<y»(g-2) a 

2 g(g + l) 16.27.8 

1 _^ 2 <(Z-2 )^{q-2? 
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Dispersion Formulae and the Polarisation of Scattered Light: 
cAth Application to Hydrogen . 

By T. II H avelock, F.R.S. 

(Received February 10, 1922.) 

Introduction and Summary. 

Since Lord Rayleigh’s experimental study of the polarisation of light 
scattered by gases, the subject has been examined theoretically from various 
points of view; in particular by tire late Lord Rayleigh,* M. Born,f Sir J. J. 
Thomson,! and R* Gans.§ The object of the following paper,is to connect the 
polarisation of light scattered by a simple homogeneous medium with the 
constants of the dispersion formula for that medium. The result of the calcula¬ 
tion gives the ratio of the intensities of the two polarised components for all 
wave-lengths for which the dispersion formula is valid. Although the 
expressions can be generalised, they are given in the first instance in their 
simplest form. 

Assuming the medium to be a gas whose approximate dispersion formula 
contains only one natural frequency in the ultra-violet, this is generalised by 
supposing the molecules to be anisotropic; the single natural frequency is 
then replaced by a triplet, or by a doublet for molecules with axial symmetry. 
In the latter case the dispersion formula is, in the usual notation 

1 = i c { (ps-fr 1 +2 

The three constants of the formula are left to be determined from experi¬ 
mental results. For this purpose it is necessary to have accurate values of 
the refractive index over a large range of wave-lengths, and hydrogen has 
been chosen as the most suitable. Two formulae of this type are obtained, 
one of prolate form and the other oblate; both express the dispersion 
with sufficient accuracy over the range 5462 to 1854 Angstrom units. 
Incidentally a comparison is made with previous formulte such as those of 
Outhbertson, Lundblad, Debye and Sommerfeld. 

The expressions for the ratio of the intensities of the two polarised 
components of the scattered light are based directly upon Rayleigh’s calcula¬ 
tions; an obvious interpretation of the coefficients brings them into relation 

* Rayleigh, * Phil. Mag./ mol, 35, p. 373 (1918) ; or * Scientific Papers,* vol, 6, p. 540, 

+ M. Born, ‘ Deutsch. Phya. Gescll./ vol. 19, p. 243 (1917), and voL 20, p. 16 (1918). 

J Sir J. J. Thomson, * Phil. Mag./ vol. 40, p. 393 and p. 713 (1920). 

§ R. Guns, * Ann. der Phys./ vol. 66, p. 97 (1921). 
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with the particular type of dispersion formula. In the' special case given 
above, if the formula is written as 

the corresponding ratio of intensities when the primary beam is unpolarised is 

6 (*,*-**»)*/{45 (**-1)2 + 7 (nj 2 -/^) 2 }. 

The values have been calculated, at various wave-lengths, for hydrogen 
from the two dispersion formula; ; the numerical results are in substantia] 
agreement with the revised experimental value 0*0383 obtained by Lord 
Rayleigh. Other dispersion formulae are also examined from this point of 
view. It is shown that their failure to give the correct dispersion in the 
extreme ultra-violet is accompanied by a corresponding divergence in the 
ratio of the intensities of the components of scattered light. 

It is hoped to extend the investigation to a comparative study of gases or 
other media for which the available experimental results are suitable for 
analysis by this method. 


Dispersion with A nisotropic Molecules. 

In deriving the simplest type of dispersion formula, 

= Q/( Pi r-'P), ( 1 ) 

it is assumed that the molecules are isotropic, the electric polarisation being 
always in the direction of the electric force. The formula (1) has been 
generalised in various ways; for instance, by direct summation of terms on 
the right for different natural frequencies, or by more precise specification of 
the local electric field leading to similar formula 1 with (n 2 —l)/(?t 3 + 2) or 
more general forms on the left, or again by using some definite theory of 
atomic or molecular structure. We shall leave these out of account aud 
consider a simple gaseous medium composed of an iso tropic molecules with 
random distribution and orientation. Assume that each molecule has three 
principal axes of polarisation fixed relative to the molecule and that the 
connection between the polarisation (Pi, Pa, V») and the electric field 
(Fi, Fa, F®) is given by three equations of the form 

- *F. (2) 

It should be noted that for simplicity we assume the coefficient h to be the 
same for the three components. Let 0 (a*, y , z) be axes fixed in space, and 
consider a plane wave travelling in the direction Ox with the electric force Z 
parallel to Oz and proportional to c xpt . The directions of the principal axes of 
any molecule may be specified by two angular co-ordinates 0, ^; and we 
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obtain F i( F* and F 3 by resolving Z along the principal axes. Further, the 
mean polarisation is obtained by summation for all possible orientations of 
the molecules, assuming random distribution with respect to 0 and 
Finally, if P is the component of mean polarisation parallel to Oz , the 
dispersion formula is derived from the relation P/Z = (ft*—l)/47r. The 
process gives readily the formula 


** 1 “ * C + P-J i ~F i + Pt? -P*)’ 


where C has been written for 47rN&, with N as the number of molecules per 
unit volume. 

In Drude’s interpretation of (1) in terms of vibrating electrons, the value 
of C is 4 irKiPfm or some integral multiple thereof; and the same holds for 
the formula (3). It is well known that the value of efm derived from 
dispersion formulas is less than the accepted value for an electron. This 
may be ascribed, no doubt, to unknown coupling effects between vibrating 
electrons, and it might be supposed that the generalisation from (1) to (3) 
might remove this discrepancy in part; however, we shall find it better not 
to make any assumption in this respect, but to leave C to be determined 
from the experimental values of the dispersion. 

It is convenient to write (3) in the form 

ft*— 1 = l-ffta*— 1 + 1), (4) 

where m 3 — 1 = Of (pi 1 — p 3 ); etc. 

The quantities n h % are subsidiary principal indices; in fact, if the 
molecules were all orientated in the same way, without thereby introducing 
any effects due to mutual interference, the medium would be optically 
a crystal with these principal indices. 

If the molecules have an axis of symmetry, so that p* = p Zf the formulae 
become 



= i {(fti*—l) +2 («**—!)}. (6) 


The formula (5) is to be calculated from experimental results as a three- 
constant formula. If it does not prove adequate it may be necessary to 
use (3) or its more general forms, or, further, to introduce into (3) and (5) 
some of the extensions which were mentioned in connection with formula (1). 

It may be noted that, instead of, as in (1), a single resonance period at 
which n becomes infinite, we have in (3) a triplet and in (5) a doublet; but 
the positions of maximum absorption or reflection cannot be discussed satis¬ 
factorily without introducing terms of some kind to represent dissipation. 
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Scattering by Anisotropic Molecules . 

There are several factors in Eayleigh's well-known expression for the 
intensity of light scattered by a medium composed of a random distribution 
of small particles or molecules, each with spherical symmetry. Each 
particle behaves like a vibrating doublet, and hence there is a factor \“ 4 , 
where X is the wave-length ; the factor with which v/e are concerned here is 
that which expresses the optical properties of the particles, namely (w 2 — l) 3 , 
where n is the refractive index of the medium. 

In the pa{>er referred to above,* an extension was made to scattering by a 
cloud of sijnilar small particles of any shape and oriented at random. We 
quote Rayleigh's results for the ratio of intensities of the two polarised 
components in the light scattered at right angles, the principal component 
being that which vibrates parallel to the primary vibrations, and the 
subordinate component (vanishing for spherical particles) being that in which 
the vibrations are perpendicular to the primary vibrations. The scattering 
effect of a particle, or molecule, is represented by coefficients; taking first 
the case of particles with an axis of symmetry, these coefficients are written 
A, A, C. Then by a simple, but general, argument, expressions are found 
for the aggregate intensities due to a large number of particles with their 
positions and their axes distributed at random. The results are: (i) if the 
primary light is plane polarised, the ratio of the intensities of the two 
components is 

(C—A)*/(8A 3 +3(7+4 AC), (7> 


and (ii) if the primary light is unpolarised, the ratio is 

2 (C—A) a /(9A a -f 4(7 4 - 2 A C). ( 8 > 

For the more general case, when each particle has three principal axes,, 
the coefficients being A, 11, C, the corresponding results are in case (i) 

A 2 + B 3 + C 3 ~BC~CA-AB 
3 ( A* 4 17 4 * (7) JT( BO 4 - CA 4 -A B)’ V * 

and in case (ii) 

2 (A 2 4 -B 2 4 - (7—BC - OA ~AB) 

4 ( A 3 + b* 4* (7) 4- BC 4- U A 4* AB* v ; 

The paper concludes with the remark that “ the problem of an ellipsoidal 
particle of uniform dielectric quality can be no more than illustrative of 
what happens in the case of a molecule; but we may anticipate that the 
general form, with suitable values of A, B, C, still applies, except it may be 
under special circumstances, where resonance occurs^ and where the effective 
values of the coefficients may vary greatly with'the wave-length of the 
light.” 


* Rayleigh, 4 Scientific Papers, 5 vol. 6, p* 640. 
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The interpretation of the coefficients which we make now is obvious when 
we remember their values for spherical particles when A = B = C, and we 
take into account the corresponding dispersion formulae (4), (5) and (6); in 
the notation introduced there, we take 


A : B : <J == >m 3 -1 : n 3 *-l : (11) 

Substituting these values in (7), (8), (9), (10) we obtain the required 
forms. It is convenient, instead of leaving them entirety in terms of the 
sub-indices «i, wa, to introduce the total refractive index n, in accordance 
with (4) and (6). Writing the results in the same order as in (7)—(10), the 
ratios in the four cases are 

. 9 

46(»*-iy+4(iu*-r nff ' 


_ 6 — _ 

45 (u s — 1 f 4* 7 (mi 3 — 

3 |(%" -i (;// 3 3 - »i 2 ) 2 4- (^x 2 -} _ 

90 <y~1 f + 4 {(V - '*& + i*) 2 + (Mj a - «/> 2 j * 

6 { inf~w£¥ + (n£--ii?¥ + (n\*--n£?) 

90 (■»»-! J* + 7 [(nf-nW + M-nW + W-vff )' 


(13) 

(14) 

(15) 


The first term in the denominator in each ease is the same as if the 
molecules were isotropic; it may be said to represent the effect of random 
distribution as regards position. The anisotropy of the molecules, and the 
random distribution of their axes as regards orientation, contribute to the 
intensities of both polarised components, and are represented by the 
numerator and the second term in the denominator in each case. 

These expressions are obviously associated with dispersion formula) of 
types (4) aud (5) with n*— 1 expressed as a function of the wave-length and 
proportional to density; it may be anticipated that they will have a similar 
range of application. They are capable of generalisation in a similar manner 
to the dispersion formula*. They could also be extended in accordance with 
other methods of obtaining the intensity of scattered light, for instance, 
Einstein’s more general method for isotropic molecules, based on a statistical 
view of the fluctuations of density. The latter idea has been applied to a 
gas with anisotropic molecules by Born in the paper already quoted. Bora 
distinguishes between scattering due to fluctuations of density and that due 
to valuations in orientation; adding the two, his results for the total 
scattering are given in general form in terms of functions of the wave-length. 

The special case (13) which we shall use—which we have derived directly 
from Rayleigh’s expressions—can, in fact, be deduced from Born’s formulce 
when they are interpreted from the present point of view. 
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Dispersion Formulae for Hydrogen. 

The moBt recent determinations of the dispersion of hydrogen are those of 
M. Kirn,* over wave-lengths ranging from 5462 to 1854 Angstrom units. 
His values agree well with those of Koch, whose shortest wave-length was 
2302, and with those of Cuthbertson in the visible spectrum. We shall use 
Kirns results, and the wave-lengths and values of (« —1).10 7 are given in the 
first and second columns of Table I. 

We try now to lit these with a formula 


n J — 1 


C 




} 


(16) 


Most dispersion formula; derived from experimental results arc expressed 
in Cauchy's form, a power series in X 2 ; in that case the formula can be made 
to have any required degree of accuracy, or, with a limited number of terms 
of the series, the coefficients for the best possible agreement can be found by 
the method of least squares. Such methods, adapted to the form (16), would 
become very laborious. It w 7 as decided not to attempt adjusting the constants, 
but simply to determine them from three pairs of values of u and X ; the 
values of X chosen were the two extremes 5462 and 1854, together with 2753. 

We have then three equations of the type 







(17) 


from which to determine C, and ./ a . By elimination an equation of the 
fifth degree in j'i is obtained, and a similar equation for The numerical 
coefficients were calculated so us to allow the roots of these equations to be 
found to four significant figures. Taking a pair of values so found, successive 
approximation was made until the three values of 0 from equations (17) were 
the same to a sufficient degree of accuracy. In this way we obtain the 
formula, with \ in centimetres, 


ra»-l = 1-2429583x10 


-{r 


032551 -lO^X'* i 638331 


2 _V 

— 10“"'X -a J 


(18) 


The values of n were theu calculated from (18) over the whole range, and 
the differences between the calculated and observed values of (m— 1).10 7 are 
shown iu Column 3 of Table I. The differences are within the possible 
Experimental errors, and the agreement is sufficiently good; especially taking 
into account that equal weight has been given to the value in the extreme 
ultra-violet where the possible experimental error is greatest, and that the 

* M. Kirn,' Ann. der Phys.,’ vol. 64, p. 566 (1921). 
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constants have not been adjusted to give the best average agreement. 
Returning to the equations in x\ and % a derived from (17) there are other 
possible roots. We find the equation in x$ has a root near 1*169 ; further, it 
is seen that in order to make a possible pair there should bo a root in X\ about 
the value 2. In this case the equation in x\ has no actual root, but it was 
found by graphical methods that a slight alteration in the values of « in (17) 
would have given such a root; and, further, that the corresponding value of 
C would have been practically the same as in (18). We therefore assume the 
same value of C, and determine xi and from the two equations of (17) 
corresponding to the two wave-lengths 5462 and 1854; it will he seen that 
this also very nearly agrees with the equation for the intermediate wave¬ 
length 2753. We have now a second dispersion formula 


n*-l = 1*2429583 x 10“ 4 


/_ 1 _+ 

12088392-• 10“‘“V* 


2. I 

M69513-10- W X-»J * 


(19) 


The differences between the values of (w—1).10 7 calculated from (19) and 
the observed values are shown in Column 4 of Table I. It will be seen that 
there is the same degree of accuracy as with formula (18). 

It is perhaps unnecessary to remark that in numerical calculation of formulae 
of this type with three constants at our disposal, a certain amount of variation 
of the values of the constants is possible, without making any great difference 
to the agreement between observed and calculated values of the dispersion. 
It has therefore been thought desirable to state explicitly the process adopted 
in obtaining (18) and (19). This point may be illustrated by an empirical 
formula given by Kirn to express his experimental results, without stating 
how the constants were determined, namely, 


( 71 - 1 ) . 10 * = 


1220070 581198-1 

118*6371 -10~ 8 + 1753273 -1<T» X~ r 


( 20 ) 


The differences between observed values and those calculated from (20) are 
shown in Column 5 of Table I. It is of interest to notice that this empirical 
formula is nearly of the type we require, with one numerator twice the 
other. 

Returning to (18) and (19) we have two dispersion formulae for hydrogen, 
one being of the prolate and the other of the oblate type. This, of oourse, 
has no reference to actual shape of moleoules; it is using the words in the 
sense in which they are used in describing uniaxial crystals, such as hydrogen 
might be on this view, with the moleoules all oriented the same way. It 
cannot he said that the available data enable us to decide between the 
alternatives. If the constant C in (18) and (19) agreed with Drude’s inter* 
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Table I.—Differences between Calculated and Observed Values of 
(ft—1) . 10 7 for Hydrogen, 



(n — 1) . 10" 
(obs.). 

(18). 

(19). 

Kirn. 

Cuthbert- 

BOH. 

Lundblad. 

Debye. 

5462 *260 

1396 *50 

0 *00 

o-oo 

-0 *26 

+ 0*90 

+ 0*07 

-26 *0 

4359 -567 

1417 78 

+ 0 '22 

+ 0*31 

-0*07 




4078 '99 L 

1426-32 

+ 0'23 

+ 0 *37 

-0-01 




4047 698 

1427 *41 

+ 0-21 

+ 0-35 

+ 0 *01 




3342 *438 

1461*33 

+ 0 10 

+ 0-36 

+ 0’25 

- 3 -24 

-0*16 

-28*0 

2968*141 

1491 *01 

+ 0 25 

+ 0*60 

+ 0*40 

' 



2804 *462 

14-68 *59 

+ 0*15 

+ 0*51 

+ 0*42 

1 ___ 

_ 

-36 *0 

2768*616 

151600 

0 00 

+ 0*41 

+ 0*48 

- 7 *37 

-0*16 


2536 -560 

1546 90 

— 0 *12 

+ 0 *35 

+ 057 




2379*115 

1576 *81 

— 0 43 

+ 0*07 

+ 0*61 




2302 *870 

1594-18 

— 0 '68 

-0*08 

+ 0*60 

— 

+ 0*49 


1990 ‘469 

1698 -95 

-0 -64 

-0*46 

+ 0*25 




1985 *846 

1718-24 

-0 *46 

-0-22 

+ 0*07 

-27*63 

+ 5-41 


1862 *749 

1755 -41 

-0*01 

+ 0*01 

-0*20 




1864 637 

1769 -96 

0*00 

0 00 

+ 0*78 

1 -32*25 

+ 8*34 

-68 *0 

1 . . 


pretation, its value, for two electrons per molecule, would be 1*6059; the 
smaller value 124296 is required for a simple equivalent molecule, 
with anisotropic properties of polarisation, without specifying details of 
structure. 

Calculating the value of ?i 2 when X = oo , wo obtain 1*000272 from both (18) 
and (19). This is the value of the dielectric constant given by Tangl,* who 
also remarks that it agrees? with the value of derived from dispersion 
formulae of Cauchy's type. This may be taken to confirm the view that the 
hydrogen molecule contains no permanent doublets, such as have been 
invoked to explain the variation of dielectric constants with temperature in 
certain cases.t 

Finally, for the wave-lengths at which n becomes infinite, we have from 
(18) the doublet 

\ x « 984*07; A* = 781*3 ; (21) 

and from (19) the doublet 

Aj = 699*2; X 2 = 924*7. (22) 

It is of interest to compare these formukc with others which have been 
given for hydrogen. 

The simple formula due to CuthbertsonJ was based on observations over a 

* K . Tangl, * Ann. der Phys./ vol 26, p. 59 (1908). 

+ H. Biegger, 4 Ann. 4er Phys,, 1 vol. 59, p. 753 (1919). 

J O. and M. Cutbbertaon, 4 Roy. Soc. Proc./ A, vol. 83, p. 186 (1910). 

von. CL—A. 


M 






162 


Prof. T. H. Havelock. Dispersion Formulm and 


comparatively short range; expressed in terms of wave-length instead of 
frequency, it becomes 


3*76 x 10“ 
1*378777 — l6“ 10 V ** 


(23) 


This means a single dominant wave-length X<> = 85T6. Comparing with 
(21) and (22) we see that \q is a mean value for the lines of the doublet in 
each case, being roughly equal to $ (^i + 2\a). A few values calculated from 
(23) are given in Column 6 of Table I, to show how the differences increase 
rapidly in the ultra-violet although there may be good agreement over the 
small range from which the formula was calculated. 

In a more elaborate formula due to Lundblad,* the hydrogen molecule is 
supposed to contain two revolving electrons at a distance r apart. The 
formula is given as 

«*-l_47rN I _ 2 

»»+2 3 •l.-f-. 2^*11’ * } 

where H •= m^—ffi/e 2 ; £ = l/r>H. 


Lundblad uses the accepted electronic value of e/m, and then determines 
the two remaining constants from Kochs,values of the dispersion ; his results 
are 

pj = 8*20892 x 10"; r = 1 *021 x 10"* cm. 

Now (24) is in fact of the type we have considered in (5); for, putting the 
right-hand side into partial fractions, we obtain 

n’-l.SirWi- 1 ,_2_1 m) 

to*+2 9 m \p?- 'Ip?-f p? +p?-fS' V ' 

where mp?=t t?fr*. Using the numerical values given above, ami expressing 
in wave-lengths for comparison with (18) and (19), Lundblad’s formula 
becomes 


» a —-1 _ l.'605896x 10 -4 f 1 2 ^ 

t?+2 8 l_0'976725 —10 -10 V 2+ 2 , 07721O—10 -1 " V*J 

(26) 

The calculated values for some wave-lengths are shown in Column 7 of 
Table I. Although there is good agreement over the range to which Kooh’s 
experiments extended, the values become increasingly too large in the 
extreme ultra-violet. This may be connected with the electronic value of 
the constant C being assumed in advance, and so leading to too large a 
separation of the lines of the doublet in (26) oompared with those in (18) 
or (10). 

* R. Lundblad, ‘Untertuch. uber die Optik der disperg. Median,’ p. 102 (Uppsala, 
1920). 
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Debye's dispersion formula* for hydrogen is based definitely on Bohr's 
model; the methods used have been developed further by Sommerfeld,t Kirn, 
in the paper already quoted, calculates values of the refractive index from 
Debye's formula for comparison with his experimental results; these values, 
as given by Kirn, are shown in Column 8 of Table I. In this case the 
calculated values fall short of the observed, and increasingly so towards the 
shorter wave-lengths. 

It will be seen that these various formula; have analogous consequences as 
regards the scattering of light. 

Scattering of Light by Hydrogen . 

The quantity determined in Lord Rayleigh’s experiment is the ratio of the 
intensities of the two polarised components of the scattered light when the 
primary beam is unpolarised; the revised value of this ratio for hydrogen is 
given as 0-03834 The corresponding formula on the present theory is (13), 
and we can calculate the value of this over the range of wave-lengths for 
which the dispersion formula is valid. Before doing so we may review briefly 
the other dispersion formula? which were examined in the previous section. 

Cuthbertson’s formula, interpreted as meaning an isotropic molecule, gives 
zero value for the ratio (13), and this corresponds with the large defect of the 
calculated values of the dispersion in the short wave-lengths. 

Debye's formula also falls short in the ultra-violet, as we saw in Table I. 
M. Born, in the papers quoted above, has used Debye's dispersion formula in 
calculating the ratio of intensities for the scattered light. His method is 
different from that used here; further his calculations give the ratio as 
negligibly small, apparently of the order of 10“ 5 . 

On the other hand, Lundblad’s formula gives a dispersion curve which rises 
too steeply in the ultra-violet, and so indicates a resonance wave-length which 
is too large. Since his dispersion formula is of the same type as (18) and 
(19) we can calculate the ratio of the intensities of the scattered light from 
(13); the value ranges from 0*1297 at the wave-length 5462 to 0*2175 at the 
-wave-length 1854, and is therefore three or four times as large as the experi¬ 
mental value. 

In the calculations for the new formula? (18) and (19), we have the values 
of the sub-indices n\ and and so the value of the ratio (13) can readily be 

* F. Debye, * Sitzungsber. d. Munch. Akad., 5 p. 1 (10X4)- 

+ A. Sommerfeld, 1 Ann, der Fhya.,’ vol. 53, p. 497 (1917). 

t Lord Rayleigh, "Roy. Soc, Free.,’ A, vol. 97, p. 449 (1920). In Lord Rayleigh’s 
earlier work (‘ Proceedings/ 1918) the value 0*017 was given for hydrogen ; and the 
same value is adopted by J. Cabannea (Ann. de Physique, 15, 1921) to express his 
experimental results, which ranged between 0*01 and 0*02, 

m2 
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found over the whole range. Although the expression (18) would require 
further modification near the resonance wave-lengths, just as in the corre¬ 
sponding dispersion formula, it is of interest to carry the calculations as far as 
the lines of the doublet in each case. Since w 3 — {ni 2 — 1-f 2(n$ 2 ~ 1)}' 
it follows from (13) that the limiting values of the ratio are £ and £ at the 
lines of the doublet The calculated values for some wave-lengths are shown 
in the second and third columns of Table II; the wave-lengths shorter than 
1854 are the doublet lines given by (21) and (22). 


Table II.—Ratio of Intensities for Hydrogen. 



(18). 

(19)- 

6 >m 

0 032(5 

0 0363 

4350 

0 0337 

0 -0361 

3342 

0 0368 

0 '0370 

2763 

0 *0384 

0 *0394 

1864 

0*0617 

0 '0478 

984 

0*5000 

— 

924 

.— 

0 2222 

781 

0 *2222 


699 


0 5000 


The difference between the values for the prolate and oblate types is of * 
interest: the values from (18) begin by being less than those from (19), but 
they increase more rapidly owing to the larger maximum occurring at the 
longer wave-length of the doublet. 

In comparing these results with Lord Rayleigh's value of 0*0383, it should 
be remembered that the latter is subject to experimental error (estimated at 
not more than 5 per cent.); farther, the primary light was not monochromatic 
but waB the radiation from an arc light. On the other hand, the calculated 
values involve possible experimental errors in the dispersion ; and in addition 
the constants of the dispersion formula were not adjusted to give the best 
average agreement. It may be claimed that there is substantial agreement 
between the calculated values and experiment; but one could not decide 
between the alternative dispersion formuhe without more elaborate numerical" 
analysis, and it would also probably need further experimental results. It * 
may be that experiments with fluid or other media may offer less difficulties 
than in the case of gases to finding the variation of the ratio of intensities 
With wave-length; and a corresponding extension of the present analysis may 
be possible, connecting this variation with the dispersion formula of the 
medium. 
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On the Stress-optical Effect in Transparent Solids strained 
beyond the Elastic Limit 

By L. N. Gr. Filon, M.A., D.Sc., F.K.S., Professor of Applied Mathematics 
and Mechanics at University College, London, and H. T. JE8SOP, M.Sa, 
University College, London. 

(Kecoived January 23, 1922.) 

(Abstract.) 


Introduction . 

Experiments carried out by one of the present authors with a slab of glass 
under flexure have indicated that artificial double refraction in glass strained 
beyond the elastic limit is probably proportional to the stress rather than 
to the strain. 0 More recently, the experiments of Prof. E, G. Coker and 
Mr. K. C. Chakkof have suggested that in celluloid or xylonite, whilst for the 
highest loads the double refraction is no longer proportional to either the 
stress or the strain, it is more nearly proportional to the former than to the 
latter. 

Further, casual observations in the past had shown one of us that, when 
a piece of transparent material, whether glass or celluloid, which had been 
overstrained, was released, a certain amount of residual illumination was 
visible between crossed Nicola in certain cases. The illumination gradually 
died out, showing that the artificial double refraction exhibited some of the 
characteristics of permanent set, with a slow recovery. No precise measure¬ 
ments of this effect, however, seem ever to have been made. 

In the few isolated cases observed by one of us the stress distribution was 
a complex one. In such a case the residual optical effect on removal of the 
load is the consequence of a mechanical readjustment of stresses and is not a 
true optioal residual, that is, a double refraction persisting after the stress 
has been entirely removed. 

It seemed therefore of interest to examine whether, in fact, such optioal 
permanent set did exist, as if so it would apparently settle the question 
whether stress or strain is the immediate cause of double refraction. 

In addition, this opened up the whole question of time effects in this 
connection, of which apparently no observations had been made to date, and 

* Of, L. N. G. Filon, * Phil. Trans./ A, vol. 207, pp. 303-305. 

+ “The Stress-Strain Properties of Nitro-Celluloae and the Law of its Optical 
Behaviour/’ ‘ Phil. Tran*,/ A, vol 221, pp. 139-162. 
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it was hoped that a study of such effects might throw some light on the 
mechanism of photo-elasticity, of which very little is really known. 

The plan adopted was to observe a test-piece under simple stress (pressure 
in the case of glass and tension in that of xylonite or celluloid) between 
crossed Nicole. Sodium light was employed throughout and changes of 
relative retaxdation were measured by the shift of the black band produced 
by a Babinet compensator. 

In such a case of simple loading the applied stress Bhould disappear 
throughout immediately the load is removed, provided the material in 
homogeneous . 

As the experiments progressed, new lines of enquiry suggested themselves, 
so that, ultimately, the whole subject of time-effect, or creep, for strain as 
well as for double refraction, came under consideration, more particularly in 
xylonite. 

Experiments on Glass. 

Rectangular blocks of optical glass of specific gravities ranging from 2*76 
to 4*78 had been supplied before the War by Messrs. Zeiss, and these 
specimens were subjected to simple pressure between two knife-edge blocks. 
The loads applied approached, in most cases, as near to the breaking point as 
we dared go (150 to 220 kgrm.-wt. per square centimetre), and were left on 
for a period of 24 hours or more, the relative retardations produced ranging 
from three wave-lengths for the lighter glasses to one wave-length for the 
heaviest glass. 

The apparatus employed allowed of the load being put on and removed very 
rapidly and smoothly, the optical effect being observed at the same time, 
while the retardation could be measured to an accuracy of 0*01 wave-length; 
but in no case was there any increase in the observed retardation during the 
time the load was left on, nor was there any trace of residual retardation on 
removal of the load. 

No direct measurement was made of the strain in the glass, as the experi¬ 
mental difficulties in this respect have not yet been overcome, but experiments 
described elsewhere* indicate that plastic flow in glass sets in at much lesser 
stresses than those here employed. 

So far, then, as these experiments go, there is no indication of any residual 
Btress-optical effect, or that the artificial double refraction in glass at ordinary 
temperatures is dependent upon any other factor than the stress actually 
applied. 


* H. T. Je&aop, * Phil. Mag./ vol. 42, October, 1921. 
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Observations on Xylonite . 

We next examined xylonite, where residual effects previously observed had 
been much more marked. In this case tire specimens were observed under 
tension, as pressure could not be applied without causing buckling. 

An extensometer was devised which permitted of the observation of 
simultaneous optical effect and strain, and we found a considerable time-effect 
in both, under stresses ranging from 67*6 to 286’4 bars. 

The specimen was loaded at a given instant, as quickly and smoothly as 
possible, and timed observations of the stress-optical effect and strain were 
taken over a given period (generally one hour, though in some cases the 
observations were continued for several days, after which time the creep was 
found to have practically ceased). At the end of this period, which we call 
the “ loading" period, and during which the load was kept constant, the 
load was removed, and timed readings taken during the “ unloading ” or 
u recovery ” period. 

On loading, the observations of both stress-optical effect and strain showed 
in every case an immediate initial effect, roughly proportional to the load 
applied, followed by a marked creep. This creep was at first so rapid that no 
actual reading of the initial effect could be taken, and the value of this initial 
effect could consequently only be deduced from a graph. 

On unloading, a similar immediate effect, followed by creep, was observed. 
The initial recovery was roughly equal to the initial effect on loading, but in 
general the rate of creep on recovery was not the same as that on loading. 
If the load is taken off* after many hours, so that the specimen has had time 
to settle down, both strain and retardation on recovery give a curve identical 
with the corresponding curve on loading reversed. But if the load is taken 
off at an earlier stage, both strain and retardation on recovery follow a 
different law, which depends upon the time during which the original load 
was maintained. The form of this law has not yet been determined by us, 

The optical creep on loading is comparatively large und may easily amount 
to 10 per cent, of the initial value in a few minutes. This percentage, 
however, diminishes as the load is decreased. These facts have an important 
bearing on stress determinations from observations of artificial double refrac¬ 
tion in celluloid. 

Curves of strain and relative retardation were then plotted to time, and 
attempts were first made to fit an exponential formula of the type 

r = ot—f3e~ k \ 

this being the law that would be expected, assuming the stresses in the 
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material to be composed of elastic aud viscous parts, obeying Hooke's and 
Stokes' laws respectively. 

A thorough examination of a number of curves, however, showed large and 
systematic divergences from this law, and it was definitely discarded. 

Eventually, after trying many formulae, including combinations of expo¬ 
nential, logarithm, and power, all of which proved unsuitable for various 
reasons, we found that the loading curves were very well fitted by formulas of 
the type 

s = 8Q+at l &+bt (1) 

for the strain, and 

r = + ^ (2) 

for the stress-optical effect. 

When the retardation was plotted to simultaneous strain, it was found to 
give quite a good straight line, leading to the relation 

t = «T -f j3s (3) 

where T is the stress applied to the specimen, a and £ being either constant 

for a given specimen at a given period of its history or, at any rate, slowly 

varying functions of T. 

This law was also found to hold for the values of r and s on unloading, T 
then being zero in every case. 

The walues of the constants in formulae (1), (2), and (3) were found to vary 
from specimen to specimen, and also to be affected by previous treatment of 
the specimen and by lapse of time, the variation being such as to indicate a 
progressive change with time in the physical properties of the xylonite. 

On repeating the experiments after about six months, the constants a and p, 
which measure the bulk of the creep, at any rate in the earlier stages, were 
found to be practically halved. Thus the importance of using old and well- 
seasoned specimens in stress investigations cannot be too much emphasised. 

The law (3) is satisfactorily explained on the assumption that xylonite is 
made up of two constituents, one perfectly elastic and the other plastic, the 
stress-optical effect in each being strictly proportional to the applied stress, 
but the two components having different stress-optical coefficients. 

In order to test whether this heterogeneity were uniformly distributed 
throughout the material, or whether the two components were provided by 
an elastic skin enclosing a plastic core, two similar specimens were tested, 
one specimen having a thickness of 1 mm. removed from each face imme¬ 
diately before loading. 

The differences found between the constants a and for the two specimens 
were less than many which we had found between different sets of observa¬ 
tions on the same specimen. 
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It would appear, then, that the " skin ” and “ core ** could not produce the 
effect observed, and that if the two-material hypothesis is correct, then 
xylonite consists of an intimate mixture of two constituents, with different 
elastic and plastic properties and different stress-optical coefficients. It is 
further possible that the two materials are alio tropic modifications of the 
same substance, and that their proportions are altered by the action of stress 
and other causes. This might account for the observed divergences in the 
values of a and /? under different conditions. 


The Rotation of Two Circular Cylinders in a Viscous Fluid . 
By G-. B. Jeffery, M.A., D.Sc., Fellow of University College, London. 

(Communicated by Prof. L. N. G. Filon, F.K.S. Received January 17, 1922.) 


In a previous communication* we employed the solution of the equation 
ySjr ss 0 in bipolar co-ordinates defined by 


*+ ifi = 


IW © 


x 4- % (y + u) 
x+i{y—a) 


( 1 ) 


to discuss the problem of the elastic equilibrium of a plate bounded by any 
two non-concentric circles. 

There is a well-known analogy between plain elastic stress and two- 
dimensional steady motion of a viscous iluid, for which the stream-function 
satisfies y 4 ^r = 0 . The boundary conditions are, however, different in the 
two cases, and the hydrodynamical problem has its own special difficulties. 

In this paper we discuss the problem of the rotation of two parallel infinite 
circular cylinders in a viscous fluid. The solution is different in form 
according as one cyliuder does, or does not, enclose the other. In the former 
case the problem can be solved in finite terms; while in the latter the 
problem is in general insoluble; that is to say, except in special circumstances, 
there is no steady motion which satisfies all the necessary conditions. 

Let the two cylinders be defined by constant values of «, say, a = a lt a a . 
We may take «x positive and greater than then #3 will be positive or 
negative according as the second cyliuder does, or does not, enclose the first. 
Let the cylinders rotate about their axes with angular velocities &>i, < 03 . The 
stream-function yfr satisfies ® when steady motion is established, and 

* « Plane Stress and Plane Strain in Bipolar Co-ordinates," 1 Phil. Trans.,’ A, vol, 231, 
p, 265 (1920). Reference to this paper will be denoted by T. 
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will be an even function of ft y single-valued for circuits which enclose either 
or both of the cylinders. Selecting the appropriate terms from our solution 
(T21), and re-instating terms explicitly rejected on the ground that they 
correspond to zero elastic stresses, we have* 
h\fr as Ao cosh u 4- Ho a cosh a 4* Co sinh a 4- Dq a sinh « 

•f (Ai cosh 2<x + Bi -f Ci sinh 2* -f Di a) cos /3 

v.> 

4- !£ {A n cosh (■» +1) «4-B„ cosh (w— 1) a 4’ C„ sinh (n 4-1) « 

n ~ 2 

4* D n sinh (ft—1)«} cos ft/8, (2) 
where h = (cosh a—oos#)/a. 

This solution is subject to the qualification (Tp. 275) that the series may 
converge only for positive or for negative values of a, or in other words, that 
the expansion of hyjr may be different on opposite sides of the plane a = 0. 

Since ^ is single-valued it follows that the velocities are single-valued and 
that the stresses are single-valued if p the mean pressure is so. We can 
readily calculate p from (2) by noting that /u-y 3 ^ and p are conjugate 
functions. In this way we find that p contains the many-valued term 
(Bo 4- Di)& so that we must have 

Bo + Di = 0. (3) 

§ 2. A cylinder rotating in a viscous fluid contained in a non-concentric 
cylindrical vessel . Let the inner cylinder be « = and the containing vessel 
a = and let their angular velocities co h be as shown in fig. L If d h d u 



* Mr. B. Butt 0 Bull. Calcutta Math. Soe,,* vol. 10, p. 43 (1919) has given a solution of 
« 0 in these co-ordinates and a discussion of the problem of the present paper. He, 
however, omits the terms in a cosh o, a sinh a, a cos 3, as well as some others which appear 
in our general solution (T SI). It will appear that these terms play an important part in 
the solution of our present problem. Moreover, Mr. Butt takes n of the form half an 
odd integer, so that the series (2) has a discontinuity on the plane through the axes of the 
cylinders on part of which ft has a discontinuity of 2*\ 
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denote the distances of the centres of the circles «a from the origin, and 
r% , r 3 their radii, we have (Tp. 284) 

)'i = a cosech ot\ r 2 = a cosech « 2 , 

fl\ = ttcoth aj — rtcoth ag. (4) 


If the components of fluid velocity in the positive directions of «, ft are 
up, we have 

““ = _A ^ = - |( / ^ )+ ? 8 inA 



?r- sinh «, 

r ■)« « 


(5) 


and from these we obtain the boundary conditions 


and 


(hylt) = 3^1 sinh «i— 
da o sinh 


a* 


on a 






(hyfr) = sinh a 2 - 


f(a ) 2 

sinh a 2 - 


»*on a 


* 3 . 


( 6 ) 

(7) 


From (2) and (3) we assume 

hyfr = Af> cosh a 4 By a cosh a 4 Hi sinh « 4 Ho« sinh « 

+ (Ai cosh 2a 4 lh 4 Ci sinh 2a - B 0 «) cos ft, (8) 

and (5) and (6) then give 

A 0 cosh aj 4 Bo«i cosh ai 4 C u sinli ai 4*l\>*i sinh «i = cosh «i . ^i/a, 

Ay sinh u x 4 Bo («i sinh ai 4 cosh «i)4 C t , cosh «j 

+ Do («i cosh «i + sin]i «,) = sinh 

Ai cosh 2*i 4 -Bi + C'i sinh 2*i —B 0 «i = —"f i/«. 

2Aj sinh 2«i + 2C r cosh 2«i—B 0 = 0, (9) 

with four precisely similar equations obtained from these by writing 
«», Vra,«s for *i, f h m respectively! We have thus eight equations for 
the seven coefficients and the condition for their consistence will determine 

fl ~ 

With the usual notation for the stresses, 



where /* is the coefficient of viscosity. On a surface for which *, f are 
constant this reduces to 


(11) 
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The couple per unit length which must be applied to the inner cylinder in 
order to maintain the motion is 


Li = — aooseehati 


r + ’«/3 . 

J-.T^ 


and using ( 11 ), ( 8 ) and the first of equations ( 9 ), this reduces to 

Li — 4rtrfi(x (33o 4 * Do coth }. ( 12 ) 

Similarly the couple which must be applied to the containing vessel is 

L a — 4 : 7 t^ux {Hod"Bo coth acj}- (13) 


The couple is in each case reckoned positive in the same sense as the angular 
velocity. 

Solving equations (9) and substituting in ( 12 ) and (13), we obtain 


4fTT(xa? {(c»i — 0 ) 3 ) (<*1 — a?) coth (a* —- ay) 


Lx = 


and 


—&>i sinh ^acosech 2 sinh ( 2 «i — « a )-f co 2 } 
(«! — a a ) { sinh* «1 + sinli a # a } — 2 sinh ot\ sinh a a sinh («i — a a ) 

47r/irt 8 {(<oi — ct) a ) («i — a a ) coth ( at* — a a ) 


_ — a>i — o )2 sinh cosech* a a sinh («i—2a a )} 

(«i —« a ) (sinh a ai-hsinh a « a }—2 sinhsinh« a sinh(«i — « a ) 


(14) 


(15) 


These rather complicated formulae take a very simple form in a special 
case. If we put a> a = 0, a a = 0, we have the solution for a cylinder rotating 
in a viscous fluid bounded by an infinite rigid plane parallel to the axis of 
the cylinder. The couple required to keep the cylinder in motion is 
obtained from (14). Using (4), we may express this in terms of the radius 
of the cylinder (r), and the distance of its axis from the plane boundary ( d ). 
We obtain 

Li = (d 2 — r u ). (16) 

Making d tend to infinity, we have the well-known value of the couple 
necessary to maintain the rotation of a cylinder in an infinite fluid, namely, 
47 r/to)ir a , per unit length. 

§ 3. The rotation of tv:o cylinders in an infinite viscous fluid. In this case 
there is, in general, no steady motion of the fluid tot which the velocity of 
the fluid vanishes at infinity. This may be shown by means of (2) for any 
r^dii and angular velocities of the cylinders, if we allow for the difference in 
the expansions on opposite sides of the plane * =s 0. But the algebra is heavy 
and we will confine ourselves to the consideration of a particular case which 
brings out quite clearly the nature of the difficulty. 

Let two equal circular cylinders a as ± *1 rotate in opposite senses with 
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angular velocity a> as shown in fig, 2, We may then avoid all difficulties 
arising from the possibility of different expansions for hijr according as «5c0 



CK-0 



Pig. 2. 


by noting that, by symmetry, yfr is a constant and a/9 vanishes on the plane 
a = 0. Using (11), we may take 

♦ -ft (1?) 

on a. = 0. It may be seen that the most general form of (2) consistent with 
(17) is 

hyjr — B 0 « (cosha—cos/9) + C 0 smh a + Cj si uh 2a cos 0. (18) 

The boundary conditions (6) give four equations to determine B 0 , Co, Cj, -ft. 
They are consistent and they give 

« __ aw cosh 2«i _ aw cosli a\ ^ __ aw _ 

0— 2 cosh «i sinh 8 *i ’ ° 2sinh s *i ’ 1 4 cosh u\ sinh* a. 

At infinity («, 0 — 0), we have from (5) 
u a — 0 

Ufi — 'o + ■ 1 — 2 cosh «i sinh 

bo that, if r is the radius of either cylinder and d is the distance apart of 
their axes, we see using (4) that the fluid at a distance from the cylinders 
is moving in uniform stream motion with velocity V in a direction 
perpendioular to the plane containing the axes, where 

Y = »•*«/<£ (19) 

The above demonstration is open to the criticism that in obtaining (18) we 
have assumed that (2) is absolutely and uniformly convergent on the plane 
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« ss 0, which may possibly be the boundary of its region of convergence. 
This difficulty may be avoided and some further light thrown upon the 
physical nature of the problem by proceeding as follows: we can uniquely 
determine yjr in the form (8) so that it satisfies the boundary conditions (6) 
on a = and (17) on a = « a , where is positive. This would correspond 
to the stream-function due to a cylinder rotating in a viscous fluid contained 
in a non-concentric cylindrical vessel whose inner surface is smooth and 
incapable of exerting any tangential traction on the fluid. This problem 
admits of a unique solution. Now make tend to zero so that the radius 
of the containing vessel becomes very large. It will be found that the 
motion of the fluid iu those parts of the vessel which are remote from the 
rotating cylinder does not tend to zero, but in fact tends to the motion 
described by (19). 

The kinetic energy of the motion is clearly infinite while the couple on the 
cylinder is easily seen to bo finite. It follows that the motion could not be 
set up in any finite time. No steady motion will ever be reached, and the 
longer the cylinders have been rotating the greater the mass of fluid which 
is set in motion. 

This result is not surprising. By a well-known result due to Stokes, the 
motion of a viscous fluid due to a single circular cylinder moving through it 
with a velocity of translation never attains to a steady state. And our 
present problem is very similar to that of Stokes. Both are concerned with 
“ doublet ” motions, iu which fluid is forced out in one direction and drawn in 
in the opposite direction. 
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The Catalytic Activity of Copper —Part III. 

By W, G. Palmer, St. John's College, Cambridge. 

(Communicated by Sir Wm. Pope, F.Ii.S. Received February 2, 1922.) 

The catalytic action of the metallic oxides upon alcohols has been very 
completely studied by Sabatier and Mail he* in the qualitative way. They 
showed that the alcohols in contact with oxides at 200°—400° C. can 
undergo two sorts of decomposition— (a) dehydration, (6) dehydrogenation 
—and they were able to classify oxides in respect of theBe two reactions. 
The following Table is extracted from their paper, and includes only oxides 
the activity of which is preferentially dehydrogenating:— 



Activity (ethyl nlcohol, 
lit 340-360" C.). 

Composition of gaseous product, 

i . ’ : .. 

j Ethylene. i Hydrogen. 

Ferric oxide.. 

32 

volume per cent. 
3-1 

volume per cent. 

m 

Zinc oxide . 

6 

6 

96 

Manganous oxide . 

3*5 

0 

100 

Magnesium oxide . 

Traces only 

O 

100 

Copper reduoed from 

110 

0 

too 

cupric oxide. 


i 



The activity is expressed in arbitrary units. 

Only the oxides at the extreme ends of the list given by Sabatier bring 
about orte reaction exclusively. For example, thoria is exclusively dehy¬ 
drating, and magnesia is the only exclusively dehydrogenating oxide. How¬ 
ever, the dehydrating activity of the above oxides is small. 

The present communication describes the effect upon the catalytic 
(dehydrogenating) aotivity of copper, of admixing these oxides in varying 
proportions. The effect of volatile additions, such as hydrogen and water 
vapour, has been previously described.! 

Apparatus , and Preparation of the Catalyst . 

It was convenient in the present work to use a smaller catalytic surface 
, than previously, and hence a gas-meter working with smaller quantities of 

* 4 Ann. do Ohun. et Pky*.,’ vol. 21, p. 289 (1910). 
t ‘Roy. Soc. Proc./ A, vol. 98, p. 13 ; vol. 99, p. 412. 
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gas was necessary. The diagram (fig. 1) shows the form of meter found to 
give satisfactory results. 



In order to give a motion of about 2 cm. on the scale SS, an evolution 
of about 0 2 c.c. of gas was required. The increase of pressure in the 
apparatus consequent upon this motiou was too slight to cause an appreciable 
change in the rate of boiling of the alcohol below the reaction tube. The 
mode of working consisted in depressing the chronograph key, and simultane¬ 
ously opening the tap, T, for a moment, when 2 cm. of the soale had 
been covered by the liquid. The liquid then fell back to its aero position, 
and a new reading was taken, and so on. If the capillary tube is kept clean 
the motion of the liquid is quite regular. This meter replaced the 
“ bubbler ” formerly used. The one-litre flask for temperature control was 
retained between the meter and the rest of the apparatus. The use of this 
sensitive gauge makes it impossible to allow the condensed alcohol to remain 
in the system of the apparatus, as the increasing volume of the distillate 
would be registered as a gas evolution. A special receiver (see fig. 1) was 
devised to meet this difficulty. 

A fresh sample of ethyl aloohol taken from .a large Btock of 3 litres was 
used for each aotivity test. The amount neoeasary for one test (70 ox.)- 
was boiled vigorously for 2 hours to expel dissolved air, in an apparatus 
directly connected with the boiler supplying alcohol vapour to the reaction 
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tube* The hot alcohol wan run in through a tap immediately before a test 
was begun. A constant current was used throughout for the heating coil in 
the boiler. 

The reduction of the catalyst was carried out with carbon monoxide, it 
having been previously shown (for. cit) that other reducing agents complicate 
tlie catalytic effect of the reduced copper. A carbon monoxide generator, 
in which the gas was made by mixing concentrated sulphuric and formic 
acids at 60° C., was directly connected with the reaction tube. The gas 
passed over soda-lime and calcium chloride before being admitted to the 
main apparatus. 

After many experiments all methods of preparing the contact material by 
impregnation of porous rods from solution were abandoned. In the former 
work with pure copper the catalyst surface was made by impregnating gas- 
mantle supports in an aqueous solution of copper formate, drying, and then 
igniting to oxide at 250° 0. This method is not satisfactory for the study 
of mixed catalysts, since it is practically impossible to choose conditions that 
prevent a separation (owing to differential surface action) of the constituents 
of the mixture on drying. 

For example, a porous rod was soaked in. an ammoniacal solution of 
copper formate and silver oxalate, in which the ratio Cu/Ag was 100/5. 
After drying and ignition at 250° C., the black deposit was dissolved in hot 
dilute nitric acid. Only traces of cloudiness were produced in the solution 
by the addition of ammonium chloride. On breaking the cleaned rod a 
black ling of silver was discovered below the surface of the rod, showing • 
clearly that the silver oxalate had retreated from the copper during the drying. 
The following method gives complete control over the composition of the 
catalytic deposit, and at the same time allows the catalyst to be out of 
contact with the material of the rod. 

About 20 c.c. of a solution of copper sulphate (containing about 10 gnu. of 
the hydrated salt in 100 c.c. of solution) were mixed with a quantity of a 
solution of the sulphate, or other soluble salt of the metal whose oxide is to 
be mixed with the copper. The mixed solution was then run from a burette 
slowly into 100 c.c. of vigorously boiling 10 per cent, sodium carbonate 
solution. Cupric oxide, mixed with the oxide or carbonate of the added metal, 
was at once precipitated. In the excess of hot sodium carbonate solution 
used there remains throughout the precipitation substantially a constant con¬ 
centration of hydroxide formed by hydrolysis. Sodium carbonate was therefore 
an advantage over hydroxide solution in providing more uniform conditions of 
precipitation. 

The precipitate was collected on a filter and washed until a small portion 

VOL Cl.—A. N 
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held on a clean platinum wire gave no yellow colour to the Bunsen flame. 
The washing was in most cases laborious, and was best accomplished by 
boiling in portions of fresh water and not by washing on the filter-paper. 
Oxides such as magnesia and zinc oxide, wash out, and it is consequently not 
easy to predict with exactness the composition of the final oxide mixture from 
the proportions of solutions taken. Mixtures free from sodium, and containing 
by weight more than 10 per cent, of magnesia, or 8 per cent, of zinc oxide, could 
not be prepared owing to this leaching during the washing. The oxide mixtures 
were finally dried in the steam-oven and analysed by the usual methods. 

A mantle-rod, as previously used fur supporting the catalyst (lac. cit.) % was 
cleaned by ignition, cooled and moistened with pure oleic acid. A sample of 
mixed oxide was then applied to the rod by rubbing with a soft rag, the fork 
of the rod serving as a convenient handle. The rod was then ignited to low 
redness by passing through a Bunsen flame in such a position that, within the 
flame, the cupric oxide is reduced to metal, and on emerging from the flame is 
re-oxidised to black oxide. By this means silver and bismuth were given an 
opportunity to become alloyed with the copper, while non-reducible oxides, 
such as magnesia and zinc oxide, form saturated solutions in the metal; iron 
and manganous oxides become're-oxidiaed with the copper on passing out of 
the flame. 

After cooling, the oleic acid treatment was repeated, until the rod was quite 
black with the closely-adhering copper oxide. The rod was fully charged, as 
a rule, after three treatments. Full charge was easily demonstrated by testing 
the activity, and then re-treating. In no case was the activity increased by 
more than 2 per cent, by re-treatment after three initial treatments. 

To test the reproducibility of the material two rods were prepared, each 
charged fully with pure copper oxide. Both rods gave the same activity to 
within 3 per cent. The oleic acid gave no ash on ignition in air. 

The deposit consisted of a comparatively thick film, and there is no doubt 
that the outer layer was not in contact with the material of the rod; the 
mixture was therefore virtually " unsupported/' The rod so prepared was 
used for eaoh test in place of the eight rods formerly used. It is easy to 
arrange a single rod centrally in the reaction tube and so secure a minimum 
amount of eddying in the flow of the vapour. The average amount of oopper 
on each rod was 0*002 grm. 

Before an experiment the whole apparatus, up to the gas-meter, was tested 
tight to a reduced pressure of 60 cm. of meroury, and then filled with nitrogen 
as in previous work. The temperature in the reaction tube was then raised 
and kept steady at 205 ± 1°C., while carbon monoxide was passed through the 
reaction tube for some minutes. The temperature was then raised again and 
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kept constant during the activity test, the hot alcohol being run into the 
boiler immediately before the reaction temperature of 260° C. was reached. 

The chronograph record started in all cases from the time when the first 
drop of distillate appeared in the condenser, and continued for a period of 
45 to 60 minutes. The activity, in most cases, was quite constant for 
25 to 30 minutes, after which it slowly decayed, owing, undoubtedly, to 
sintering of the catalytic surface. This somewhat rapid onset of decay is the 
only disadvantage in using catalytic material prepared in the manner described. 

The detailed results arc now given under separate headings for each 
mixture. The activities, in all cases, are for reduction by carbon monoxide 
at 205° C., and reaction with ethyl alcohol at 260° C. They are expressed in 
arbitrary units by dividing 100 by the distances between marks on the 
chronograph record. In the following Tables the activities at constant 
intervals during the period of observation are recorded. 

The proportions of oxide are calculated in molecules of oxide to 100 atoms 
of copper. For this purpose the copper is taken as monatomic, and the oxide 
given its simplest formula. 

1. Copper—Sodium Carbonate Mixtures. 

It was thought advisable to investigate the effect of leaving small quantities 
■of the precipitant in the prepared oxide. 

Three preparations were made under the same conditions as for oxide 
mixtures:— 

(1) Oxide washed once with cold water; contained 2-8 per cent, sodium 
carbonate. 

(2) Oxide washed five times on the filter-paper with hot water; contained 
0'8 per cent, sodium carbonate. 

(3) The oxide was washed quite free from sodium salts (this preparation 
gave the comparison activity of pure copper). 

The sodium salts were estimated by depositing the bulk of the copper 
electrolytically, the last traces being then removed by hydrogen sulphide, and 
the liquid evaporated to dryness. The residue was weighed as Na*S 04 after 
•treatment with ammonium carbonate in the usual way. 


To 100 Ou, 0 ’5 NajOOj. 

i 

1 ‘6 Ha,CO,. 

Pure copper. 

* 1 

12*0 

44*6 


12*5 

46 *6 

No activity 

12*6 

47 *0 

(nor with iiopropyl alcohol) 

12*5 

44*5 


12 *7 

44*7 

i 

. .— 

—----- . 
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The draetie effect of small quantities of sodium salts on the copper recalls a 
similar action on precipitated alumina when this is used as a dehydrating 
agent for the preparation of ethylene from alcohol.* No doubt the effect 
originates in the same cause in both cases. 


2. Copper—Magmsium Oxide . 


To 100 Ou, 1 68 MgO. 

2 *4 MgO, 

7 *8 MgO, 

12 *4 MgO. 

16 -6 MgO. 

6*0 

89 *5 

68 

75 *0 

120*0 

4*7 

38*0 

58 

77 *0 

119*6 

4*6 

42 -0 

55 

76'0 

117*0 

3*5 

40‘8 

56 

79-0 

121 *0 


40*0 


74-0 

114*0 


40*7 





3. Copper — Fci'ric Oxide . 


To 100 Ou, 1 '02 Fe 5 Oj. | 

i 

3 -76 Fe,0,- 

1 

6 -6 FejOj. j 

1 

20 -4 Fe s O 

12*8 

9-9 

17 *0 

18*0 

12 *0 

10 *0 

17 0 

14 *0 , 

12*4 

10 *1 

16-0 

18*2 

13 *0 



18 0 

12*6 

i 

1 




4. Copper—Zinc Oxide . 


To 100 Ou, traces of ZnO, 

0 *77 ZnO. 

2-06 ZnO. 

4 *86 ZnO. 



24*6 

87-0 



28*0 

26 ‘6 

About 1 *0 

No activity 

26*0 

28*0 

i 


27 *6 

27*0 



27*0 

27*5 


5. Copper—Manganous Oxide , 


To 100 Ou, 0 *42 MnO. 

0-89 MnO. 

1 *8 MnO. 

8 2 MnO. 

16 *8 MnO, 

88 *0 MnO. 

29 0 

84 *0 

51 *0 

67 

52*5 

04*1 

27*0 

72-0 

62 *0 

65 

68*0 

68*8 

80*0 

62 -0 

51 *6 

50 

58*0 

06*0 

28*0 

68-0 J 

51*0 

54 

4 

04*6 

89 0 

66 0 






47-6 





1 

i 

i 

48'0 






* Sonderene, * Ann. de Chiro, et Fhyt.,’ vol. 25, p. 476 (1612). 
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The following Tables show the mean activity calculated from the preceding 
Tables, and the activity corrected for the dilution of the copper. For this 
purpose the following specific gravities were used— 


Cupric oxide . 6*35 

Magnesia . 3*19 

Zinc oxide... 5*6 

Ferric oxide . 5*17 

Manganous oxide . 5*10 


Composition of Moan 

catalyst. activity. 


Duration of constant Corrected 

activity in minutes. activity. 


(To 100 Cu) 
MgO 1 *58 
2*4 
7*8 
12 *4 
15'5 


4-5 
40*0 
55 *0 
77 *0 
121 *0 


(Recorded for 25 minutes) 
20 
26 
30 
26 


4-5 
41 *0 
59 *0 
86 *0 
140*0 


ZnO traces 
0*77 
2 '06 
4*65 


1 *0 

inactive 
25 -0 
28 *0 


25 

30 


1*0 

25 *5 
29 *6 


FcjOj 

1 '02 

, 12 *6 

27 


3*75 

10*5 

17 


6*6 

i 17*8 

16 


20 ‘4 

i 13*0 

23 

MnO 

0*42 

30*0 

30 

0 '89 

; 84 *0-47 *5 

unstable 


1 60 

! 51 *5 

19 


8*2 

i, 64 *0 

i 20 


16 *6 

! 56 *5 

35 


38*0 

! 64*0 

! 63 

i 

NajCO* 

0*5 

1*6 

inactive 

12-6 

i 

! 

j 20 

Pure copper 

1 

i 

| — 


12 *0 
11 *6 
21 *0 
20*0 

30*0 

52 *6 
60*0 
68*0 
92 *6 


12*5 
45 *5 


These results are shown graphically in figs. 2 and 3: fig. 3 shows the 
relation of aotivity to percentage of oxide on a larger scale for small additions 
of oxide. 

The mixtures containing manganese oxide wore precipitated from mixed 
solutions of ouprio and manganous sulphates. After ignition to low redness 
on the rod the manganese is present as manganic oxide, MntO*. 

The effect of carbon monoxide on this oxide of manganese and on ferric 
oxide, when each is mixed with cupric oxide, was ascertained in separate 

experiments. 

* R J. Meyer and K. Retgera, * Zeit. anorg. Cham.,’ vol. 67, p. 104. 
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A mixture prepared in the same way as for activity tests was ignited to 
redness in air, and carbon monoxide was then passed over the mixture 
contained in a weighed glass tube kept at 205° C. After 3 hour practically 
no carbon dioxide was leaving the lute, which was then cooled while the gas 
continued to pass and finally sealed off and re-weighed. 

The following results were obtained:— 

0484 of mixed ouprio and ferric oxides, containing 29*5 per cent. Fe^Oa and 
70 per cent. CuO (estimated separately) lost 0*0745 grm. on reduction. Per cent. 1 
loss as 15*4. Calculated loss for reduction of cupric oxide alone = 14*5. 

There appears, therefore, to be only a slight reduction of ferric oxide at the 
temperature used for reductions. 

0*239 grm. of mixed manganic and cupric oxides containing 66 2 per cent 
CuO and 33*1 per cent. Mn-jOa (estimated separately) lost 0*0395 grm. on 
reduction. Per cent loss = 16*5. Calculated for reduction of copper oxide 
alone 13*6 percent; and for manganic oxide to manganous oxide 3*3 percent; 
total loss 16*9 per cent. 

Therefore the conditions used for reduction of the copper oxide produce 
manganous oxide. 

If heated in a rapid stream of inert gas, magnesium carbonate is completely 
decomposed at 200° C.,* so that it is extremely improbable that the magnesia 
in the mixtures retains the carbon dioxide formed by the reduction of the 
copper oxide. A fortiori the other less basic oxides used are not likely to be 
converted into carbonates. 

As will be emphasised in the following discussion, considerable importance 
attaches to the solubility of the material added to the copper in this metal 
Hence the activity of preparations containing a metal known to be soluble in 
the copper was tested. The metals silver and bismuth were chosen, as these 
have oxides readily reducible by carbon monoxide at 205° C. The alloys 
examined had the following compositions (in atomic percentage):— 


(U 

Copper-silver 

Ag 

0*30 . 

Copper-bismuth 

Bi 

. 0*345 


(V:V7R . 

. 057 

w 

v t' | U * * -. 

n*K9 .. 

. 0-88 

w 

(4) 

1-58 . 

. 400 


With the exception of the mixture of Bi-content, 0*345 per cent., which 
showed very feeble activity, all of these alloys were completely inactive. 
Kursanowf has shown that silver may give solid solutions in copper up to 

* Abegg and Auerbach, 4 Handbuch d. auorg. Chem.,* vol. 2 (ii), p. 07. 
t ‘JKeit. anorg. Chem., 1 vol. 6S» vol. 123 (1930). 
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4 per cent, of silver, while K. Jeriomin* has indicated that bismuth can be 
present as solid solution up to 0‘5 per cent. 

The above experiments indicate the drastic nature of the effect of solutes 
on the activity of the copper. Sabatier and Mailhe (loc. tit.) found bismuth 
to be quite inactive upon primary alcohols, 

Disoustion of Remits—the Properties of “Promotors.’' 

The list of oxides previously given shows that the activity of the pure 
oxides iB usually much less than that of copper. Ferric oxide has the greatest 
activity, which is only about one-third of that of copper. The oxides, there¬ 
fore, must be deficient either in adsorbing power or in density of radiation of 
about TO p wave-length (see previous papers, loc. tit.). 

It is known, however, that oxides such as magnesia, alumina, and ferric 
oxide adsorb water, and therefore probably alcohol, to a markedly greater 
extent than metals. We may therefore assume that infra-red radiation of 
appropriate wave-length is emitted by the oxides only to a slight degree 
compared with copper. In short, the order of the oxides in the list is one of 
decreasing emiseivity for wave-lengths about 1 p, and therefore one also of 
decreasing adsorbing power for this wave-length. 

Hence, if a nucleus of copper be surrounded by a thin layer of one of these 
oxides, the adsorbing power of the complex will probably bo greater than that 
of the copper alone, but this favourable increase may be more than counter¬ 
balanced by the opacity of the oxide film to the radiation from the copper 
core. As the proportion of oxide added is increased, the number of copper 
nuclei will tend to increase; in other words, the oxide peptises the copper. 
This peptising action will have the effect of keeping the film of oxide thin 
over a wide range of concentration of the oxide. 

The requirements of a “ promotor " are thus seen to be: (1) transparency 
to the radiation from the main catalyst; (2) higher adsorbing power than the 
main catalyst. A higher peptizing power is an advantage, though it is not 
essential. Of the oxides examined in the present work, only magnesia and 
manganous oxides satisfy these requirements. 

If, as is quite probable, the same atomic concentration of copper in any 
oxide implies approximately the same degree of dispersion (in the colloidal 
sense), then the right-hand portions of the curves (fig. 2) will be in the 
order of the transparency of the oxides to the copper radiation. These 
transparencies are measured, in fact, approximately by the ordinates 
AO, BO, CO, etc. 

It will be noticed that the order of activity as given by Sabatier, which is 
* ‘ Zt it. anorg. Chetn./ vol. 6&, p. 413 (1907). 
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assumed to be also an order of decreasing adsorption of the proper radiation 
is followed in the inverse way by these ordinates. .Data on the transparency 
of metallic oxides to infra-red radiation are scanty, but Konigsberger* found 

the following transmission ratios = -S~ I83L?Sgljggj).., f or q* 5 — 4.9 „ 

(energy transmitted) 


Ferric oxide. 0*101 

Manganite (presumably MnO(OH)) . 0*160 


These results are of the same order as the ratios of the ordinates for ferric 
and manganous oxides in the curves given above. 

The Activity ivith very low Concentration of Oxide. 

When cupric oxide containing about 1 per cent, or less of another oxide is 
reduced to metal it is possible that the oxide remains dissolved in the 
metallic copper, and does not separate to form a second phase. 

The form of the solution may be “ true ” or colloidal;f but in either case the 
surface energy of the copper will be diminished by the solute, just as in the 
case of silver and bismuth admixtures, and adsorption correspondingly 
reduced. 

It is not easy to demonstrate a diminished adsorption for alcohol, but the 
reduced adsorption for atmospheric oxygen in the case of these preparations 
was strikingly shown in the following way. In all cases the catalytic prepara¬ 
tions were allowed to remain in the reaction tube until this was cold, the 
exit taps being open and air admitted. While, in these circumstances, an 
active preparation was always much tarnished, and even blackened deeply by 
oxidation, an inactive preparation remained quite bright and untarnished, and 
in general could only be oxidised at room temperature by several days 1 
exposure. The preparations of lowest oxide-content in magnesia, zinc oxide, 
and manganous oxide, as well as all the silver and bismuth preparations, all 
showed similar behaviour. Photographs of these preparations are given in 
fig. 4. 

According to the above discussion the curves (figs. 2 and 3) can be inter¬ 
preted as follows:— 

(a) Ferric Oxide-Cappers Oxide quite insoluble in metal, but very opaque 
to its radiation. Activity of mixtures increased beyond 3*5 per cent, of ferric 
oxide owing to peptization of the metaLJ 

* 1 Phys, Zait/ vol 4, p. 495 (1904). 

f For a discussion on the solubility of oxides in copper, see ‘ Journ. of the Inst of 
Metals/ vol. 8{S), pp. 222, 948(1912). , ' 

t Sabatier and Mailhe found that ferric-oxide reduced the dehydrating activity of 
alumina very markedly (* Ann* de Ohim. et Phys./ vol. 20, p. 800 (1910)). 
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(b) Zinc Oxule-Copper .—Oxide soluble up to 0'5 per cent. Amounts of 
zinc oxide from traces up to 0 5 per cent, destroy the activity, whioh is 
gradually regained with increasing oxide-content, owing to the formation of 
two phases. The activity is throughout, however, lower than that of pure 
copper. 

(c) Manganous Omde-Copper .—Oxide only very slightly soluble. The peak 
at 0'8 per cent, remains unexplained. The value of the activity of this con¬ 
centration was very unstable, falling from 84 to 47'5 in 17 minutes. 
Manganous oxide is a weak “ promotor ” at all concentrations greater than 
1 per cent. 

(d) Magnesium Oxide-Copper .—Oxide soluble up to 11 per cent. The oxide 
is a strong promotor at all concentrations greater than 2’5 per oent 

It is to be noticed that the activities of mixtures, the concentrations of 
which lie on the steep parts of the ourves, arc all more or less short lived. 
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The Spectrum, of Beryllium Fluoride , 

By Snkhamoy Datta, M.Sc. (Calcutta), D.I.C., Research Student, Imperial 

College of Science. 

(Communicated by Prof, A. Fowler, F.R.S.—Received February 3, 1922.) 

[Plate 3.] 

1. Introductory , 

In a previous communication/ an account was given of an investigation ot 
the spectra of the fluorides of magnesium, calcium, strontium, and barium, 
which was undertaken with a view to determine the numerical relations 
existing between these spectra. It was shown that the homologous series of 
the different spectra can be connected by empirical equations, involving only 
the constants of the series equations and the molecular weights or the 
molecular numbers of the respective compounds. It therefore seemed 
desirable to extend the investigation in order to ascertain if these relations 
are maintained in the spectrum of beryllium fluoride. Unlike the other 
alkaline earth compounds, the spectra of compounds of beryllium have 
previously received but little attention, and it has even remained doubtfulf 
whether the well-known groups of bands between X 4426 and X 5446 belong 
to the element itself or to the oxide. The present investigation has special 
reference to the spectrum of beryllium fluoride, which has not previously been 
recorded. 

2, EqxrimentaL 

Photographs of the spectrum were taken with a 10-feet concave grating, 
and also with a quartz spectrograph of considerable dispersion (about 5‘6 A, 
per millimetre at X 2900). The source of light was an ordinaiy carbon arc 
fed with beryllium potassium fluoride, this being the only salt in which BeF* 
was available. The presence of potassium does not interfere with the band 
spectrum of BeF», as was proved by a photograph of the spectrum of the arc 
when fed with potassium fluoride only. In order to distinguish the bands of 
the fluoride from those of the oxide, direct comparison spectrograms of BeF fl 
and BeOa were prepared. Fortunately, BeO* does not present any spectrum in 
the vicinity of the fluoride bands. The bands in question can therefore be 
safely attributed to the fluoride. 

* 1 Roy. Soo. Proc./ A, vol. 99, p. 436. 
f H. Kayeer, * Handbuch der Spectroscopic/ vol. 6* p. 162. 
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As before, the arc was extended to a flame by admixture of sodium carbonate, 
and only the outer edge of its image was thrown upon the slit. Measurements 
of the spectrograms were made in the usual way with an iron comparison, 
using the wave-lengths of the iron lines as given in Burns* Table. The wave¬ 
lengths of the band heads Ijave been determined independently from the 
spectrograms obtained with the concave grating in the second order and the 
quartz spectrograph. The means of the two concordant sets have been 
adopted. 

3. Results . 

In the region investigated, namely, between X2200 and \6700, BeF» 
presents six groups of bands. These are all in the ultra-violet, as is to be 
expected on account of the small molecular weight, and all fade off towards 
the red (see Plate 3). Proceeding towards the long wave-length side, each 
of the first four groups consists of alternating bright and faint heads, and the 
bright one is resolved into two heads under high dispersion. In the fifth 
group the corresponding faint series is missing. In the sixth group seven 
heads have been accurately measured, but they could not be arranged in series 
similar to the others. The second, third, and fourth groups are the most 
intense. The nomenclature adopted is that previously used for the groups of 
MgF a of similar structure. The Bix groups are thus denominated as Ei, 

E& E 4 , Eft, and E 6 . Details of the measurements are given in Table I, which 
also shows the differences (O — C) between the observed wave-numbers and 
those calculated from equations of the type 

v as a—bm—cm 2 . 

4. Structure of the Band \ 300985. 

As all the hands appeared to be of similar structure, the most intense one 
at X 3009*85 was selected for a more detailed investigation. This was photo¬ 
graphed in the third order of the grating, giving resolution and definition 
permitting a satisfactory study of the structure of the band. It was then 
observed that of the close pair of heads, the outer one on the more refrangible 
side consists of a single line followed by an apparently continuous spectrum 
stretching across the interval between the pair. The second head is associated 
with a series of fine lines, all of which, with the exception of the one next ta 
the head itself, were clearly separated, and could therefore be accurately 
measured. Starting from the head, the distance from line to line gradually 
increases, the rate of increase being fairly uniform up to m = 7, and 
subsequently decreasing for the next two members. The lines are fairly sharp 
to start with, as such lines usually are, but with increasing values of m they 
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Table I*—Bands of Beryllium Fluoride* 


m . 

\ I , A ., ( ftir ). 

*' ob *. ( vftO .). 


0 

2816 -96 

86601-00 

0*00 

1 

20*20 

872 ‘81 

- 0*08 

2 

36*31 

240*70 

+ 1*18 

3 

40*55 

120*01 

+ 0 *18 

4 

56 *05 

34996 -87 

+ 0‘18 

5 

00 *66 

873 -68 

+ 0*42 

e 

70 68 

752*15 

+ 0*21 

7 

80*59 

632 *75 

+ 0 07 

8 

90*90 

610 72 

- 4*06 

0 

2816 *33 

36490 -87 

0*00 

1 

20 68 

368 *67 

+ 0*02 

2 

36 *69 

242 *05 

+ 0*06 

3 

40*78 

1.17 04 

+ 0*15 

4 

50*86 

34993 *29 

— 0*06 

5 

00-87 

871 03 

- 0*84 

6 

76*86 

749 -97 

- 0*98 

0 

2818 *26 

35472-44 

0*00 

1 

28 *41 

345 *18 

+ 0*04 

2 

38 *61 

218 ‘21 

- 0*28 

3 

48-78 

092 *89 

- 0*05 

4 

69 02 

34906 -74 

- 0*10 

5 

69-30 

840-78 

- 1*16 

6 

79 ‘48 

718 -87 

+ 0-78 

0 

2908 *94 

34386 *73 

0*00 

1 

18*39 

256 *49 ; 

0 00 

2 

27*77 

145 *78 ! 

+ 0*01 

3 

37 *07 

037 *69 

+ 0*12 

4 

40*33 

33930 *89 

- 0*27 

5 

65 *69 

825 *49 

- 0*24 

0 

2909 *32 

84862 *25 

0*00 

1 

18*74 

251*27 

+ 0*06 

2 

! 28*09 

142 *07 

- 0*12 

3 

87 *28 

035 *14 

+ 0*26 

0 

2911*80 

34383 *00 i 

0*00 

1 

20*99 

225 * 01 . ! 

0*00 

2 

30*13 

118*17 i 

+ 0*13 

3 

, 39 *18 

013*16 

+ 0*06 

■ 

0 

3009 *68 

83217 *61 

0*00 

1 

! 17*97 

125 *20 

0*00 

2 

! 26 *40 

032 *96 

-0 *04 

3 

34 *88 

82940 *68 

0*00 

0 

3009*85 

33214 *65 

0 00 

1 

18*34 

121 *26 

0*00 

2 

20 *86 

037 *98 

- 0*04 

3 

35 *41 

82934 ‘82 

+ 0*01 

o 

3012*99 

38180*04 


i 

20*34 

099 *82 


2 ! 


rather h**y 


8 i 

— 

» 
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Table I— {continued). 


Seriei, 

Wt . 

X I . A . ( air ). 

vobe . (vac.). 

Vob%. - veal . 


0 

3120*06 

31979 96 

0*00 


1 

.83 44 

904*64 

0*00 


2 

40-78 

880 *10 

+ 0*09 


3 

48*09 

766-11 

+ 0 *05 


4 

85 -87 

682-79 

+ 0-07 

k 4 

5 

62 *88 

610 *60 

+ 0*86 


6 

69*84 

588*26 

- 0*01 


7 

76 *99 

407*32 

+ 0*20 


8 

84*16 

396 -58 

+ 0*16 


9 

91 *28 

320 *30 

- 0-89 


10 

98*34 

257 -22 

- 0*28 


0 

3126 35 

31976 -88 

0*00 


1 

33-72 

901 *80 

o-oo 


2 

41 *05 

827 -26 

+ 0*02 


8 

48 *42 

762 -79 

- 0*41 


4 

65-71 

679-46 

- 0*22 


5 

62 *98 

606*60 

- 0*02 


6 

70 *22 

684 *60 

+ 0*80 


7 

77 *46 

402-67 

+ 0*88 


0 

3180 -79 

81981 -64 

0*00 


1 

88*00 

868 *29 

- 0*06 


2 

45*19 

786 *39 

- 0*05 


3 

62 *40 

712 -71 

- 0*23 


4 

69 *70 

089 *46 

- 0*38 


5 

66*69 

669 *64 

+ 0*60 


0 

73 *89 

498 *05 

+ 0*21 


7 

81 *06 

420 *97 

+ 0*03 


0 

3249 *24 

80767 61 

0*00 


1 

66 *26 

710 ‘64 

+ 0*08 


2 

01 *28 

068 *97 

0*00 


3 

67 *80 

697 *60 

-0 05 


4 

73‘26 

641*89 

- 0*75 


I 5 

79 *27 

486 *86 

- 0*83 


' 6 

86 *27 

480*14 

- 1*02 

H. 

' 7 

91*36 

373*90 

- 0*48 


; 8 

97*42 

318 *01 

- 0*09 


9 

808 *60 

262 22 

0*00 


10 

09*40 

208*28 

- 0*75 


11 

16 *64 

162 *86 

+ 0*27 


12 

21 *66 

096*91 

+ 1*04 


13 

27*76 

041 *76 

+ 1-70 


14 

33 *98 

29986-09 

+ 2*09 


0 

3249*40 

80766 *10 

0*00 


1 

66 ‘45 

708 *84 

- 0*03 


2 

61 *60 

661 *90 

0*00 


2 

67*60 

595 *68 

- 0*20 


! 4 

73 *47 

689*80 

- 0*08 

T? ' 

■ 5 

79*44 

484*28 

- 0*82 


6 

86*48 

428*71 

- 0-68 


7 

91 *86 

878*90 

- 0-81 


8 

97 ‘38 

818 *47 

0-00 


9 

03*87 

208 *00 

+ 0*64 


10 

08*26 

208*78 

+ 1-60 


U 

16*88 

164*09 

+ 2*82 
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Table I.— {continued). 


Group, 

X I.A. 

v (vac.). 

! 

Group, 

XU. 

v (vac.). 


334412 ! 

29894 '66 


3371 -26 

29654 ‘05 

TT 

49-93 ! 

842-82 


78 -08 

594*55 


61 -66 

739 -60 


92 -69 

467 ‘58 

j 

i 63 -67 

■ ! 

720-96 

■ 




Constants for calculation ol’ the seiies are collected in Table 11. 


Table II. 


Berietf. 

tJ ~ »v 

! i. 

1 

<?. 

Hj 

85501 -66 

1 

! +129 -6 

-0-78 

JV 

35496-87 

+129 *0 

-0-78 

E/' 

85472 44 

i +127 6 

-0 *30 

E, 

Ei' 

84306 -78 

] +112 0 

-0*76 

84362 ‘25 

! +112*0 

—0 *90 

Es" 

84838 00 

i + 108 *6 

— 0 *61 

£i 

88217-51 

| +92-826 i 

-0*016 


38214‘66 

1 +93-46 

— 0 06 

B," 

33180*04 

i + 90 -72 

— 

k 4 

31979*95 

| + 75 -65 ! 

-0-84 

e; 

31976 *88 

+ 75-84 ! 

-0*26 

EL" 

i 31931*04 

! +78-50 ! 

-0*20 

B* 

80707 *61 

! +67-023 j 

-0 1015 

Ej 

K 

80766 ‘10 

| + 57 -482 

Not arranged in seriei. 

1 -0*191 


gradually become diffuse, and, at m = 8, where the change in the interval is a 
minimum, they merge to a diffuse patch, apparently terminating the series 
rather abruptly. After this, there begins a fresh set of lines with an abrupt 
inorease in the interval, which continues regular as far as the lines could be 
traced; the identification of the last four members is somewhat uncertain 
owing to the superposition of lines belonging to the band \ 30I2'99, which 
begins here. This new set of lines also begins with characteristic sharpness, 
but gradually becomes diffuse and separates into two different series with 
increasing values of m. The first nine lines thus form a series of short range 
and the rest form two other series, which coalesce at the beginning. 

The structure is shown by the curve in fig. 1, which represents the varying 
distances between successive lines in the three series plotted against successive 
integral values of m. As may be seen from the curve, none of the series 
agree throughout their whole length with the linear form implied by the 
usual formula, but the introduction of a fourth oonstant with i»* gives a much 
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■closer agreement between the observed and the calculated values. The 
numerical equations of the various series are :— 

Series * ... v = 33214*05-O*7259m-OO525m i '--OOOO15w* 

Series ... v = 3320405 — l*624m—0125jri a +00022m* 

Series ... v = 33204*05 —1*6235 to— 0*102?n 8 -t-0*0013wi*. 

Data for the consideration of regularity in the band are collected in Table III 
■which also shows the differences between the observed and the calculated 
wave-numbers in the last column. The greatest deviation in wave-number is 
0*57, corresponding to a difference of 0*05 A. between the observed and 
calculated wave-lengths. The error, however, is sufficiently systematic to 
indicate the imperfection of the formula. 

5. The Relation with the Spectra of other Alkaline Earth Fluorides, 

Each group of BeFj bands is composed of alternating double and single 
heads, and as such the only similarity which they present to the spectra of the 
other alkaline earth fluorides is with that of the Ei group of MgF* But, 
while presenting the same appearance, the bands of BeF* fade off towards the 
red, whereas the bands of MgF» fade off in the opposite way. For the present, 
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Table III.—The Series a, of the Band X 3009 85. 
« Series. 



a T.A. 

j y(rac.)> 

j <*,■ 

»'obs. —*e*tl. 

8009 -85 

09*92 

10 *00 

10 09 

10 18 

10 *29 

10*41 

10 *54 

10 *67 

83214 *65 

218 *87 

212 *98 

211 *99 

210 *89 

209 *67 

208 *35 

200 93 

205 *48 

0*78 

0*89 

0*99 

1 *10 

1*22 

1 *32 

1 *42 

1*46 

iisssssis 

ooooooooo 
111 + 

i' Series. 


Series. 


to . 

A I . A . 

v (rac.). 

d,. 

— f ' cal . 

«*. 

A I . A . 

y (Tao.). 


* obi ( — real . 

0 

1 

2 

8 

A 

5 

6 

7 

8 

9 

10 

11 

12 

8010 80 

10 *96 

11 *14 
11 *84 

11 *56 
11*80 

12 *06 
12*81 
12 *68 
12*86 
18 *18 
13 53 
13*89 

88204 *05 
202 *80 
200 *31 
198 *11 
195 *68 
198 *04 
190 *2 S 
187 *41 
184*41 
181 *26 
177 *84 
174*10 
170 02 

1*75 

1*90 

2*20 

2*43 

2*64 

2*76 

2*87 

2*97 

8*18 

3*42 

3 74 
4*08 

0*00 

0*00 

0*00 

0*00 

-0*01 

-0*04 

0*00 
+ 0*10 
+ 0*26 
+ 0*85 
+ 0*38 
+ 0*11 
-0*84 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

10 

i“ 

! 12 

3010 *80 
10*96 
11 *14 
11*34 
11*60 
11*78 
12*01 
12*12 
12*49 
12*76 
13*08 
18*35 
13*75 

83204*06 
202 ‘80 
200*81 
198*11 
196 *68 
193 *26 
190*74 
188*19 
185 *43 
182*57 
179 *49 
175 *97 
171 *67 

1 *76 
1*99 
2*20 
2*43 
2*48 
2*51 
2*65 
2*76 
2*86 
8*08 
3*52 
4*30 

0*00 
-0*02 
-0*09 
-0*19 
-0*83 
-0*20 j 

-0*18 
+ 0*06 
+ 0*23 
+ 0*48 
+ 0*67 
+ 0*89 
-0*46 

1 


* U«od for the calculation of con*tanfcs. 


however, it seems permissible to identify homologous groups by their actual 
structure, without taking into consideration the direction in which they fade 
off. This seems to be confirmed by the fact, pointed out in the previous paper, 
that the value of the constant for class 0, calculated from the suggested 
formula, is very close to that for class A, although these two classes of bands 
fade off in the opposite direction. 

Taking therefore the bands of BeF s to be similar to those of the E t group 
•of MgFj, the previous formula 

log b x log M = constant 
a 

agrees fairly satisfactorily, as will be seen from Table IV. As before, & and 
b are constants used for the calculation of series, and M is the molecular 
number. 



Table IV. 


Homologous 

series. 

If m v 6 . 

b. 

M. 

loctxlocH 

a ■ ! 

MgF, E, 

37140 '48 

86*476 

80 

8-60x10-* 

)} 

27146 *14 

36*485 

80 

8*60 

,, E," 

37188 67 

86-7101 

80 

8-62 

BoP, Kj 

86601*66 

129 *0 

22 

7*90 

V ' 

tt "l 

88490 -87 

120 -0 

22 

7 *98 

„ Ei" 

8&472’44 

127 *6 

22 

7*97 

,> Ej 

34206-78 

, 112 0 

22 

8*01 

„ 

34862*25 

! 112 -o 

22 

8*01 

T? t* 

a ■*“* 

34339*00 

! 108 *6 

22 

8 *01 

» 

38217 *61 

92 -836 

22 

7*94 

„ w 

| 38214 *65 

; 98-46 

22 

7*96 

M Us" 

88180 04 

90*72 

22 

7*92 

M K4 

81979 *96 

75*05 

22 

7*89 

„ e; 

31976 ‘88 

i 76*34 

22 

7*88 

ns 

i> «4 

81981*64 

78-60 

i 

22 

7*86 


Considering the approximate character of the formula adopted, and the 
wide range of the values of a, b, and M, the calculated constants agree as 
closely as could be expected. 

Summary. 

1. The spectrum of beryllium fluoride, hitherto unrecorded, has been 
investigated. It has been found to consist of six groups of bands, all in the 
ultra-violet between X 2800 and X 3400, and all fading off towards the red. 

2. The strongest band at X 3009 has been investigated in detail, and has 
been found to include three series of lines, which depart considerably from 
the usual type of formula. 

3. The groups of bands have been found to be similar to one of the groups 
of magnesium fluoride, and are related to this group in accordance with tine 
formula for alkaline earth fluorides proposed in a previous paper. 

In conclusion, I beg to record my thanks to Prof. A. Fowler, F.R.S., for the 
kind interest he always takes in my work. 

DESCRIPTION OF THE PLATE. 

(a) Spectrum of beryllium fluoride between X 2820 and X3140, showing the group* E„ 
E* Eg, and a part of E 4 . 

(i) Spectrum of beryllium fluoride between X 8100 and X 3400, showing the groups E, 
and Eg. 

(«) Spectrum of beryllium fluoride, group £* showing the structure of the band 
X 3009*80 witb the iron comparison at the top. 
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§ 1. Introductory. 

The problems which arise in electrostatics and hydrodynamics, in regard 
to the thin annulus cut from a plane sheet of metal, are of some importance, 
more especially in regard to electrical instruments of precision, such as the 
electrometer. Their mathematical solution in an exact form is a matter of 
extreme difficulty, and only first approximations, which can be derived by 
simple methods, appear to have been used hitherto. In the present paper, 
higher approximations are obtained, to an order which appears to be effective 
for most of the applications whioh are of real importance. It is shown that 
the actual difference of radii of the circles bounding the annulus is of com¬ 
paratively small significance in such magnitudes as the electrical capacity of 
the annulus, a result which could not readily be foreseen. The whole investi¬ 
gation is only carried to the second ordor of significance, but by a method—* 
treating the annulus as a special case of the elliptic anchor ring—whioh oan 
readily be extended to any desired order. The convergence of such approxi¬ 
mate solutions is not discussed, but it is clearly analogous to the remarkable 
degree s! convergence found by Lord Rayleigh in certain solutions of problems 
of vibration of discs in whioh eccentricity is taken into account. 

| 2. The Elliptic Anchor Ming, and the Annulus Opening in an Infinite Wall. 

electricity is freely distributed on a thin plane annulus of inner and 
outfit radii (n, ri>)> or otherwise, when a thin annulus of this form moves 
through infinite liquid, or serves as an opening in an infinite plane screen in 
th no knowledge of the distribution .of electricity, or 

of fiidd motioa. In the present paper, by taking suoh an annulus as a special 
oa^ Wtm eiliptiic anchor ring, some progress is found possible with problems 
the investigation does not indicate a general exact . 
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solution. From a physical standpoint, however, the solutions obtained would 
appear to be sufficient. 

If co-ordinates (ft, w) in space are defined by 

* = a? = c + ttv/Kl—/i 8 )(l-f f 3 *)} cosw, 

y =s c+«V{(l-M*)(l + r*)} fiin 

the surfaces w = constant are planes yfx = constant, passing through the 
axis of 2 . 

When f is constant, we have 


J* +- (P~ C Y _ i 




which is an elliptic anchor ring, the generating ellipses of all such rings being 
oonfocal, and the rings becoming, when c = 0, oblate spheroids, This system 
of rings includes, as a special case, the plane annulus 


2 = 0, p ks cHra, 

if c > a. This corresponds to f =s 0. 

It is seen without difficulty that the surfaces (£, /a, a>) = constant are a 
triply orthogonal system, so that (£, /a, w) may be regarded as orthogonal 
co-ordinates of any point in space. 

We find for the three corresponding space-elements, 

S “=“V{&£K 

& w ^[c4-aVUW*)0■ + {•)}] »*>, 

resembling the case of oblate spheroidal oo-ordinates in space. The internal 
and external radii of the special annulus are a and c. 

We find also for Laplace's equation, when there is symmetry about the axis z 

iy a ■+ n |)V+ (v/ a ■-v> 0 * 

- -F V(l + t ’ {4( 1 + { * • D+IMfJ)} 

which obviously has no exact solutions which are functions of f or p, only. 
Taking more convenient variables a and /J, where 

f = sinh a, ft » sin /?, 

- f {°° 8 0 I : ( C08h * + c08h a ^ ( 008 ^ 5 ^)} 

and it a/e is small we may solve this in powers of afc by succesoive approxi¬ 
mations, the term independent of aje in any solution being a solution of 
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a, = const, defines the elliptic, and (3 — const, the hyperbolio, anchor rings 
which belong to the orthogonal system. 

On the annulus x = 0, p ranging from a—c to a+c—this is a member of the 
system—we have f = 0, and, therefore, a. = 0. On the rest of the plane z — 0, 
we have fi = 0, and, therefore, /3 = 0. Moreover, 

(<&) _/% 3«\ _/§£ 9? 9?\ 

' 3^/«=« \3« \3a 

= _J_ -1 /r j +l\ „JL {dj>\ 

\0a Cosh a \/ flE/x.\0a/o* 

/3&\ <V\ r3<£ 1 1 /3»\ 

\3s m A« o V3/3 ’ 5 * 3* M -0 l. 3/3 ’ co»/8 ’ a ' ya 2 -f af \0/9/o’ 

and when f = 0, on the annulus, 


or A* = \/"}> a/t = v / {(« + r-p)(«^~c + p)} 

making $ and fi vanish at each edge. 

On the rest of the plane, when jx = 0, 

a'(l + p) = (p- e y, ?=y / { i£ ^-l}. «r=v/(p-^.p-J^), 

so that £ and a also vanish at each edge. 

When a is sufficiently small in comparison with c, the solutions approximate 
to those of 



of which the only solutions not dependent on fi are 

(j) — A. -f* B«. 


Consider the solution <f> = 
fi = 0, on the plane z = 0, 


a. This makes </> zero when 

= 1*1 = 0. 
a^dfi 


3<£ 

3« 


a = 0, and when 


It is thus apparently suitable for the motion of a liquid through a thin 
annular opening in the barrier z = 0, satisfying all the conditions approxi¬ 
mately. These are (1) the differential equation; (2) <f> constant when a = 0; 
(3) 0£/0» rs 0 when fi = 0 ; (4) <f> continuous at the edges where a = 0. 

We find also on the aperture, 

06 _ 1 /?0\ _ J_ ___I_ 

5^ ~ Ip [d*)t ~ ap x / {(« + <?-*>)(«-* + ,) f‘ 

The velocity is infinite to order * at both edges. This is to be expected, 

o 2 
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and might in fact have been written down at once as the necessary approxi¬ 
mate solution, from our knowledge of the effect at the edge in the case of a 
circular aperture, or a stream flowing past a circular obstacle. We must now 
proceed by successive approximations to a solution of the form 




where the functions f n must possess the following properties!— 

(1) <f> is a solution of the differential equation, to some specified order 
of a/c. 

(2) f n =s 0 when a = 0. 

(3) df n fd0 * 0 when 0 = 0. 

The second secures that = 0 over the aperture, and the third that 
d<f>/dz = 0 over the rest of the plane 2 = 0. The third is satisfied necessarily 
if f n contains only cosines of 0 and its multiples as multipliers of its terms 
in a. It is, of course, understood that the series may cease to be applicable 
when a is large, and require another form of continuation. 

Writing <f> = fa in the differential equation, we find, neglecting terms 
of order (a/rf, 

-{ C0B ^^ C08h “^ +c0Hha ^ c08 ^^} =- c 08£sinh«. 

of which the particular integral is 

yjr\ = —£ a cosh a cos 0. 

No complementary function satisfying 



must be added, for it would represent another approximate solution of the 
original equation, multiplied by cfa , in its first term. We must, in fact, 
throughout the work, notice that no term appears which is itself a solution of 
this equation, but this will not occur if the particular integrals are obtained 
according to the ordinary rules in linear differential equations. 

The second approximation to <f> is therefore 


<f> = a — ~ - COSl) a COS 0 
l c 

where = — £ a cosh a cos 0 

with the necessary properties, as a function of « or of 0 . 
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Now write 

<f> = a. — COsh a. COS 0 -f % ifr 3 

2 c <r 

and neglecting <x 8 /c 3 , we have 

+ 3 =+( c ° s 0 4 c ° sh *4+ c ° 8h 2 4 ° os ^4)1 cosh “ co8 * 


a*a , 1 — a/ 3 —^ 3 ^ 2 ' 

= -J- (3 sinh 2a + 2a cosh 2a) -f ^ cos 2/9 (3 sinh 2a — 2a), 


and on solution 

^2 as -Jj (sinh 2a + 2a cosh 2a) -f ^ cos 2/9 (2a 4- 3a CobK 2a). 

This also has the properties (^jO^o — 0, (d'lfj/dfi)#- 0 = 0. 

Tlie third approximation to is now known. If \jr 3 is the next function 
required, 

E? + g I “ 8h 1 E +e ” h “ ^ @ 

from which i/r 8 is of the form Pcos /9*f Q cos 3/3, whei’e P and Q are functions 
of a vanishing when a is zero. The comparative simplicity of the coefficients 
in these functions does not, however, continue, although it is quite easy to 
continue the approximation to a high order. It has already gone far enough 
for most purposes, on account of the great initial convergency of the series 
over the aperture. We may, therefore, write, to order «r 9 /c 9 , 

d> = a — ^I COSh a COS /9 -f (shill 2a + 2a cosh 2a) 

2 c 32r 

+ (2a + 3a cosh 2a). 

The normal velocity over the aperture is therefore 

1 /dd>\ 1 f, a 0 . a* 5 a 3 t)0 l 

—- (jr ) = — 1 1 — 6" c08 i 3 + 75 + 5o3' C08 f 
afi\aa/ a~t> aji L 2c or 32 r J 

where (p — v)/a = v /(l — p a ) — cos/9, 

and the velocity thus becomes 

the value at the centre being 

ifi-jq. ' 

«V 32 c 3 / 

For a velocity U at the central radius p — c, the velocity U„ at p is 


U P = 


«u 


</ {(c+a-p)(p-c + a)} 
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The volume V discharged through the aperture in unit time is 


PC 4* a Pirfi f 

V = 2 wpV p dp » 4w*U I d<f> | p- 

(with p sb c~a . cos* <f >-f c -f a . 
and after an eaBy integration, 

V = 27r 3 ««u/l- : 


; P -c> 5 p(p-c) 

2c ' r 16 c* 


no term appearing on ajc. The average velocity over the area is 


where U is the velocity at the central radius. 

The stream surfaces are almost identical with the hyperbolic anchor rings 

o-<o 8 _ i_ — i 

tt a (l— p?) 

where /x is constant. 

It is evident that the formulae, even to this approximation, may be used 
with accuracy of a few per cent, even in such a case as a = £c. 

The Kessel-Fourier solution to this order is, in the plane of the annulus, 

(^ u ) = f XJ 0 ^!o ( Xffc ) U . dp, 

\CZ !Jo Jc-« 

so that more generally 

0 = — f Jo f pi J 0 (\/x)U M d/a 

JO J c —n 

and on the axis of z, where p = 0, 


PC+a 

4> = - [ 

Jc-m 




If s is less than c—a, we can obtain a convergent series in powers of z, of 
the form 

v*/ v. 2»! .r^u. 


6 = —s*(—y* - — - f + "! 

9 0 ( } 2 *(*!f “ J c _ a 


and its appropriate generalisation, in the usual way, as a series of zonal 
harmonies, valid when r<e—a, 


4> m — Ua 2 ( —)" , 


to v a " Pan (tt) f + ‘ ■^-i 1 ~^- <; )/ 2c -l- 5 fe- , c) 8 /l 

’•l w J«->» m 8 " v/H c + a_ m)(m—«+») 


r u V y l 8 " w Jo-« ^/{(c + a-^-c + a)} 

The corresponding harmonic series for a distant point can obviously be 
written down in a similar manner. 
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As a special case, the value of tf> over the plane 2 = 0, for points at which 
p<c—a, on part of the barrier, is 


4> = 



. 2,1! 7 r° 
2«-(»!)»J P J e -„ 


dpi], 

ft** 



ilfi 

\/ {(c + av. + a) } 


f'i £ZL C . 5 

t 2/: 16 6* J 


where K(p/^) is the complete elliptic integral of modulus p/p,. Since p and 
p are nearly equal, this can he evaluated approximately hy use of the 
logarithmic form of K. 


§ 3. The Electrified Thin Annulus. Surface Density and Charge. 

The last problem is analytically identical with that of the distribution of free 
electricity on a thin annular conductor, and we can replace normal velocity 
over the aperture by surface density over the annular conductor. For V, the 
electric potential, is constant over the conductor, and 3V /dz = 0 over the rest 
of its plana If c/a is very large—the radii being c— a, c + a —the potential 
at a point close to the conductor is evidently that produced by an indefinitely 
long thin plate of breadth 2 a, which is a special case of the elliptic cylinder, 
when the minor axis of the principal elliptic section degenerates to zero. If 
the same axes of this section were, in the first place, ftf 0 , «vAl + £ 0 *), the 
potential at an external point ( 3 , p) would be, as regards its variable part, 
proportional to 

f dt 

WfW+OHW+ttO+O}' 

Writing 

t ss a Q £) 3 sinh 2 n — a 2 (14- £o a ) cosh 2 u t 

the integral becomes 

2 | A du =s (2w)t^ A -f const. 

Now X is the parameter of the ellipse through (r, p) defined by 

z* p 2 

+ h + a* + a %,) 3 4 X 

With the spheroidal co-ordinates 3 = apf, p = a y/(1— p 2 . 1 -f 1?) we find 
X ass rc* ({!•—&*)* so that («)*=a is given by 

a% i> 2 sinh 3 n-~ a 3 (l + f 0 2 ) cosh 2 u = X = ?o 3 ), 

or = sinh" 1 f = a, • 

where a is the variable occurring in the previous section. 

Thus, when cfa is large, the potential of the elliptic anchor ring of oblate 
type is of the form A + Ba at external points just outside, if it is very flat 

This justifies our selection of a as the solution from which a further 
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approximation was to be obtained, and rules out other functions, which at 
first sight might appear suitable, 

The surface density of a free distribution on a thin annulus of radii c±a is 
therefore proportional to the value of d<f>/dn in the last section, or 

_2SSL_5 

\/{(c + a—p)(p—<> + «)} L .16 J 

and the total charge Q on one side becomes on integration 


* Q 


27T a aC(7o 



0*0 being the density at the central circle. 

In order to find the capacity of the annulus, we require the potential 
produced by this distribution at a point of the Annulus. Hitherto^ it has 
been an additive constant of unknown magnitude in the investigation. We 
find it by direct integration for a point p = c+a on the outer edge, for it is 
the same at all points on the annulus. 


4. Capacity of a Thin Annulus 


The potential of a circular ring of charge E at a point distant / from its 
centre,—/ not less than the radius,—in its plane is 

v _ e r*_ d.o 

ir joy/ (p a -h/ 2 — 2/p cos 0) 


where p is the radius of the ring. This becomes, if K is the complete elliptic 
function, 


V = 


2E 1 y 

7T * p+f 



■Let / as c + a 9 and let p be approximately equal to /. The modulus k of 
the elliptic function is 2 \/(pf)/(p+J), so that, in the usual notation, 
k' = (J-pW+p) and is nearly zero. Thus, in fact, on expansion in powers 
of a/c or (p—/)/c, 

/•' r= a + c~~p _ a + c—p 

a + r + p ~ 2c+ (a-f p — e) 

_ a + c- p j 1 _a±p^^(a±p~c)*~\ 

2 c L 2c + & J 


to a sufficient order. Moreover* 




where the approximation 

K(*) «(!+**'*)log, (p)-W 


* Cayley, ‘Elliptic Functions,' p. 541. 
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is all that we require, to relative order a 2 jc 2 . Thus 

K W =-{l + (2±g££}^(»-i|Z£) 

g+p-c (, a + p-c \ (« + c—p)* \ (a + c—pf 
2c V 4c / V 16r* / 16c 2 

« + p — c _ 3«* fr 3 (p—c) 2 + 2« (p—c) 
"2c 16 c 2 

also 

1 _ 1 __1 f ^ a + p—c (a + p—c)* ~j 

P+/ p + a^-c 2c L 2c 4c* J ’ 

and we find ultimately 

2c7rV _/-l a + p-c 4(a + p—c)* + (a + c—p)*\ /« + c—p\ 

___ ^ + jgpf- sT" j 


g+p—c 7a s +7(p—c)*+10a(p—c) 

+ 2c 16<P 

Writing now, E = 2irpdp . a, where cr is the surface density of the last 
section, the potential of the annulus is obtained in the form 

2 r c +« 

v o = - p<rdp.f{p) 

C Jc-a 

where/(p) is the function of p on the right of the previous equation, and 

,r- a » a _/i_ p- ( '+ 5 { p- c T\ . 

v/{(c + a—p)(p—c + «)} L 2c 16 c* J 

The integration is very tedious. With p = (c—a) cos* 6+(c+a) sin* 6, we 

find 

*pde.Y(p) 

where 


F(p) = F 1 (p) + F s (p), 

Vi(p)* 


Mp) 


_ f i _a + 2p — 2c j 5a 2 +14 (p—c) 2 +10a (p—c)^ ,..,„/a. + c —p 
L 22 + 16c 2 J °\ 8c 

a 4-p—c 7a* 4-11 (p — c) 2 +14a(p — c) 


2c 


16c 2 


If cV 0 = 4a<ro(V„ l + Vo 2 ) 

where Vo 1 , V 0 * are the portions of the integral arising from Fi (p), F a (p), we 
easily find 

y t _ wa(a + 2c) 7wa 8 llwa 2 7ira 8 •7ra/|_17a\ 

0 “ 8c 32c 64c 32c* *“ 4 \ 16 c) 
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to the present order. Moreover 


log ( -"g"" = lc « T-,. + 2 lo 8 008 e 


Ac 


tit. , « f' /a f, a + 2p — 2e . 5a* + 14(p—c)*+10a(p—c)\ 

•uJV.. = - I% . E j s |i--j 

— 2 j** 11— ^ + ) log isos 8 d0 {(c — a) cos* 6 + (c + a) sin* 0} 

+ 37( 1 “*5rM 1 [e-«)cos»0 + (c + «)sm 2 0] 


8c / J 

log cos 6 dd (2 sin 3 0— 1) 

17^2 rv ]2 

— j-j- I [(^—a) cos 3 0 -f (c + <*) sin 3 0] log cob 0 d8 (2 sin 3 # — 1 ) 3 

4^ Jo 

These integrals can all be evaluated. If they are called I*, la, Is, I*, then 

T ttc/,, a 5 a 2 \ vra 2 /* 5a\ . 7Tm 3 

Ij * 


We find 


& 16c 3 / 4c V 8c/ 32c 

~ + 2~\ 

2c 4c*/ 


2 \ 2c 4W 

to the requisite order. 

It is well known, and easily proved, that 

M* — 

log 008 0 d8 = — ^ log 2. 

By an easy integration by parts, we find also 

f*/2 r*/3 r*r/2 

2t& j sin 3 " 0 log cos 0 d8 » (2« — 1) j sin 3 *” 3 0 log cos *rf*- sin 3 ” 0 dd , 

so that 


fir /2 «* 

j sin 3 0 log cos 8 dd = —jlog2 — 

rnl2 

sin 4 0 log 

J o 


M»0d0 = -Slog 2-^, 


Thus 


| 1 sin® 8 log cos 6 dd = — |^log2—^ 7r 


16 

Sir 

'32 


384' 


I.- 1 


it 5u. 3 \ f*/ 3 

c + T6c*) Jo K ,t—ff ) + " rt sin*d} log cos 8 d8 

-*( 1 ^ + &)(-J i< * 2 )-t( 1 -;+iS) 


*rrr , „ / 1 a . ha 2 \ 7rc a L a 
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to the proper order, 


Is = | {— (c— a ) + (2c—4a) sin a 0+4a sin 4 0} log cos 0 d.0 

= x log 2 . (e - a) -(2c - 4a) (J log 2 + ~)~4a (^ log 2 + 


r log 2 . (- 


2'; 8c/’ 


I 4 = I [c — a + (6«--4c)ein 3 0-b(4r-- 12a) sin 4 #-+-8a sin 6 0]logcosi9tW 


- 7 > log 2(c-a)+(4e-6a)( ~ log 2+] 


+(12»—4e)(5=to*S + ^)—l»&*2 + |=) 


7rr i 0 , ire / 4 22a \ 

= — 4 -log 2 + T? ( 1 —-), 


and accordingly 


Vo 1 = log— . I 1 -2I, + ?2i(l-|?)l,-Ji* I, 

a r \ 8c J 4 e J 


ttc j, a a 1 \ , . ft/| a\,2ft 2 / ire, 0 

T 1 -S + 55>'°«7 +m ' ;( l ~) + ? (-4 1082 


c \ He 


l~ 1~ + 


a\ , lire a? 


He! 16 c 3 


ire/ 1 a , a a \i 4r , n 0 f + ft . a 2 \ 23 a 2 
2 \ 2c 4W *a 6 \ <? 4r 3 / 64 H 

ire/* a , ft 2 \i 16r a 2 23 

the terms involving the logarithms condensing elegantly. 

The whole potential of the annulus is finally 

Vo = (V 0 1 +V u il ) 


-• t(‘-s + ») “® • 7-"(JjS + 5 £)} 

*S +£ (l-g)} 


where <r 0 is the central density. 

The total charge on one side was 


Q s= 2+ J acrr 0 (1 
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and the complete charge being twice this amount, 
annulus is 


Zire 



- £L -f 
2c 4c 2 




16c a 
a 2c 


the capacity of the 

(*-£)} 


which can be used witli some accuracy if a is less than about A higher 
approximation could be worked out readily by this analysis. 

Numerical calculations give results agreeing in general terms with those 
corresponding to the ordinary anchor ring of radii (a, c), for which the 
capacity is already known.* 

The error in this formula is roughly of order {afcf, or only 1 or 2 per 
cent, if a = Jc. If a is so small as -foe, we may drop the terms in (a/c) 2 , 
and use the simpler form 

2 "{ I+ l( log ‘ 1 r- 1 )}- 


In the Table typical values are given. The radii are c±a, so that c is the 
mean radius of the annulus:— 


1 °/ c - i 

I 1 

(Capaoifcy)/2irc. 

0 -05 

0 *177 

o-l 

0 *205 

I o ir > 

0*227 

0*2 

0*247 

0*25 

0*208 

0*8 

i 0 *288 


The presence o( an inner edge much increases the capacity, as the laws of 
electrical distribution require that the surface density becomes large there. 
A complete circular disc of radius 2c, and therefore of mean radius c, has a 
capacity 

ic/v or 2 ( 7rcx~ = 2 ttc x 0 20264. 

7T 

Thus, an annulus of the same mean radius, and a/c = 1/10, has practically 
the same capacity. There will be another annulus which has a maximum 
capacity for a given mean radius, but the present approximation does not 
allow us to determine it precisely. It is clearly one with a very small 
opening at the centre. 


* Hicks, ‘ Phil. Trans./ and Dyson, ‘Phil. Trans./ 1893. 
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§ 5. Axial Motion of an Annulus through Infinite Liquid . 

When an ellipsoid of semi-axes (a, b } c) moves parallel to the axis x } 
corresponding to a, it creates a velocity potential at (;r, y, z) equal to 


* 


where 


_ abc\J 
2 —a 0 

a 0 =s abc 


’(i 


(It 


\ (a a 4 - (6 s * -f typ (<? + tyt* 

dt 

(j»+ tyt*(c* + tyt* 


U is the velocity of the ellipsoid, and X is the parameter of the confocal 
through (a;, y f z ). For the special case of an elliptic cylinder, r, = oo , and 
we find 

fit 


a o 


= ab ( 

Jo 


where 


+ + b*-a 2 V 

t = — a 2 cosh 3 u -f Ij 2 si nh 3 u, 


2 Uh.Y" 


\ * = oo 
/l a* 0 


or 


«o “ — 


2ab 


coth u 


Y““ =_ 

/ U e= coth-’ bjc — \(l j 


2b 

(a+by 


We have assumed that 6 is the semi-axis major , so that it moves along 
the minor axis. The value of for the elliptic cylinder becomes 

bVx 


**■ 


(coth 1 w—1) with \ as — a 2 cosh 3 ti + f^sinh 2 n } 


or 




This) result is not usually given in the text-books, although very con¬ 
venient. If we use instead the oo-ordinates (fi, f) definod by 

x = a^, y — a*S (1— y? . 1 + (?) 
and define the moving cylinder by f = f 0 , the equation of the cylinder is 


x* 


= 1. 


and the parameter X of an external point is 

a’({*-&>*) 

while a* is replaoed by a s & J , and by (1 + {#*), so that 


* 


aU/i 


W( ! + «-«. 


i-Wy/a+v) 

This is the velocity potential created by the motion of the cylinder & of the 
family 

_ f- _=i 

Pf 5 «»(l + f») 
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parallel to the axis of x, With co-ordinates a = sinh~* £ f /3 =» sin" 1 ft, the 
elliptic cylinder 

__£!_+_ t _= 1 

a 9 sinh 2 a 0 a* cosh 2 a<> 

creates, in motion parallel to x, the potential 

— gjJ sin /3 (cosh g—si till a) 




1 —tanh 


which is, of course, readily deducible also from the two-dimensional solution. 

The elliptic anchor ring, the minor axis of whose section is parallel to the 
axis of the ring, produces, in motion along the axis of the ring, a velocity 
potential <f> close to its surface, to which this formula gives a first approxima¬ 
tion. The co-ordinates (a/3) are those already used in this paper, and the 
present mode of approach indicates their relation to the usual “elliptic 
co-ordinates ” of two dimensions. 


Thus for motion of an elliptic anchor ring of the type in question. 


is the solution of 


<f> = sin /3c a 


%± + #± = 
5? J5? 


o 


to which the true velocity potential, satisfying 

approximates when afc tends to zero. 

Write therefore, for the anchor ring, or for the circular annulus a* = 0 
winch we shall alone consider. 

4 > = £~*sin /3-f-^j-t-+ ^r 3 -f. ... 



0a 2 


where yfri, yfr s , ... ifr n have the properties:— 

(1) i/r* as 0 when /3 = 0, over the rest of the plane * « 0, 

(2) 0*^r rt /3a = 0 when a = 0, over the annulus, 
and all the conditions of our problem will be satisfied. 

We find 

+ “If 2 = ~ {° 08 C08h a I +cosh 008 

where no complementary function satisfying it! — o must be 

0a 2 0/8* 

added at any stage. It is understood that this development of the solution is 
only valid near the annular surface. 
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Proceeding to the successive approximations, 

= - {«»«!; “"l' “l+o” 81 '* | » 

= i sin 2/3 , 


whence ^ as — £ sin 2/9, and the second approximation to <f> is 

<f> = <r fl sin /3 — ~ sin 2/3. 

Again, 

*P " + '*{ 00 ’ ' 9 S' 00,11 “ S' + '“ >8b *k m ‘ e I) e “ m 

= — & cosh a (sin /3 + 3 sin 3/3), 
whence = -gV cos ^ a (3 sin 3/9 + 4/9 cos /9), 

and the third approximation is 

<f> = <r*siu /9 ~~ sin 2/9 + -;/* _ cosh a (3 sin 3/9 + 4/9 cos /3). 

8tf t)4(r 

We do not proceed further, as the general term cannot be recognised. On 
the surface a = 0, 

</> = <f >o = sin /9—~ sin 2/3 + ■ * (3 sin 3/3 + 4/3 cos £) 

CM' 1>4(T 

•-(!*) =1 

Von /u « 

from which the kinetic energy can be found. If <r is the density of the 
liquid, the whole kinetic energy of the liquid is T, where 

2T =- 2 'ji^d)„'« 

taken over one side of the annulus. Thus if <f>, d<f>/dn are multiplied by «TJ, 
where U is the velocity of the annulus, 

j*c + « 

T = 27r<raU 8 I pdpifc. 

Jc-a 

But on the surface, 

p» c ■+■ a ^/(l — p a ) = r + a cos /3, dp = — a sin /3 dfi, 

and T = 2ir<ra , U 3 j sin /3{c+a cos /3) 4>o d/3, 

or T = 2wff« a U J (Ti + T» +T» + T*) 
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where 

Ti = [ sin 8 0(c + a cos /8) (10 = Jttc, 


; sin 2 ft cos /? (c -f a cos /?) 


//3 r »r 

T a = ^ I (3 sin 8 /9-4 sin 4 /9) (c+a cos /3) dfi = 0, 

T. *= r^-5 f /8 sin /3 cob /3 (e + a cos /8) d/3 
loc J o 

= /9 (2c sin 2/3+a sin 3/9 +a sin /?) 

= g~ j/3(—c cos 2/S—| cos 3/8 —a cos /3) J 

+ | dfi (c cos 2/8 +1 cos 3/8+a cos /8) 


7 ra 8 j 4<z\ 

" " 64c 8 l C ~ 3 /’ 

or to relative order « a /c 2 , 

T = »V,AU>(l-^^. 

Series of zonal harmonics for the value of <f> at any point can easily be 
obtained by the reader, making use of the method already adopted. 

It is evident that the corresponding electrical problem, for which this 
value of <f> holds, is that of an annular opening in an infinite plane conductor. 
The surface densities <r of the free distribution on the two portions of the 
conductor, wheu at the Bame potential, are given by (oc)~ 1 (0<£/3£) / j»o» being 
infinite at each edge, or 


af<r a» cosh a—*sinh a —-2-4- ~ cosh a. 

4c 64 <? 


On the inner surface, 

cosh a — y/ (14* f 9 ) = 

a 

sinh a = f = - v /(c—a—p) (c—a4-p), 

(t 

and on the outer, 

cosh a = \/ (1 + f 3 ) ^ —> sinh a = f ^ {(p—c-“&)(p—-c-f- a)} 

and the surface densities can be written down. It is an interesting, though 
obvious, matter to work out the capacity of such an arrangement, by the 
method previously adopted for the capacity of an annulus. 
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A Study of the Balance . 

By A. E. Conkapy, Professor of Optical Design at the Imperial College. 

(Communicated by C. V. Boys, F.R.S. Received December 15, 1921.) 

This research was not undertaken with the deliberate aim of exceeding the 
precision of mass-determinations as carried out in the great institutions 
specially devoted to this subject. I should have considered it both presump¬ 
tuous and hopeless to attempt such a feat, and should probably have aban¬ 
doned my studies at an early stage if it had not fortunately happened that 
the decisive part of my work had been completed before I came across 
comparable results obtained elsewhere. It was only then that I realised that 
the methods evolved had led to a very considerable diminution of the’ 
residual errors of weighings, in spite of the inexpensive instrument employed 
and of the primitive conditions under which the observations were made. 

A projected series of experiments called for weighings of small masses, up 
to perhaps 50 grin., within 0*1 mgrin. As I did not possess a balance, I 
bought the least expensive type of analytical balance, one by Sartorius, to 
carry 200 grammes in each pan, with a triangular phosphor-bronze beam, 
14 cm. long, with agate knife-edges and plane bearings, with a complete 
arrestment for beam, suspensions, and pans, and with a rider-scale divided to 
read directly to 0*2 mgrin. by the usual centigramme-rider. The cost at the 
time (1905) was £6. The balance was described in the catalogue as “ sensitive 
to 0*2 mgrm.” but I trusted that the required accuracy within 0*1 mgrm. 
would be obtainable by using the more refined weighing methods of the 
physical laboratory. 

Naturally, the first work undertaken consisted in determining the errors of 
the set of analytical weights to be used with the balance. The plan described 
in Kohlrausch’s * Practical Physics ’ was adopted, and the simple Gaussian 
method of exchange was used so as to eliminate the index error and the 
inequality of the arms of the balance. The observations were reduced within 
0*01 mgrm. witli occasional retention of 0*005 mgrm. This first calibration had 
been begun within one hour of the time when the balance had been taken to 
pieces in the room in which it was stored and re-erected in another room 
On consideration of the fundamental nature of the work, this procedure 
appeared to cast grave doubts upon the reliability of the results. The eight 
comparisons of the brass weights were therefore repeated a week later, the 
balance and weights having been given three hours to settle down to the 
temperature of the surroundings before observations were commenced. The 
von ci.~ a. v 
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method of double exchange was used (first, A in left pan ; second, B in left 
pan; third, A again in left pan), in order to eliminate also changes of the 
zero-point so far as they are proportional to elapsed time. When these 
observations were reduced the surprising and entirely unexpected result 
emerged that the greatest disagreement with those of the previous calibration 
was only 0*01 mgrm. (on the actual weighings, not on the deduced errors of 
individual pieces), and that the probable error of one weighing—all treated 
as of equal reliability--was of the order of 0*004 mgrm., or one-fiftieth of 
the possible discrepancy suggested by the makers of the balance. 

It was this high precision of the first results obtained from the balance 
which caused me to postpone the projected experiments, and to make the 
balance itself the subject of further study. It appeared probable that still 
better results might l>o obtained by improvements in the adjustments and by 
more care in the actual observations. A long series of experimental 
weighings was thus begun, but for years no progress whatever was made in 
the accuracy of the results. The probable error derived from any reasonably 
extensive series of weighings remained with singular obstinacy in the neigh¬ 
bourhood of the value 0 004 mgrm. originally found, in Bpite of the fact that 
a succession of refinements applied to the instrument and to the methods of 
observation and reduction were without exception of a kind which must 
greatly diminish the effects of the sources of error at which they were aimed. 
This led to a growing conviction that there must be present some source of 
error of greatly preponderating magnitude which had escaped detection. 
This conviction was strengthened by the fact that occasionally the results of 
a series of weighings were decidedly worse than usual, and led to a note in the 
journal: “Balance evidently in bad condition/’ the observer being included 
in the indictment in one or two instances. 

Eventually a bad case of this kind led to the discovery of the elusive pre¬ 
ponderating source of error. The knife-edges, being made of material of 
limited strength and rigidity, necessarily do not terminate in an absolutely 
sharp edge, but have a finite radius of curvature of the order of 0*01 mm. As 
a consequence, the effective length of the lever-arm at which the load is 
applied would change if the plane resting on a terminal knife-edge were 
rigidly attached to the pan, and if the weight in the latter were put into 
varying positions in successive exchanges, for the planes would then become 
tilted, and the contact line would shift (fig. 1). To avoid this well-known 
source of error all balances have an “intermediate joint” between the 
suspension and the pan, so that the latter can swing independently of the 
former- In the Sartorius balances the joint primarily relied upon for this 
purpose takes the form of two round pius at the upper end of the stirrup 
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from which the pan is suspended, these pins resting in larger holes in the 
lower ends of the fitting attached to the agate plane. If the fulcrum thus 



Y 

Load 



LSad 


Fig. 1.—Tilted end-planes cause change of lever arms. 


provided were a definite and frictionless one it would ensure that the load 
itself would force the agate plane always into the same orientation with 
reference to the horizon. Hut as the pins are over 1 nun. in diameter and 
rest in holes of about 2 mm. diameter, they may take any position within the 
sliding angle of friction of 5°, or more, from the really lowest point of the 



Fig, 2.—Sartorius intermediate joint allowing end-planes to tilt. 


hole, and so become themselves a cause of tilted end-planes instead of 
preventing such tiltings. 

This defective intermediate joint was definitely identified as the source of 
the large errors, the aggravation occurring when the stirrup happened to rest 
with friction against one of the cheeks of the upper fitting. The cure applied 
consisted in rendering the original intermediate joint immovable by tightly 
screwing its two parts together, and in relying on the hook at the lower end 
•of the stirrup as a more definite and efficient intermediate joint. 

As soon as this change had been made, the probable error of the observa- 

v 2 
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tions for a calibration of a set of decigramme weights went down to 
0*0013 mgrxn., or to one-third of the previous value. Each complete weighing 
in this set consisted of four partial weighings— 

(1) A in left pan, 

(2) B in left pan, 

(3) B again in left pan, 

(4) A in left pan, 

and the sensitivity was determined at frequent intervals by a fifth observation 
with a suitable added load produced by a shift of the rider. The latter 
weighed 1 mgrm.) and was not shifted during the four partial weighings. 

The discussion of the residuals of this series immediately revealed another 
but much smaller systematic error. It was found that the sign of the residual 
error of any one complete observation depended very decidedly on the 
sequence of the deflections of the pointer in the partial weighings. If at the 
first partial weighing the deflection was larger than at the second, the 
difference A-B tended to be found too small, and conversely in the reverse 
case. This was tentatively attributed to the imperfect elasticity of the 
knife-edges and of their bearings. These must be—on account of the 
extremely short radius of curvature—loaded almost to the limit of elasticity. 
Hence the deformation (“ flattening ”) of the edge produced by the load in 
any one observation would disappear only partially on arrestment, the residue 
of deformation remaining for a considerable period. The consequence must 
be that the balance retains during that period a bias in favour of the previous 
position of rest and gives a false reading at the succeeding observation. This 
led to an effort to devise a sequence of partial observations which would defeat 
this bias of the balance. An obvious method would be to take advantage of 
the light rider and its finely divided scale, and to find by a series of approxi¬ 
mations such an addition by ridershift to the lighter mass that eventually the 
deflections in successive exchanges would be practically identical. That 
method, however, would call for several wasted observations. The method 
really adopted, and adhered to ever since, was a simple modification of the 
well-known series of four partial weighings already referred to, the object 
being to attach the “ bias " twice in one sense and twice in the opposite sense 
to the partial results, and so to cause its complete cancellation in the mean 
of all four. 

Assuming that the residual difference of the two masses A and B is so 
small (or has been so adjusted) as to keep the variation of deflection on 
exchange within practicable limits, a wasted observation—-not recorded^ 
is first made with B in the left pan to adapt the knife-edges to the 
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load and to establish the corresponding bias. Then follow the four real 
observations:— 

(1) A in left pan, deflection Di, which is at once determined from the 
pointer readings. 

(2) B in left # pan, deflection Da, also determined immediately after the 
readings of the pointer. D a will of course closely correspond to the deflection 
in the preliminary observation. 

(3) B still in left pan, but with such an addition by ridershift, easily 
calculated from the known sensitivity, as will cause the deflection to become 
as nearly as possible equal to Dj. 

(4) A in left pan, but with such a ridershift as will cause the nearest 
possible approach to deflection Da. 

By observation (1) A-B is obtained, afflicted with the bias produced by a 
change from previous deflection Da to new deflection I)j. By observation 
(3) B~A is obtained, afflicted by the same bias as observation (1), but 
attached to the reversed position of the two masses. Hence the difference 
(1)—(3) will give 2 (A-B), but the bias cancels out. The same argument 
applies to the combination of observations (2) and (4). The set of four 
observations simultaneously cancels any progressive change in the balance 
during the time required for the complete set, which in my case was about 
12 minutes. 

The preliminary wasted observation was usually omitted, as it was found 
that the small systematic error (less than 0*001 mgrm.) aimed at was 
sufficiently removed by making only the four actually used partial 
weighings. 

The first trial of this method on the same set of decigramme-weights 
gave a probable error of one complete weighing of 0*0008 mgrm., or only one- 
fifth of the original error and less than two-thirds of the one obtained 
without the refinement of the “ alternating position of rest.” 

Up to this stage of the experiments the balance had been used in the usual 
laboratory way, the pointer being read with the aid of a fixed lens of 
5 inches focal length, and the sliding door of the balance being sufficiently 
opened during the exchanges to allow of the use of a long forceps. The 
latter, however, was of such length that the warm hand remained entirely 
outside the balance case. In spite of this precaution air-currents induced 
by the use of the sliding door appeared to be largely responsible for the 
residual errors. Decidedly crude arrangements were therefore made, which 
allowed the balance case to remain closed all the time, the loads being 
bandied by the original long forceps attached to the case by a washleather 
conical tube. A considerable number of calibrations of sets of weights was 
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then carried out, and gave probable errors of one complete weighing ranging 
from 0*0005 down to 0*0003 mgrm. 

It may be briefly stated that practically all the experiments were carried 
out on sets of weights, mostly fractions of a gramme, of the pieces 1, 2 , 3 , 4 
and 5. Comparison of these among themselves and with 10, .the unit of the 
next decade, gives twelve different combinations: 1+2^3, 1 + 3 = 4, 
1 + 4 = 5, 2 + 3 = 5, 2 + 3 = 1 +4, 2 + 4=1 +5, 3+ 4 = 2 + 5, 
1 + 2 + 3 + 4 = 10, 1 + 4 + 5 =10, 2 + 3 + 5 = 10, 2 + 4 + 5 = 10+1, 
3 + 4 5 = 5 = io + 2 . If the first two comparisons are repeated a second 

time, fourteen observations result, the normal equations of which are direct 
solutions for the five corrections as the mean of ten observations in the case 
of the pieces 1, 2, 3 and 4, and as the mean of eight observations in the case 
of 5. Owing to the large number of observations a good determination of 
the probable error is secured ; the great variety of combinations moreover 
renders it unlikely that any systematic error should remain undetected. 
Mere repetitions of the same comparison, done always in the same way, are 
apt to give quite fallacious ideas as to the accuracy attained. 

About the time when my work had reached the stage described, a volume 
of “Travaux et Memoires " of the International Bureau at Breteuil 
appeared, in which results of comparable calibrations of weights are given. 
The probable error for small weights up to 1 grrn. ranges from about 0*0015 
to 0*003 mgrm. for one complete weighing; it is, therefore, on an average, five 
times as large as the one I reached with my comparatively heavy balance. 
The load on the central knife-edge of my balance was about 110 grrn, when 
very light aluminium pans were employed for comparisons of small weights. 
The Breteuil weighings were made on a balance specially constructed for 
loads not exceeding 1 grm., and the whole of the moving parts probably 
weighed less then 10 grm. I have only come across one authenticated set of 
weighings, also for fractions of a gramme, which gives a much lower 
probable error than that secured at Breteuil. This set is mentioned in a 
note in “ Zeifcschrift fdr Insfcrurnentenkunde ” from the Berlin Institute of 
Weights and Measures, and leads to a probable error of 0*0008 mgrm., or 
twice that in my final observations. The balance used was of the same 
type as that employed at Breteuil. * Both the Breteuil and the Berlin 
observations were made telescopically from a considerable distance. 

As it Beamed desirable to confirm the conclusions at which I had arrived, I 
bought another very small Sartoriua balance with a beam only 8 cm, long, 
“ to carry 10 grm. in each pan, and sensitive to 0*1 mgrm.” This showed 
the same inconstancy as the 200 grm. balance until the intermediate joint of 
the suspensions was rendered immovable. It then yielded results by the 
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method of alternating deflections of even higher precisions than tye heavier 
balance, probable errors down to a little over 0*0001 mgrm, being repeatedly 
recorded An even more satisfactory confirmation of my- conclusions was 
obtained from a rough u bullion-balance ” for loads up to 1 kilo. This was 
fitted with plane bearings (the original ones were roof-shaped), and with 
suspensions designed to minimise the effects of the finite radius of the 
terminal knife-edges,,also with a crude but reasonably draughtproof case. 
It thus became an extremely satisfactory precision balance on which heavy 
weights can be compared well within 0*01 mgrm. 

Shortly before the outbreak of the Great War, Sir Bichard Glazebrook 
kindly consented to have some experiments made with my original balance 
in the constant-temperature rooms at the N.P.L., the balance having in the 
meantime been fitted with mirror and telescope, so as to allow of its use on 
a distant scale with a greatly increased deviation per milligramme. The 
suspensions had also been further modified. It was found that masses up to 
100 grm. could be compared within about 0001 mgrm.; I had never suc¬ 
ceeded in doing this at my house, on account of vapid changes of tem¬ 
perature, vibration from traffic, and residual defects in' the original 
suspensions. These experiments at Teddington were interrupted by the 
War and have not been resumed; but I understand that my balance is 
largely used for weighings of great accuracy. 

A number of refinements in both the balance and in the method of 
observation have not been mentioned in the foregoing account of my 
experiments; these additional desiderata are included in tho following 
concise account of the essential features of a balance of highest precision 
and of the proper method of using it. A reliable judgment in these 
respects can only be based upon careful quantitative estimates of the known 
sources of error. The accuracy reaohed and occasionally exceeded in my 
experiments, amounted to 7 x 10~ 9 of the load on the terminal knife-edges 
( ie 0*001 mgrm. in 140 grm.), and to 2*5 x 1Q~® (0*001 mgrm. in 
400 grm.) of the load on the central knife-edge. To render possible this 
degree of precision, the length of the lever-arm (70 mm. in my case) must 
have been “definite” within the same minute fraction; but it might, and 
undoubtedly did, change proportionately to time by a large multiple of that 
fraction even in the 12 minutes required for one complete weighing. The 
important point to be noted is, however, that the supporting line of the 
central knife-edge must, at any given moment, be definite within 
70x2*5 x10"®, or 1*8 xlO" 7 m (1*8 Angstrom units!), and the contact- 
line of the terminal knife-edges must be definite within 5 x 10~ 7 mm. 
These are the quantities on which reliable estimates may be based. Their 



218 


Prof. A. E. Conrady. 

minuteness renders plane bearings absolutely indispensable, for, with 
cylindrically curved or roof-shaped bearings, a very slight lateral shift 
would change the contact-line by many times the permissible variation in 
length of arms. 

The Beam. 

Many elaborations found in the design of the beam are of little if any 
value. There should be as few joints and screws as possible, for every one of 
these may under changing temperature become a source of sudden minute 
shifts of the centre of gravity. By far the most important point is the 
fixing of the knife-edges. These are usually simply driven into prepared 
seatings In the Sartorius balances they are neatly fitted in this way, but, 
in addition, a cement (apparently shellac) is used to fill the interstices. 
My kilogramme balance originally had the steel knife-edges merely tightly 
driven into the aluminium beam. Repeatedly there were sudden shifts of 
the zero point. These were tentatively attributed to the release of strains 
between the knife-edges and their seatings, caused by the difference of 
thermal expansion. This assumption appeared to be correct, for, on a 
careful and sustained treatment with shellac-cement, this trouble vanished, 
never to return. Similar disturbances may bo traced to a slightly loose or 
badly fitted screw taking a new position with a change of temperature. 
The short beam, first introduced by Bunge, has a great advantage over the 
formerly preferred long beam, because it is more rigid, gives a higher 
sensitivity at any given time of vibration, and is also less affected by 
inequalities of temperature. 

The Knife-edges and their Bearings . 

The terminal knife-edges require means for the well-known adjustments to 
establish parallelism with tfye central knife-edges, equality of the lever-arms 
and unchanging sensitivity with varying loads. The Sartorius arrangements 
for this purpose are both convenient and reliable. By far the most important 
one of these adjustments is that for parallelism of the projections of the three 
knife-edges upon a horizontal plane, for any departure from this parallelism 
means that the lever-arm changes according to the point of the terminal 
knife-edge below which the centre of gravity of the load is situated. It is 
difficult, if not impossible, to secure this parallelism for any length of time or 
for varying loads within less than 20 seconds of arc or 0 0001 radian. As the 
lever-arm must be definite within 5x 10~ 7 mm., this defeot in parallelism 
makes it necessary that the load shall always be applied within 0005 mm. of 
a fixed point in each terminal knife-edge. Balances therefore always have in 
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their suspensions some kind of “ cross*joint ” or fulorum with an axis at right 
angles to the knife-edge which is supposed to assure this adjustment of the 
centre of gravity of the load automatically, but rarely does so with sufficient 
precision. The seoond source of error at the terminal knife-edges arises from 
their finite radius of curvature of about 0*01 mm. which causes a change in 
the length of the lever-arras if the planes bearing on the knife-edges are tilted. 
The permissible tilt is found by dividing the allowable variation of the lever- 
arm of 5 x 10~ 7 rain, by the estimated radius of curvature of 0*01 mm. and is 
therefore 0*00005 radian or only 10 seconds of arc. None of the usual 
“ intermediate joints ” come anywhere near this degree of precision, and the 
jointing of the suspensions is thus recognised as the chief mechanical defect 
in existing balances. 

My 200-grm. balance was greatly improved and yet simplified by combining 
the “ cross joint ** and the " intermediate joint ” into one. A rigid stirrup was 
attached to the original holder of the agate plane and fitted 
with a conical and glass-hard steelpoint on the horizontal 
part from which the pan was suspended by a polished 
concave steel cup. The radius of curvature of a hard steel- 
point capable of carrying more than 100 grm. is, however, at 
least 0*1 mm., and assuming a sliding angle of friction of 
about 6°, the exact point of application of the load remains 
in doubt to the extent of about 0*01 mm. in any azimuth, 
which is twice the calculated tolerance in the direction of 
the knife-edge, and corresponds, with the steelpoint at about 
40 mm. below the knife-edge, to a possible tilt of the plane 
by 0 01/40 as 0*00020 radian, or five times the calculated 
limit of 0*00005. Nevertheless these modified suspensions 
proved vastly superior to the far more complicated original 
oneB and rendered possible the excellent results with heavy loads secured at 
the N.P.L. A few discordant results were, however, almost certainly due to 
a specially eccentric position of the steel cups causing the maximum 
dislocation of the point of application of the load and so greatly exceeding 
the permissible amount. 

A further refinement of the same idea was applied to the kilogramme 
balance by using a steel point of the same type on the stirrup, but providing 
a separate arrestment, which lifts the steel bearing from which the pan is 
suspended, and so allows of making this bearing practically plane without 
risk of accidental derangement. This appears to be the best and most 
complete solution of the suspension problem. 





Fro. 3.—Single 
point inter¬ 
mediate joint. 
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The Armtmmt. 

The essential features of the arrestment are that the suspensions and the 
beam should be gently and steadily lifted oft* the terminal knife-edges and the 
central bearing respectively, and that they should be replaced in exactly the 
same relative positions as before when the arrestment is again released* 
Freedom of the arresting bar to make slight movements in the horizontal 
plane is particularly objectionable, because the suspensions will then be placed 
upon the knife-edges in various positions in different partial weighings, anti 
the point of application of the terminal loads will shift accordingly and 
cause a change of length of the lever-arm. The Mendeteeff type of arrest¬ 
ment, with arms swinging round an axis in line with the central knife-edge, 
appears to be the best, and the form given to it by Sartorius gives very 
satisfactory results, which, however, would be rendered still more definite if 
the compass joint at the centre were replaced by a strictly geometrical bearing 
such as is used by Sartorius at the supporting points of beam and suspensions. 

An extremely trying defect of all arrestments is the adhesion of one or 
other of the supporting points to its counterpart, which causes one end of the 
beam to be pulled down a certain distance and then released with a jerk. 
Good results cannot be obtained when the arrestment develops this defect, 

and the balance must be taken to pieces 
and all the contact points cleaned (suitably 
shaped sticks of dry elder pith are best 
for the purpose) before proceeding. This 
had to be done quite frequently in the 
course of my experiments, but towards 
their end I devised a simple addition to 
the arrestment which is an absolute 
preventive of this trouble, namely, a very 
gentle “ brake ” applied to the pointer 
which is only lifted off at the end of the 
releasing movement of the arrestment. 
The “ brake ” consists of a light bent wire 
hanging from a supporting edge attached 
to the pillar, one end of the wire having 
a projecting end which is depressed by 
the arrestment when in its lowest posi¬ 
tion. The horizontal part of this wire ,bears with a force of about a centi¬ 
gramme on the pointer and keeps the balance steady until the beam and 
suspensions are quite out of contact with the supporting points. The result 
is that, even when the latter are slightly adhesive, the balance starts its 



Fig. 4.—** Brake,” A bent wire 
resting on tbe pointer keeps the 
balance steady until arrestment is 
completely released. 
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oscillations from its, actual position of rest, and that a perfectly definite arc 
of vibration becomes associated with any given difference of the two loads. 
This is essential for the complete elimination of errors arising from the 
irregular curvature and imperfect elasticity of the knife-edges. 

An extremely serious result of the action of the arrestment is that the 
knife-edges and their bearings come together, always in precisely the same 
relative position, with & finite velocity and, therefore, with a certain sudden, 
though minute, impact. The consequence is that the knife-edges gradually 
develop a distinct flat facet at the corresponding contact lines—utterly 
invisible, even under the highest powers of the microscope, but easily 
demonstrated by observation of the balance near the critical central part of 
its scale. When carefully adjusted and gently released, a balance will remain 
still in the position in which the arrestment leaves it, and will refuse to leave 
that position with an overweight in one pan which, in much-used analytical 
balances, may roach and even exceed a whole milligramme. In my small 
Sartorius balance, which had had very little ami decidedly careful use, the 
necessary overweight was recently found to amount to 0*02 mgrm., which at 
any other part of the scale would cause a change of pointer reading by about 
a whole scale division. The corresponding width of the flat facet of the 
central knife-edge (which is the chief offender) comes out at about 1/60,000th 
of a millimetre, and is therefore far beyond the limit of microscopical resolving 
power. 

Although the existence and magnitude of this grave source of error were 
only discovered after the completion of my experimental weighings, 1 fortu¬ 
nately escaped its effects because I reached the empirical conclusion in the 
earliest stages that good results were only obtainable if the time-honoured 
method of letting the balance swing to both sides of the central position in any 
one observation were abandoned, and if, instead, an ample overweight on one 
side or the other were permanently applied, so as to secure elongations entirely 
to either the right or the left side of the centre of the scale. Owing to 
the very pronounced damping effect resulting from the high sensitivity 
employed, coupled with the careful avoidance of any initial impulse, all my 
observations were thus made on those parts of the knife-edges which lie 
outside the flat facet and which consequently have a reasonably uniform 
curvature. It seems advisable to fit the finest balances with an auxiliary 
device, on similar principles to that of my w brake,” which, before the lifting 
of the brake, would push the beam into a position slightly tilted towards the 
side of the scale on which tire readings are to be taken, thus making 
absolutely sure of the avoidance of this source of error. 
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The Rider and its Scale . 

The method of the alternating position of rest which, according to my 
experiments, must be employed to secure the highest possible precision in 
mass determinations, requires very close adjustment of the equilibrium. This 
is only attainable by a light rider upon a finely subdivided scale. It is a 
remarkable fact that it has for Borne considerable time been accepted as an 
axiom by the great Continental metrological institutions that riders are 
inadmissible for their balances. As an inevitable consequence, the latter do 
not admit of eliminating the errors due to irregular curvature and imperfect 
elasticity of the knife-edges, and therefore cannot reach the highest precision. 
The objection to the rider is that its weight-value is not nearly so definite as 
that of a weight in one of the pans. But I found by direct experiment with 
heavy riders that my 200-grm. balance bad a probable error of the rider 
position of only 0 0001 of the rider-weight; therefore, with the really used 
rider weighing 1 mgrm., the probable error from this source was only 
0*0001 mgrm. for one partial weighing, and quite unimportant when com¬ 
pared with the probable error of one complete weighing of not less than 
0*0003 mgrm. It is, however, necessary to state that accuracy to 0*0001 of the 
rider-weight will only be obtained if the rider is placed squarely upon a scale 
divided by sharp and clean lines, bo that the rider actually rests in the 
V-shaped notches of the scale-divisions. A lens magnifying three or four times 
should b(* attached to the rider-shifter, so that the exact position of the rid^r 
can be sharply observed. 

General Requiremmts . 

The case in which the balance is enclosed should, of course, be draught-proof 
and would probably be greatly improved if it consisted almost entirely— 
including the foundation-plate—of thick and well-polished aluminium, so as 
to equalise the internal temperature. A separate inner case surrounding the 
beam is highly desirable. To avoid errors from radiation pressure, the 
illumination should be as restricted and as symmetrical as possible. The 
deflections are undoubtedly best determined by the reflecting method. All 
my principal experiments were made by direct pointer readings, the sensi¬ 
tivity being 12*5 divisions of approximately 1 mm. to a milligramme. One- 
fiftieth of a division was estimated and the good results obtained were 
due to my possessing the knack of mentally subdividing a scale to perhaps an 
unusual degree, my probable accidental error being decidedly less than 0*01 of 
a division. I was also assisted by the fact that the method of alternating 
deflection very largely eliminates the well-known systematic error of 
M personal scale," for example, the habit of always reading 0*56 when a 
micrometer microscope would give 0 64. 
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The Autostatic State of a Balance . 

When I first realised that I had reached an apparently unprecedented 
degree of precision in weighings, I felt compelled to examine minutely the 
whole method of observation and reduction employed, because I was myself 
highly sceptical as to the reality of the advance. Every detail bore the 
tests which I applied, with the exception of one which perturbed me for a 
long time: It was easily concluded, on the ordinary principles of statics, 
that if the level of the balance-case were to vary in the course of a set of 
partial weighings by only a few seconds of arc, this tilt alone would produce 
the whole of the probable error actually arrived at as including all sources of 
error. The balance was supported on the strongest side of the outer packing 
case in which it had originally arrived, the case being firmly screwed to a 
wall of the observing room. It seemed quite unthinkable that the table so 
formed should be firm within the minute limit called for. Eventually the 
solution of this mystery was found, and was subsequently deliberately 
applied, in order to secure extremely high accuracy with the 10-grm. 
balance when used on an ordinary dining table :— 

In a sensitive short-beam balance, the centre of gravity of the moving 
parts lies only a very small fraction of a millimetre below the axis around 
which the balance oscillates. If the central knife-edge were absolutely 
sharp, the beam would, nevertheless, take a definite orientation with 
reference to the true horizon, no matter how the balance case were tilted, 
and the pointer would therefore correctly indicate this tilt, and the 
weighings would be correspondingly falsified. The central knife-edge, 
however, is really a cylinder of about 0*01 mm. radius, and the beam 
swings round the axis, C (fig. 6), of this cylinder. The balance will be in 
stable equilibrium if the centre of gravity, G, of the moving parts is below 
the axis, C, of rotation, and there are three classes of cases. If G is also 
below the supporting plane (fig. 5a), then a tilt of the whole balance, say 
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towards the left, will shift the centre of gravity to a point to the right of a 
vertical plane, passing through the contact-line, and the balance will swing 
towards its previous orientation with reference to the horizon, but will not 
reach it, because the rolling of the edge on the supporting plane will bring 
the contact-line vertically over G l>efore that orientation is reached. The 
balance, therefore, is less sensitive to tiltings of its ease than one playing on 
an absolutely sharp knife-edge. If G is above the supporting plane, then a 
tilt of the ease towards the left will also carry G to the left of the vertical 
plane of the contact-line, and the beam will swing in the direction of the 
tilt—exactly contrary to what one would expect—■ fig. hi. Finally, if G lies 
in the contact-line, then tiltings of the case will not affect the pointer- 
readings at all, because the movable mass remains concentrated on the 
contact-line, and produces no turning moment. I propose to call this 
remarkable special case of balance-adjustment the " autostatic state,” for a 
balance so adjusted gives pointer-readings which are unchanged by tiltings 
of the case, and are therefore independent of the direction of the force of 
gravity. 

The explanation of the high accuracy obtained on the infirm support of 
my balance was found to be that the autostatic state was very nearly 
realised at the sensitivity employed in the experiments. This was not 
purely luck, for the sensitivity had been fixed at the selected value because 
it gave the most consistent results, but without any knowledge of the reason 
why it should do this. 

As the distance CG can be easily calculated from the mass of the moving 
parts and the sensitivity, the experimental production of the autostatic 
state is the easiest method of determining the radius of curvature of the 
central knife-edge. The experiment consists simply in taking the position 
of rest, then tilting the case by shortening say, the left, and lengthening the 
right footscrew, and noting whether the pointer moves in the direction 
which simple statics would lead one to expect, or in the opposite direction. 
In the first case the sensitivity must be increased by the gravity-bob, in the 
second diminished. The autoatatic adjustment is thus quickly found* For 
balances on any but the firmest foundation, the autostatic adjustment is a 
highly desirable safeguard. It ia applicable to balances read by microscopes 
or by reflection, provided that both scale and reading device are attached to 
the balance case. Balances with separately mounted scales and reading 
telescopes or lightspots are always placed on such firm foundations 
that the autostatio adjustment would not lead to any sensible gain in 
precision. 
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Monoclinic Double Selenates of the Manganese Group. 

By A. E. H. Tutton, D.Sc., M.A., F.R.S. 

(Received March 14, 1922.) 

* 

Only three salts are included in this group of the series KftM(Se 04 )j. 6 H *0 
in which M is manganese, namely, those in whioh R is rubidium, caesium, and 
ammonium, the potassium salt having resisted all attempts at preparation. 
It will be remembered that the corresponding hexahydrated potassium 
manganese sulphate has also never been obtained, and appears to be incapable 
of existence, for even at 0° 0. the tetrahydrated salt forms instead. Hence, 
it is still more improbable that the hexahydrated potassium manganous 
selenate can exist. In all the author’s attempts to prepare it, crystals 
resembling a dihydrated double selenate of potassium and manganese described 
by Tops0e were obtained instead. 

The •rubidium and caesium salts of the group are now described for the first 
time. Crystals of the ammonium salt were obtained by von Hauer and 
measured by Tops0e,* who also determined their density. But no optical 
investigation of ammonium manganous selenate has hitherto been undertaken, 
this salt not being included by Topstfe and Christiansen in their well-known 
research. 

The solution of manganous selenate used in preparing the double salts was 
obtained by digesting for several days, at the ordinary temperature in a 
covered vessel, excess of specially pure manganous carbonate with a measured 
quantity of the pure selenic acid prepared for this research by Messrs. Hopkin 
and Williams. The emulsion was finally filtered and the clear filtrate, 
consisting of a solution of manganous selenate, was divided into three portions, 
and each mixed with a solution of the calculated equi-molecular quantity of 
the alkali selenate, in one case rubidium selenate, in another case caesium 
selenate, and in the third case ammonium selenate. These three latter alkali 
selenates were prepared as described in previous communications. 

Excellent crystals, clear and transparent with a faint pink colour, were 
obtained by slow spontaneous evaporation at ordinary temperature and 
pressure, and numerous crops were obtained on successive days, from whioh 
the most perfect individual crystals were selected for the purpose of this 
research. 


* Haidor Tops0e, * Kryatallogr.-kem. Unders. o. de Selensure Salts,’ Copenhagen, 1S70. 
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Rubidium Manganese Selenate , BbiMn(SeO<)s . 6H3O. 

Crystal System .—Monoclinic. Class No. 5, holohedral*prisma tic. 

Axial Angle.—ft = 105 ° 9\ 

of Axes .—« : b : c = 0*7422 : 1 : 0'5008. 

Forms observed.—a{ 100 }, 6{010}, c{001}, p{110}, /{ 120 }, /'{210}, 

p'"{V30},y{0ll}, r'{56l},</{lll}. 

Habit .—Typically that of a rubidium salt of the series, characterised by 
moderate and often nearly equal-sized faces of <7 { 011 } with respect to those 
of <? {001}. Two typical crystals are shown in figs. 1 and 2 . The crystals of 
most of the crops were more or less tabular parallel to c { 001 }, as shown in 
fig. 2 , but a few crops showed a more nearly prismatic habit, as indicated in 
the simple crystal represented in fig, 1 . 




Fig. 1. 


Fig. 2. 


Typical crystals of rubidium manganese selenate. 


The faces of c ( 001 }, y {Oil}, and p{110} were usually the only ones well 
developed. Occasionally those of r'{201} were fairly prominent, and those 
of o'{Ill} clearly visible, as in fig. 1 . But the faces of a{100}, ft{010}, 
y{120}, p'" {130}, and |>"{210} were always very narrow, usually mere 
liues, especially the two last mentioned forms. Fig. 2 shows a crystal 
exhibiting clearly all but these last two forms. 

The crystals possessed a faint pink colour, and were beautifully transparent, 
The table of angular measurements is given on the next page. 

Cleavage .—There is a good cleavage parallel to r {201}. 

Relative Demity .—Six determinations were made by the immersion method 
using methylene iodide and benzene mixture. 


I. 

Density for 16 rj *l/4 rj ,,., 

.. 2*7615 

For 20°/. 

.... 2 *7604 

II. 

„ 16°-4/4" ... 

.. 2*7618 

it 

.... 2-7608 

in. 

„ 16°*8/4° ... 

.. 2'7642 

it 

.... 2-7688 

IV. 

„ ie > -6/4 6 .... 

.. 2-7688 

a 

.... 2*7829 

V. 

„ ie°-2/4 0 .... 

.. 2-7659 


.... 2-7849 

VI. 

„ is 4 -3/4° .... 

.. 2-7687 

j* 

.... 2-7652 


Mean . 2 '7629 

Accepted value for 20°/4°. 2*768. 
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Interfaoial Angles of Rubidium Manganese Selenate. 


Anglo. 

No. of 
measure¬ 
ments. 

Limits. 

Mean 

observed. 

Calcu¬ 

lated. 

Diff. 

i . . 


0 i of 

0 / 

JO t 

t 


fac « (100) : (001). 

4 

74 80- 74 62 

74 48 

74 61 

8 


as » (100) ; (101). 

— 

— 

— 

45 62 



SO as* (lOlj t (OOl). 

— 

_ 

— 

28 69 



e/ - (001) : (201). 

18 

68 22- 63 48 

68 83 

68 85 

2 


ct' -(001): (101). 

— 

— 

-- 

38 20 



iV - (IOl) : (201). 

— 

— 

— 

25 15 



r'a - (201) : (100). 

4 

41 80- 41 56 

41 42 

41 84 

8 


ye — (201): (001). 

19 

116 12-110 48 

116 27 

116 26 

2 


Cap “ (100) : (110). 

2 

85 29- 86 48 

86 86 

86 88 

2 


ap" - (lOO) i (2IO). 

— 

— 

— 

19 48 



p"v - (210) : (110). 

1 

— 

15 61 

16 66 

4 

i 

pfi - (110): (120). 

2 

19 27- 19 87 

19 82 

19 28 

4 


»V". (120) : (l80). 

2 

9 58- 10 2 

9 58 

9 67 

1 

J 

pfb - (120) : (do). 

— 

—. 

— 

84 64 



pp"' » (llO) : (180). 

1 

__ 

29 80 

29 26 

5 


p>"b « (180) t (010). 

— 

— 

— 

24 67 



pb =* (llO) : (OlO). 

2 

64 24- 64 29 

64 26 

54 22 

4 

i 

pp - (llO) : (llo). 

28 

71 4- 71 27 

71 16 

• 


i 

pp (110) : (110). 

28 

108 82-108 67 

108 46 

108 46 

0 

j 

cu -(001): (Oil). 

41 

25 89- 25 67 

26 48 

# 



qh (Oil) : (OlO). 

— 

— 

— 

64 12 



qq - (Oil) : (OH). 

21 

128 14-128 89 

128 24 

128 24 

0 


fao * (100): (111). 

— 

— 

— 

49 4 



oq « (111): (Oil). 

—. 

— 

— 

27 19 


< 

aq «■ (lOO) ; (Oil). 

— 

— 

— 

76 28 



qo‘ - (Oil) : (Ill). 

— 

— 

— 

34 88 



ya - (ill) : (lOO). 

— 

— 

— 

69 4 



fco - (001): (111). 

_ 


— 

84 86 



op - (ill) : (llOV. 

— 

— 

— 

| 48 9 



ep « (001) : (llO). 

40 

77 35- 77 66 

77 44 




po‘ - (llO) : (111). 

5 

67 81- 57 47 

67 40 

! 57 44 

4 


o’c - (ill) : (OOI). 

6 

44 28- 44 48 

44 86 

j 44 82 

4 


j pe - (llO) : (OOI). 

40 

102 8-102 29 

102 16 

I 102 16 

0 

\ 

Cb» - (010): (121). 

_ 

j 

— 

! 64 18 



| no *»(l21): (ill). 

— 

— 

— 

15 66 


| < 

} bo - (OlO) i (ill). 

— 

— 

— 

70 14 



lot -(ill): (lOl). 

— 

— 


19 46 


i 

r to' -(010): (Ill). 

_ 

— 

— 

66 17 


i i 

oV - (ill) : (loi). 

— 

— 

— 

24 48 


i 

[ O'O' - (ill) : (ill). 

1 

— 

— 

49 26 



r*q - (101) : (Oil).! 

j 

— 

— 

86 2 



1 qp - (Oil) : (HO). 

40 | 

86 14- 86 42 

86 28 

86 26 

2 


|j» - (110) : <101$. 

_ 1 

— 

— 

66 82 



l>j - (110) , (on). 

40 

98 21- 98 48 

98 81 

9% 84 

8 


ft'q -(101): (Oil). 

_ 

— 

— 

46 4 



qn « (Oil): (lai)...,.. 

— 

— 

—* 

26 41 



up -(121) : (no). 

— 

— 

— 

86 66 



qp - (Oil): (110). 

40 

68 16- 68 47 

63 84 

68 86 

2 


p/ -(no):(lOl). 

_ 

— 

— 

71 20 


1 

u>q - (HO):(Oil). 

40 

116 10-116 42 

116 26 

116 24 

2 

| 

Vo' - (SOI) : (Ill). 

7 

84 87- 84 46 

84 40 

34 46 

6 

J 

o'p — (Ill) : (no) . 

6 

92 86- 92 53 

92 48 

92 42 

1 

i 

pS -(llO):(»Ol). 

80 

52 24- 52 49 

62 37 

62 88 

4 


yp — (201) : (iio). 

34 

127 10-127 34 

127 28 

127 27 

4 

Total (11 crystals) ... 

490 

_ j 
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Molecular Volume.—— - = 222-92. 

a 27oo 

Molecular Distance Ratios (topic axial ratios).— 

X : f : *> = 6-3383 : 8 5332 : 4'2734. 

Orientation of Optical Ellipsoid. —Plane of optic axes 2>{010}. Sign of 
double refraction, positive. The first, median line is the y axis of the 
indieatrix, and the second median line is a. 

Extinction Direction (Axis «) in Symmetry Plane. 

Plate 1. 1 ° 51', Plate II.2° 12 ', Mean.2° 2', 

behind the normal to c( 001 ), towards the vertical axis c. 

As that normal is 15° 9' in front of the vertical axis, the second median 
line, the extinction direction in question, is 13° 7' in front of the vertical 
axis c. The first median line lies 2° 2' above the axis a. Both median lines 
thus lie in the obtuse axial angle ac. Fig. 3 will render the conditions clear. 



Optic Axiqjl Angle .—Results with three pairs of section-plates perpen¬ 
dicular to the two median lines. 


Apparent Optic Axial Angle in Air, 2E, of RbMn Selenate. 


Light. 

Plat* I. 

Plate XI. 

put. in. 

Mean 2E. 

u.. 

113 T 

0 / 

112 12 

H°2 20 

112 22 

* ^ 0 f 

112 U 

112 12 

112 24 

112 85 

112 43 

c.. 

113 2 

112 13 

Na .! 

112 H 

112 24 

112 36 

XI .1 

113 23 

112 36 

112 47 

112 54 

Cd . ! 

112 32 

112 44 
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Determination of True Optie Axial Angle in Bromonaphthalene. 


Light. 

No. of plate 
perp. 1M.L 

Observed 

2H*. 

No. of plate 
perp. 2 M.L. 

Observed 

2IL. 

Calculated 

2 V*. 

Mean 

2V*. 



o / 


/ 

o / 




69 46 

la 

99 86 

60 141 


Li. 


59 IS 

2 a 

99 46 

65 48 y 

66 5 


t». 

59 44 

Za 

99 88 

66 12 J 


fl . 

59 44 

la 

99 32 

66 141 


C . 

\ 2 . 

59 16 

2 a 

99 43 

65 48 [ 

66 5 


is . 

59 42 

da 

99 84 

66 12 J 



fl. 

59 33 

la 

99 12 

66 131 


Na . 


59 4 

2a 

99 25 

66 45 y 

66 2 


la. 

59 26 

3 a 

99 11 

06 8 J 



1 fl . 

59 16 

la ! 

98 40 

66 121 


T1.| 

1 J 2 . 

56 46 

2a 

98 51 

05 43 V 

66 0 

i 

U. 

59 10 

8a 

98 60 

66 4 J 


i 


59 4 

la ! 

98 23 

66 91 


Cd . | 

i 2 . 

58 36 ! 

2 a j 

98 32 

65 42 

65 57 

| 

IS . 

58 56 

3 a ! 

96 28 

00 oj 


i 


58 46 

la 

98 3 

06 21 


F . 

\ 2 . 

! €8 25 i 

2a 

98 14 

65 41 y 

65 52 

.i 

13. 

1 68 88 ' 

3a 

98 11 

65 52 J 



Dispersion of the Median Lines .—This is very small, measurements in 
monochlorobenzene (of similar refractive index) having indicated that the 
first median line lies nearer to the inclined axis a by 8 minutes for red 
C hydrogen light than for green cadmium light. 

Effect of Temperature on Optic Axial Angle, —Determinations at a series 
of temperatures up to 75° C. indicated that the optic axial angle in air, 2E, 
diminishes by 3£° for the 60° of rise of temperature, from 15° to 75° C. 

Refractive Indices. —Determinations obtained with six 60°-prisms ) each 
ground to afford two indices directly, afforded the following mean values. 


Refractive Indices of Rubidium Manganese Selenate. 


Light. 

a. 

8 . 

7- 

Li. 

1 *5059 

1*5106 

1*6220 

0 . 

1 -5064 

1*6110 

1*6226 

Na . 

1*5094 

1*6140 

1*5266 

T1. 

1*5126 

1 '5172 

1*5292 

Od . 

1 *5143 

1*6190 

l *6312 

F . 

1 *6168 

1*5210 

1 *5832 

<* ... 

* i 

1 *5226 

1 *5270 

1*5396 


Mean of «, 8, and y for Na lfghfc ** 1 *5164. 
a <** Vibration direction parallel to second median line, 18° 7' in front of axis c. 
8 - „ „ „ symmetry axis b. 

y „ „ first median line, 2° 2' above axis a. 

Double refraction, Na^-* * 0*0164. 
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General formula for /S, corrected to a vacuum 


/9 = 1-4978 + 


623 971 

X 1 


1 663 300 000 000 , 
-_ + 


The a indices are also reproduced by the formula if the constant 1*4978 be 
diminished by 0 0046, and the 7 indices if it be increased by 0*0118. 

Observations at 6 6 ° indicated that the refractive indices diminish with rise 
of temperature, to the extent of 0*0013 for 60° rise of temperature. 

Aodal Ratios of the Optical Ellipsoid — 

« : /3 : 7 = 0-9969 : 1 : 1 0078, a : b r C = 1*0031 : 1 : 0*9923. 


Molecular Optical Constants. 



Axis of optical indicatrix. 

a. 

a. 

y - 

Lorenz . 

Gladstone... 

Specific refraction, « n. 

1 (»* + 2 )d l<* 

Molecular refraction.• -r w,../£ 

J » 3 *f 2 d 

Specifio dispersion, no ~itc . 

Molecular dispersion, mo — me ... 

Molecular refraction, M .C 

d 

O *1076 
0*1105 
66*27 

68 '04 
0*0029 
1*77 

112 *88 

0*1064 

0*1113 

66*78 

68 *58 
0*0029 
1*75 

118*91 

0-1106 

0*1185 

68*06 

69 *00 

0 0080 
1*84 

116 *60 


Mean moleoular refraction (Gladstone), { (a+ £ + 7 ) ** 114 *48. 


Caesium Manganese Selenate , Cs a Mn(Se 04) 8 . 6 H a O. 

Crystal System. — Monoclinic. Class No. 6 , holohedral-prismatic. 

Axial Angle .—£ = 106° 22'. 

Ratio of Axes .— a : l : c = 0*7319 : 1 : 0*4957. 

Forms observed.—a{100}, b{ 010), c{001}, p{110}, /{I20}, p"'{ 130} t 
?{ 011 },»-'{ 201 } ( o'{Ill}. 

Habit. —That characteristic of the caesium salts of the series, namely, more 
or less narrow c{001} faces, broader ^{OH} faces, and only moderately 
prominent p { 110 } faces, scarcely ever tall enough to impart prismatic habit 
parallel to the vertical axis, although the crystals are often prismatic parallel 
to the inclined axis a. Fig. 4 represents a typioal orystal. 



Pro. 4. Fro. 5. 

Typical crystals of cnsium manganese selenate. 
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The/{201} faces were almost always better developed than usual, and 
sometimes were as relatively large as shown in fig. 5. Faces of the subsidiary 
prisms p' {120}, and £>'"{130}, were nearly always present, and the hemi- 
pyramid o'{Ill} faces were also ubiquitous and often quite well developed. 
The clinopinakoid 5 (010} was sometimes present as a fairly broad strip, but 
usually was very narrow or absent. The orthopinakoid a {100} was only 
found as a very narrow strip, practically a line. A table of angles is given on 
the next page. 

The crystals of this salt are particularly brilliant and transparent, and 
exhibit a faint pink colour. 

Cleavage .—That common to the series, parallel r {201}, perfect. 

Relative Density .—Six determinations were carried out by the immersion 
method on crystals small and perfectly clear. 


L Density for 18° ‘2/4° ... 

... 8-0086 

For 20°/4° ... 

... 8*0081 

n. 

17°‘6/4° ... 

... 3 0087 

11 

... 8-0080 

in. 

IS”-6/4* .... 

. 30129 

1? t . . 

... 8-0116 

IV. 

17°*6/4° .... 

.. 8-0106 

M »•* 

... 8*0098 

V, 

17°-4/4° .... 

.. 3*0094 


... 8 0086 

VI. 

17°*0/4 O .... 

.. 8*0094 

tf 

... 3*0087 




Mean 

.. 3*0088 


Accepted value for 20°/4°.3*008. 

Molecular Volume.— = = 236 01. 

d 3-008 

Molecular Distance (topic axial) ratios.— 

x : : <u = 6 4297 : 8-7850 : 4 3547. 

Orientation of Optical Ellipsoid .—Plane of optic axes 5(010}. Sign of 
double refraction positive. The first median line is the y axis of the 
indicatrix. and the second line median is «. 

Extinction Direotion (2 M.L.) in Symmetry Plane. 

Plate I......5° 52', Plate II.5° 45'. 

Mean extinction angle. 5° 49', 

in front of the normal to c{001} and away from the vertical axis c. As that 
normal is 16° 22' in front of the vertical axis, this extinction direction, whioh 
is that of the second median line, is situated 22° 11' iu front of the vertical 
axis c. The first median line is 5° 49' below the axis a. These dispositions 
will he dear from fig. 6. 
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Interfacial Angles of Caesium Manganese Selenate. 


Angle. 



ap -(100): (110) 
ap" = (100) : (810). 
/> - (210) : (110) 
pp' - (110): (120). 

| tfp’" — (120) : (180) 

A pb = (120) : (010) 
pp’" - (110): (130). 
p"'b - (130): (010) 
pb - (110) : (Oil)) 

pp - (110) :(1I0).. 

Li>i> — (110) : (T10). 

ctj =(001): (Oil) 
qb -(0X1); (010) 
qq - (Oil): (Oil) 


oq 
S aq 

\*f 


~ ( 100 ) : ( 111 ) 

- (Ill) : (Oil) 
« (100) : (Oil) 

- (Oil) : (Ill) 
* (Ill) : (TOO) 


fro m (pOX) : (111)... 

op “ (111) : (no),.. 

ep » (001) : (110) ... 

1 pp' - (llO) : (ill).., 
o'o •- (ill) : ( 001 )... 
pe - (llO) :(00I)... 



No. of 
mcftiure- 
menta. 

Limits. 

Mean 

observed. 

Calcu¬ 

lated, 

D iff. 



0 / 

.0 < 

t 

4 

78 29- 78 42 

78 86 

78 88 

8 

— 

— 

— 

44 69 



— 

— 

28 89 


17 

64 26- 64 48 

64 86 

04 86 

0 

— 


— 

38 48 


— 

_ 

— 

26 47 


8 

41 25- 42 6 

41 60 

41 47 

8 

17 

116 10-116 34 

116 25 

116 26 

0 

2 

34 56- 35 4 

36 0 

86 4 

4 

_ 


— 

19 20 


_ 

_ 

— 

15 44 


14 

19 10- 19 48 

19 27 

19 28 

1 

2 

9 45 10 14 

10 0 

10 8 

8 

7 

36 20- 36 46 

36 85 

85 28 

7 

4 

29 16- 30 2 

29 81 

29 81 

0 

4 

26 2&~ 26 86 

26 80 

25 25 

5 

17 

64 42- 65 17 

64 67 

64 56 

1 

21 

70 0- 70 19 

70 7 

« 


22 

109 82-109 69 

109 61 

109 63 

2 

39 

26 18- 26 37 

26 20 

w 


16 

64 27- 64 30 

64 84 

64 84 

0 

18 

128 56129 14 

129 7 

129 8 

1 


. 

_ 

48 7 


—. 

_ 

.— 

27 0 


— 


— 

76 16 


— 

.... 

— 

85 3 


. 


— 

69 42 


j 

1 


84 5 


__ i 

1 

— | 

42 86 


38 

76 22- 76 49 

76 40 

* 


31 

58 15- 68 48 

68 26 

68 27 

1 

82 

44 32- 45 18 

44 68 

44 63 

0 

38 

103 8-103 38 

103 20 

103 20 

0 

— 

_ 

— 

64 68 


— 

— 


16 48 


— 

— 


70 41 


— 

— 

— 

19 19 


24 

65 19- 66 31 

66 26 

65 28 

8 

— 

— 

— 

24 87 


9 

49 5- 49 19 

49 12 

49 14 

2 

— 

_ 

_ 

87 85 


40 

«7 86- 88 8 

87 60 

87 48 

2 

— 

— 

— . 

64 87 


40 

91 57- 92 23 

92 11 

92 12 

1 

— 


— 

46 16 


— 

— 

— 

26 26 


— 

— 

— 

36 30 


42 

62 46- 63 2 

62 55 

02 66 

1 

— 

— 

— 

71 48 


41 

116 58-117 14 

»-« 

-T 

Ot 

117 4 

1 

30 

i 34 49- 36 15 

86 1 

86 .8 

2 

30 

92 20- 92 48 

92 86 

92 84 

1 

82 

62 17- 62 40 

62 24 

62 28 

1 

32 

127 16-127 42 

127 86 

127 87 

1 

j 671 





























































Monoclinic Double Sdenates of the Manganese Group. 238 



Optic Axial Angle .—Results with three pairs of plates ground perpen¬ 
dicular to the first and second median lines. 


Apparent Optic Axial Angle in Air, 2E, of OsMn Selenate. 


Light. 

1 Pla6e 1. 

Plate 2. 

Plate 8. 

J Mean 2E. 

Li. 


0 / 



121 27 

110 46 

121 80 

120 64 

C. 

121 28 

119 42 

121 26 

1 120 60 

Na . 

120 4& 1 

119 18 

121 0 

120 22 

T1. 1 

120 29 

119 8 

120 42 

120 5 | 

Cd .i 

120 8 

118 60 

I 120 18 

119 41 { 


Determination of True Optic Axial Angle in Bromonaphthaleue. 



No. of plate 

Obierved 

| No, of 

date 

Observed 

i 

Calculated 

Mean 

Xjlgilt. 

perp. 1 M.L. 

2H fl . 

perp. 2 

M.L. 

an,. 

2V a . 

2 V*. 



0 t 




o / 

O f 


rx. 

62 66 

la 


08 81 

60 81 


Li. 

i 2 .. 

62 66 

2a 


08 54 

68 69 } 

69 3 


L8. 

63 6 

8 a 


90 4 

69 2 J 



02 61 

la 


08 29 

69 5*) 


C. 

4 2 .. 

62 62 

2a 


08 60 

68 67 } 

69 1 


Is . 

ea i 

8 a 


00 1 

69 Oj 



ri. 

62 SO 

la 


08 16 

68 641 


Na . 

4 2 . 

62 28 

2a 


98 21 

68 60 y 

68 40 


Is . 

62 82 

8 a 


08 46 

68 44 J 



1 ri. 

i 61 66 

i la 


08 4 

68 821 


H. 

4 2 .... 

61 60 

2a 


97 66 

08 88 i j 

68 88 


IS . 

62 8 

, 8a 


08 80 

68 28 J | 


* 

! n. 

! 61 28 1 

la 


97 66 

68 141 


0 d . 

4 2 . 

61 31 

1 2a 


97 48 

88 20 V 

68 17 


18 . 

61 46 

8 a 


08 24 

68 17.1 




61 7 

la 


07 46 

68 21 


F. 


6i n 

2a 


07 80 

68 11 } 

68 6 


Is . 

61 22 

3a 


98 14 

68 2 J 
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Dispersion of the Median Lines. —The first median line is dispersed so that 
for cadmium green light it iB 10 minutes nearer to the axis a than for red 
C-light. The determination was made during immersion of the section plate 
1, 2, or 3 in methyl salicylate, the refraction of which is almost exactly the 
same as the mean refraction of the crystal 
Effect of Temperature on Optic Aerial Angle .—On heating one of the section- 
plates gradually to 70° C., the optic axial angle in air 2 E diminished to 115° 5' 
for sodium light, a diminution of 5° for 55° of rise of temperature. 

Refractive Indices. —Results with six 60°-prisms, each ground to afford two 
indices directly— 


Refractive Indices of Cesium Manganese Selenate. 


Light. 

- 

a. 

0- 

7- 

Li. 

1 -5215 

1 *6248 

1 *6801 

O. 

1-5220 

1 *5248 

1*6800 

Na . 

1-6260 

1*6279 

1*5338 

T1 . 

1*6288 

1*6812 

1*6873 

Cd . 

1*6802 

1*6881 

1*5394 

F . 

1*6828 

1*5860 

1 *6416 

a . 

1*6879 

1*5405 

1*6471 


Mean of o, 0, and y for Na light « 1 '6289. 
a ~ Vibration direction parallel to second median line, 22* IV in front of axis c. 

& * n »» » symmetry axis b . 

y »i >i t t fiwt median line, 6° 49' below axis a. 

Double refraction, Na^. * 0*0088. 

General formula for the intermediate refractive index corrected to a 
vacuum (correction 4 - 0*0004):— 

ff « 1-5112 j- 641 Q 68 - 1 6 *6 000 000 000 , 

A* 

The a indices are also reproduced very closely by the formula if the 
constant 1*5112 be diminished by 0*0029 and the 7 indices if the constant be 
increased by 0*0059. 

• Obsei'vations at 65° C. showed that the refractive indioes are diminished by 
about 0*0013 (varying from 0*0011 for « to 0*0016 for 7 ) for 50° rise of 
temperature. 

Axial Ratios of the. Optical Ellipsoid — 

« : 0 '■ 7 “ 0*9981:1 : 1*0039, a : b : t * 1*0019 :1 : 0*9961. 
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Molecular Optical Constant*. 


Loren* .' Specific refraction, 


# 5 -1 


Gladstone. 


Molecular refraction, - 


dioatrix. 

j “• 

0. 

y- 


JO i 0 *1014 

O 1018 

0 *1028 

Id ”. 

l<3 01040 

0*1044 

0 *1064 

1 M 

JC j 71-98 

72-80 

72-97 

— , - aa tit,, 

2 d 

\g! 78-81 

74-10 

74 *86 

o . . 

.1 0-0028 

0-0028 

0*0026 

— flic . ■. 

. 1*88 

1-80 

1*89 

■ M . 

...Cl 133*20 

123 -88 

126 *28 


Mean molecular refraction (Gladstone), | (a + /3 + *y) ** 124 ’10. 


Ammonium Manganese Selenate (NH 4 )aMii(Se 04 )a. 6H a O. 

Crystal System. —Monoclinic. Class No. 5, holohedral-prismatic. 

Axial Angle .—/? * 106° 16'. The value found by Tops0C was 106° 14'. 
Ratio of Axes,—a : b ; c =s 0*7427 : 1 : 0*4994. 

Tops0e’8 values 0’7416 : 1 : 0*4979. 

Forms observed ,—a{100}, &{010}, c{00lj, p{110}, p'{120}, p"{210}, 
i>'"{130}, ${011}, ©'{111}, r'{201}, n'{l 21}. 

The forms a and p n were not observed by Tops0e. 

Habit .—A great variety of habit is exhibited by this salt, but figs. 7 and 8 
are typical illustrations. A mow or less tabular form, parallel to a pair of 



eitherc{001},#{110}, or /{201} faces(see fig. 3, p. 250,illustrating ammonium 
cadmium selenate), is common. Occasionally a prismatic habit parallel to 
the vertical axis is observed, like fig. 7 but more elongated vertically. The 
#{011} faces show every variety of relative size, from small (characteristic of 
tlie potassium salts of the series) to about as large as the c faces (characteristic 
of the rubidium salts), as shown in figs. 7 and 8. Very often no faces are 
apparent but those of c{001}, ${011}, p{110} t and r'{201}. The subordinate 
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prism-faces /{ 120 }, jt/"{130}, and p"{ 210 } were usually mere lines, but in 
certain crops of larger crystals quite large faces ofj?'{ 120} andp"'{130} were 
present, as shown in tig. 8. The faces of the hemi-pyraraid o'{Ill} were 
often fairly considerably developed when present at all, but the rarer form 
n'{ 121 } was never developed sufficiently to afford measurements more than 
merely adequate for identification. The results of the measurements Are 
given on the next page. 

The crystals were beautifully clear and transparent and exhibited a faint 
pink colour. 

Cleavage, —The usual cleavage parallel to r'{S01} common to the serieB is 
exhibited, and also an even more perfect one parallel to &{ 010 }, 

Relative Density .—Six determinations were made by the immersion 
method, with excellent small crystals. 


I. Density for 18°'9/4° .... 

.. 2-1606 

For 20°/4° ... 

.. 2-1604 

n. 

18’-2/4’ ... 

.. 2-1551 

,, ,,, 

.. 2 1547 

III. 

19°-1/4° ... 

.. 2-1614 


.. 2 1612 

IV. 

19° '1/4° .... 

.. 2 *1502 


.. 2 *1560 

V. 

19°-8/4° .... 

.. 2-1598 


.. 2*1598 

VI. 

19° -6/4° ... 

... 2*1578 


.. 2*1577 




Mean ... 

... 2*1583 


Accepted value for 20°/4°. 2 * 168 . 

Molecular Volume.— M = = 223'35. 

d 2158 

Tops 0 e obtained the lower value 2-093 for the specific gravity, and con¬ 
sequently also a molecular volume too high, namely, 232 2 . 

Molecular Distance (topic axial) ratios.— 

X : f : = 6 3577 : 8 5603 : 4*2750. 

Orientation of Optical E!I ip.said. —Plane of optic axes b {010}. Sign of 
double refraction, positive. The first median line is the 7 axis of the 
indicatrix, and « is the second median lino. 

Extinction Direction (2M.L.) in Symmetry Plane. 

Plate I...13° 12 ', Plate II...13° 20', Plate III... 12 ° 10', Mean...12° 64', 
behind the normal to e {001}. As the normal to c{001} lies 16° 16' in front 
of the vertical axis c, this extinction direction, which is the second median 
line, lies 3° 22' in front of the vertical axis. The first median line lies 
12° 54' above the axis a. Both median lines thus lie in the obtuse axial 
angle ax, Fig. 9 will render the conditions clear. 
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Interfacial Angles of Ammonium Manganese Selenate. 


Angle. 


fae - (100): (001). 
<W «* (lOO) ■ (1011. 
to - (lOl) : (ooi). 

cr' - (001) : (201). 
o' - (001) •.(101). 
«V - (101) (20l). 
r'a - (201) : (TOO). 
ye - (201) : (00l) 

(ap - (100) : (110). 
ap" = (100)r(210). 
p"p - (210): (110). 
/-;/ = (110): (120). 
p l - (120) : (010) 

- pp'"m ( 110 ) : (iso). 

p'"b = (130) : (oio) 
p'p '"- (120) : (130). 
pb — (110) : (Oio). 
PP (lio) : (llo). 
Ipp - (110): (110). 

fey - (001) : (Oil). 
( qb = (Oil) : (OIO). 
I m - (Oil) : <01T). 

fao - (100): (111)., 
\oq = (111): (Oil). 
\aq - (100) : (Oil).. 

?o' - (Oil): (Ill).. 
x^o'a ™ (ill) : (TOO)., 

feo - ( 001 ) : ( 111 ).. 
I op m (111): (no).. 
lop = (00l):(ll0)., 
1 po' rn (lio) : (nl)., 
| o'c - (lll)i(OOl).. 
Ipe (HO) : (oOl).. 

(bn - (010): (121) .. 
I no ~ (121) : (1111.. 

I bo - (ulO)i(m).. 

I 08 — (111) : (101).. 

( bn' - (010): (121) .. 

«*V - (121): (Til)., 
( bo' - (010), (Ill).. 

I ov - hii),hoi).. 

loV - (Ill): (Ill).. 

101) : (Oil),. 
Oll):(l2l).. 
(121) : (IIO).. 
qp - (Oil) t (110).. 
p* - (110) : (IOl) 
pq - (I10):(OI1).. 

*‘q ■» (IOl): (Oil)., 
qn - (On)i(ISl).. 
np - (121): (IIO).. 
qp - (Oil):(llO),. 

J»V - (110) < (101).. 
pq - (no) : (Oil) . 

r'o' - (201) : (Ill).. 

- (Ill) : (lio).. 
pf' - (110): (SOT).,, 
*•> - (i0l):(110).., 

Total (11 crj«t*l.)., 


:g 

- a 


No. of 
measure- 
menu. 

Limits. 

Mean 

observed. 

Calcu* 

Jnted. 

Diff. 

Topsfte** 

values. 


Of Of 

0 / 

0 / 

j 

o / 

3 

73 80- 78 68 

73 44 

73 44 

6 

73 40 

— 

— 


45 14 



— 

— 

— 

28 30 

— 


20 

63 58- 64 25 

64 10 

64 12 

2 

64 8 

— 

— 

— 

38 28 

—■ 

! 

— 

— 

— 

25 44 

— 

! 

2 

41 64- 42 16 

42 5 

42 4 

1 


20 

115 85 -116 3 

115 50 

116 48 

2 

116 62 

6 

85 28- 86 34 

85 27 

35 20 

2 


1 

— 

19 40 

19 37 

3 


1 

.... 

15 54 

15 52 

2 


1 

— 

19 25 

19 28 

3 

19 28 

J 


86 6 

35 3 

8 

85 5 

3 

29 12- 29 82 

29 21 

29 27 

0 

29 28 

2 

24 69 - 25 1 

25 0 

25 4 

4 

25 6 

—* 

_ 


9 59 

— 

10 0 

27 

54 8- 54 46 

54 81 

64 31 

0 

64 33 

22 

70 42- 71 16 

70 68 

* 

— 

70 64 ; 

20 

108 41-109 28 

109 8 

j 109 2 

1 

j 100 6 

42 

26 22- 26 60 

26 37 

# 

— 

25 33 

31 

64 12- 64 88 

04 24 

64 23 

1 

64 27 

20 

128 24-129 18 

128 47 

128 40 

1 

128 54 

— 

__ . 


48 25 

— 


1 _ 

_ 


26 57 

, — 


i _ 



76 22 

..... 

75 23 

— 



34 43 

— 

84 40 

— 

—- 


09 65 

. — 





84 6 

— 

i 

— i 



1 42 44 


1 

42 | 

76 38- 77 8 

76 49 

* 

— 

76 50 

22 ! 

68 12- 68 61 

! 58 38 

1 58 27 

6 

I 

22 

44 21- 46 12 

44 88 

j 44 44 

! 0 

44 38 

42 

108 0-108 26 

103 11 

j 103 11 

! ° 

103 10 I 

_ 

_ 

— 

54 39 




_ 

— 

| 16 50 

j 


— ! 

_ 

— 

! 70 20 

_ 


— ! 

— 

— 

19 81 

i ~~ 

1 

_ 


___ 

47 14 


| 



— 

17 67 

i _ 

i 

14 

65 O- 05 28 

66 12 f 

65 11 

! 1 

65 15 


_ 

— ! 

24 40 

— 

24 45 

8 

49 35- 49 40 

49 86 ! 

49 88 

0 

49 29 


_ ’ 

| 

37 35 





1 

35 48 

— j 



i 

— 

51 41 



34 

87 18- 87 89 

87 28 j 

87 24 

4 

87 26 


_ [ 

— < 

56 1 

— 

j 

84 

92 22- 92 40 

92 84 | 

92 36 

2 

i 

_ 

_ 

_ j 

45 5 

— 


_ 

_ 

_ . : 

20 18 

— 


_ 


_ 

SC 82 

— 


37 

62 41- 68 6 1 

62 66 

62 50 

5 

62 54 

— 

_ | 

— 

72 5 

— 


87 

110 49-117 10 t 

117 6 

117 10 

6 


28 

34 60- 86 48 ! 

35 11 

85 9 

2 

35 5 

20 

01 47- OS 16 

91 59 

92 3 

4 


41 

62 25- 53 0 

62 49 

52 48 

1 

62 40 

41 

129 50-127 30 

127 11 

127 12 

1 

127 11 

684 
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Optic Axial Angle ,—The results for 2E and for 2H a , 2H., and the true 
angle 2V a , from three pairs of plates, ground perpendicular to the two 
biseotrices, are given in the next two tables. 


Apparent Optic Axial Angle in Air, 2E, of AraMn Selenate. 


Light. 

Plate I. 

Plate II. 

Plate III. 

Mean 2E. 

Li. 

US 38 

U& 86 

128 6 k 

126 42 

0. 

118 89 

119 41 

124 2 

120 47 

Na ... 

; 119 54 

121 4 1 

124 82 

121 50 

T1. 

120 45 

i 122 28 

125 41 

122 58 

Cd . 

121 25 

! 123 10 

120 25 

123 40 


Determination of True Optic Axial Angle in Bromonaphthalene. 



No. of 

plate 

Observed 

No. of plate 

Observed 

Calculated 

Mean 


perp. 1 

M.L. 

2H„. 

perp. 2 M.L, 

2H.. 1 

2V„. 

2V*. 




O , 


O / 

O 0 

a * 


fl .. 


63 80 

la 

97 10 

70 111 


Li. 

J 2 


68 36 

2a 

97 11 

70 10 l 

70 17 


8 . 

68 54 

3a 

96 62 

70 82 I 


fl .. 


08 36 

la 

97 6 

70 121 


*C . 

i 2 


68 84 

2a 

97 9 

70 10 ► 

70 18 


1 a . 

63 58 

3a 

96 49 

70 88 J 



fi.. 


68 27 

la 

96 80 

70 211 

. 

Na . 

1 2 •• 


68 27 

2a 

96 51 

70 12 V 

70 28 


is 


68 42 

8a 

96 26 

70 85 J 

j 


fl .. 

., f 

68 18 

1 la 

96 0 

70 28] 

1 

T1. 



68 8 

I 2a 

96 11 

70 15 V 

j 70 28 


U .. 


68 81 

| Sa 

95 51 

#v *0 f 

70 40) 


fi .. 


08 10 

j la 

95 84 

70 221 


Cd . 

1 2 .. 


62 56 

2a 

95 40 

70 181 

70 81 


18 .. 


68 24 

| 8a 

95 87 

70 42 J 


fl .. 


63 0 

la 

95 0 

70 29] 


P. 

i 2 


62 40 

2a 

95 10 

70 20 V 

70 84 


L». 

08 14 

8a 

95 16 

704»| 
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Dispersion of the Median Lines. —This was determined by immersion in 
monochlorobenzene, the refractive index for which is close to the mean 
index for the crystals. It was found to be so small, less than 5 minutes, 
that it was not possible to be certain of its sign, different plates showing 
the first median line to be nearer to axis a for red and blue respectively. 

Effect of Temperature on Optic Axial Angle .—The angle in air 2E decreased 
6 ° 40' to 115° 10' for sodium light, on raising the temperature of the section- 
plate gradually from the ordinary temperature (15°) to 75° C. 

Refractive Indices .—Kesults with six 60°-prisms, each ground to afford 
two indices directly— 


Kefractive Indices of Ammonium Manganese Selenate. 


Light. 

«• 

0. 

* 

Li. 

1 *6124 

1 5168 

1*5249 

C. 

1 6129 

1 *5109 

1*5255 

Na . 

1 *6160 

l*5202 

X *5288 

T1.! 

1*5194 

1*5287 

1*5323 

od.; 

1 '6214 

1*5256 

1 *5343 

F. 

1 *6285 

1*6270 

1 ‘6864 

a. 

1*5294 

1 *5340 

1 *5429 


Mean of a, ft, and y for Na light »* 1 ‘5217. 


a Vibration direction parallel to second median line, 3° 22' in front of vertical axis c. 
ft m „ „ „ symmetry axis b . 

7 *= „ „ „ first median line, 12* 64' above inclined axis a . 

Double refraction, Xa,-. » 0-0128. 

General formula for ft corrected to a vacuum :— 


£« 1-5023 + 


690 197 1 906 400 000 000 


X* 


X 4 




The a indices are equally well reproduced by the formula if the constant 
1*5023 be diminished by 0*0042, and the y indices if it be increased by 0*0086. 

Observations at 65° indicated that the refractive indices of ammonium 
manganese selenate diminish by about 0*0010 for a rise of temperature of 50°. 
Axial Ratios of the Optical Ellipsoid .— 


a : /9 : 7 « 0*9972 : 1 : 1*0057, a : b : t « 10028 : 1 : 0*9944. 
Molecular Optical Constants. 



Axis of optical indicatrix. 

ft. 0. 

y * 

Lorens . 

Gladstone,.. 

Specific refract ion, - ».{ & 

Molecular refraction, ~ « m £ 

Specific diiperaion, m — no . 

Molecular dispersion, mo — mo. 

Molecular refraction, M . O 

a 

0-1398 0*1402 

0 1430; 0*1440 

07*12 ! 07*50 

68*93 i 69*48 
0*0087 i 0*0088 

1 *81 ! 1 '87 

114*65 ! 115*46 

1 

0 1422 

0 1460 
68'51 
70-89 
0-0088 
1-88 

117-87 


Mean molecular refraction (Gladatone), ) (« + S + 7) * 115*79. 
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Comparison of Results. 

Habit .—The crystals of the rubidium and cceeium salts exhibit the habits 
which are respectively characteristic of rubidium and cmsium salts throughout 
the whole series of double sulphates and selenates. 

Crystal Elements and Angles .— 


Comparison of the Interfacial Angles. 



RbMu Belenate. 

OaMn selenafce. 

AmMn melenafco. 

O f 

74 51 

O i 

78 38 

C J 

78 44 

45 52 

44 59 

45 14 

28 59 

28 39 

28 80 

68 85 

64 35 

64 12 

88 20 

88 48 

88 28 

25 15 

25 47 

25 44 

41 34 

41 47 

42 4 

35 38 

35 4 

36 29 

19 43 

19 20 

19 37 

15 55 

16 44 

15 62 

19 28 

19 28 

19 28 

34 54 

35 28 

85 8 

29 25 

29 31 

29 27 

24 67 

26 26 

25 4 

9 67 

10 3 

9 59 

54 22 

64 66 

54 81 

25 48 

25 26 

26 87 

64 12 

64 34 

64 28 

49 4 

48 7 

48 26 

27 19 

27 8 

26 67 

76 23 

75 15 

76 22 

84 33 

$5 8 

84 48 

69 4 

69 42 

69 55 

34 36 

84 6 

84 5 

48 9 

A2 86 

42 44 

77 44 

76 40 

76 49 

57 44 

58 27 

58 27 

44 82 

44 68 

44 44 

64 18 

54 58 

54 89 

16 66 

16 48 

10 60 

70 14 

70 41 

70 29 

19 46 

19 19 

19 81 

66 17 

65 23 

66 11 

24 43 

24 87 

24 49 

88 2 

37 36 

87 35 

86 26 

87 48 

87 24 

65 32 

64 87 

66 1 

46 4 

45 16 

45 5 

26 41 

26 26 

26 18 

86 66 

36 80 

86 82 

68 36 

62 56 

62 60 

71 20 

71 48 

72 6 

34 45 

35 8 

86 9 

92 42 

92 34 

92 8 

52 88 

52 23 

52 48 
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The in ter facial angles of the rubidium and caesium salts bear the same 
relations to each other as do the angles of the rubidium and caesium salts of 
all the other groups of the series investigated, the signs of the differences being 
the same. The axial ratios are also similarly related. The angles and ratios 
of the ammonium salt are adequately close for true isomorphism, but are not 
eutropically related to the metallic salt-values. The values of the great 
majority of the angles are intermediate between the values for the two 
metallic salts. 


Comparison of the Axial Angles and Axial Katios. 



Axial angles. 

Axial ratios. 

Rubidium manganese selenate .,. 

Ammonium „ „ . 

Osmium „ „ . . 

B. 

106° 9' 

106° 16' 1 
106* 22' 

a : h : c 
0-7422:1:0-6008 

0 -7427 :1 : 0 4904 
0-7819:1:0-4057 


Volume Constants .— 


Volume Constants of the Manganese Group of Double Selenates. 


Salt. 

Molecular 

weight 

Specific 

gravity. 

Molecular 

volume. 

Topio axial ratios. 

RbMn selenate . 

616 *92 

2*768 

222 *92 

X i * - « 

| 6 *3333 : 8 *6832 f 4 *2734 

C*Mu „ . 

709 *92 

8*008 

280 *01 

1 6*4297 : 8*7860:4*3647 

NH 4 Mn „ . 

481*98 

2*168 

228 *36 

| 6 *3677 :8 *6603 ; 4 *2760 



The usual progression observed in the series, with the atomic number of 
the alkali metal, is apparent in molecular volume and topic axial ratios on 
passing from the rubidium to the ccesium salt; and the ammonium salt is, as 
usual, practically isostructural with the rubidium salt, the molecular volumes 
and topic axial ratios (relative dimensions of the elementary cells of the 
space-lattices) being nearly identical. 

There is an increase of molecular volume of D3*09 units on replacing 
rubidium by c&sium, an amount of the same order as was observed in the 
iron group (12*92) of double selenates, and in the manganese (12'69) and iron 
(12*96) groups of double sulphates. 

Cleavage .—There is a perfect cleavage parallel to the orthopinakoid r* (201} 
in the crystals of all three salts. This is the common cleavage direction of 
the whole series of double sulphates and selenates. In addition, however, 
ammonium manganous selenate bleaves with facility along the symmetry 
plane *{010}. 

Orientation of Optical Ellipsoid .—The position of the ellipsoid is con¬ 
veniently determined by giving the position, for a specific wave-length, of that 













242 


Dr. A. E. H. Tutton. 


one of its two rectangular axes lying in the symmetry plane which is not 
far removed from the vertical crystal axis c ; it is the « axis of the indicatrix 
and the second median line for all the salts. 

Inclination of « Axis of Indicatrix to Vertical Axis c , in front, for Na light. 


NH^Md selenat* . 8° SS' 

KbMn „ 13° r 

CsMn „ 22° 11' 


It will be observed that the position of this axis for the ammonium salt is 
nearest the vertical axis c, and that the optical ellipsoid rotates further and 
further away from this position, in the symmetry plane, for the rubidium and 
caesium salts, as in all the other groups of the series previously studied. 
Fig. 10 gives a comparative view of the positions of the axes of the indicatrix 
lying in the symmetry plane for all three salts, and will render the meaning 
of this table of inclinations clear. 


oc 



Optic Axial Angles .—The plane of symmetry 6(010} is the common plane 
of the optic axes for the whole group. The optic axial angles are as follows. 

In the absence of a potassium salt a complete comparison is not possible, 
but the relations are similar to those in other groups. 
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Optic Axial Angles 2V* of the Manganese Group of Double Selenates. 



1 AraMn telenate. | 

RbMn •elenate. 

1 

C«Mn eelenate. 

Li. 

70 17 

o , 

00 6 

0 / 

69 8 

0. 

70 18 

66 6 

69 1 

Na .•. 

70 28 

66 2 

68 49 

T1. 

70 28 

66 0 

08 88 

Cd .. 

70 81 

65 67 1 

08 17 

F. 

70 34 

65 52 

68 6 


Refractive Indices .—The refractive indices are compared in the accom¬ 
panying Table. Both the refractive index and the double refraction change 
progressively, the former increasing and the latter decreasing with the atomic 
number of the alkali metal, and the indices of the ammonium salt are inter¬ 
mediate between those for the two alkali metallic salts. 


Comparison of the Refractive Indices. 


I ndex. 

Light. J 

a .^ 

Li. 

C. 

Nit . 

T1. 

fi .- 

Cd . 

F . 

a. 

Li.. 

C . 

Na . 

T1. 

y .- 

V, 

Mean refractive i: 
for Na light 

Double refraction, 

a.! 

'Li. 

c. 

Na .1 

T1.1 

Od .I 

».i 

a. 1 

adex 4 (a + 3 4- y) | 

, Na,-. .I 

, a ■ .. ** j 


RbMn 

Belenate. 

1 *6059 
1-5004 
1 5094 
1 -5125 
1*5143 
1 -5103 
1 '5225 

1*5106 
1*6110 
1 '5140 
1 *6172 
1*5190 
1 *6210 
1*6270 

1*5220 
1 *6220 
1*6268 
1*6292 
1 *5312 
1 *6382 
1-5896 

1 *5104 
0*0164 


NH 4 Mu 

seleuafce. 


1 *6124 
1 -5129 
1*5160 
1 *6194 
1 *6214 
1 *5285 
1*5294 

1 5103 
1 -5169 
1 *5202 
1 5237 
1 *5256 
1 -5276 
1-5840 


1 *5249 
1 *6255 
1*6288 
1 -6823 
1-6348 
1*6864 
1 -5429 


1 *6217 


0 -0128 


CbMh 

selenate. 

1 *5215 
1-5220 
1*5250 
1*6283 
1*6802 
1 *6828 
1 *6379 

1 *5248 
1 ‘5248 
1 -5279 
1 *6812 
1*5881 
1 *6350 
1*5406 


‘6801 

*6306 

-6388 

*5873 

*5394 

■5416 

*5471 


1*6289 


0 *0088 


Axial Ratios of the Optical Indicatrix .—These are as under, and are related 
for the three salts just as in other groups of the series. 


Axial Ratios of the Optical Indicatrix. 

a : 0 : y 

RbMn sclent to . 0-0968 : 1 : 1-0078 

NH 4 Mn . 0-0078:1:1-0087 

C»Mn .. 0 -9981 : 1 : 1 -0089 
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Molecular Optical Constants .—The molecular refraction increases with the 
atomic number of the alkali metal, and the value for the ammonium salt is 
about the same as that for the rubidium salt, corresponding to the isostructure 
of the two salts. 


Specific Refraction and Dispersion (Lorenz). 


Selenate, 


Specific refraction, y ^-— --, »» n. 

1 (»* + 2 ) d 

___ . 

Specific dispersion. 
n 0 -n c . 

For raj C(Ha). 

1 For raj Hy near Gk 

a. 

ft. 

7* 

*■ 

7* 

a . 

0 

7- 

AmMn ... 

0 1893 

0-1402 i 

0*1422 

0-1430 j 0-1440 | 

0*1460 

0*0037 

0 *0038 

0*0088 

BbMn ... 

0*1076 

0-1084 

j 0*1105 

0*1106 | 0*1113 

0 *1186 

0-0029 

0 *0029 

0-0080 

CiMn. 

0 1014 

0 1018 

1 0'1028 

0-1040 0-1044 

0 *1054 

0-0026 

0 *0020 

0*0020 


Molecular Refraction and Dispersion (Lorenz). 


Selenate. 

Molecular refraction, .. . - «* m. 

» 3 + 2 d 

Molecular 
dispersion, 
nut — me. 

For ray C (Ila). 

For ray H? near G. 

a. | 

<• 1 

7< j 

“• 1 

8. 

7 • j 

a. 

8. 

7- 

BbMn .. 

AmMn. 

CsMn . 

66-27 
67 -12 
71 -98 

66-78 

67-66 

72-30 

1 68-06 
68 -61 
72 -97 

68-04 

68-93 

73-81 

68*63 
69*48 
74 *10 

69- 90 

70- 39 
74-86 

1 *77 
1*81 
1*88 

1 *76 
1*87 
1*80 

1*84 

1*88 

1*89 


Molecular Refraction (Gladstone and Dale). 


Selenate. 

w 

■ * M for ray C. 
a 

Mean molecular 
refraction for 
my C. 

i (« + (*+ *)• 


«. 

8. 

7- 

BbMn. 

112*88 | 

113 *91 

116 ‘50 

114*48 

AmMn........ 

i 114 *66 1 

115*46 

117 -87 

116 *79 

CsMn . 

| 128 *20 

128*80 

126*28 

124*10 


General Conclusions. 

It has thus been found that the crystals of the hexahydrated rubidium 
manganous and cesium manganous selenates exhibit the same progression in 
all their properties—morphological (habits, interfacial angles, axial angles, 
and spaoe-lattioe cell-dimensions) and optical—with the progressive increase 
of the atomic number of the alkali metal, which has been observed through¬ 
out every group (salts containing the same M-metal) of this great series of 

s 

isomorphouB salts, RjM(g e 04 )g. 6 H» 0 . 

If the potassium salt of the group could be obtained there is no doubt it 
would fall into line as the first member of the group, and it is even possible 
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to specify what its constants would be, within a very slight margin of possible 
error. Moreover, ammonium manganous selenate hexahydrate is almost 
exactly isostructural with its rubidium analogue, a fact iu line with the 
results afforded for all analogous pairs of ammonium and rubidium salts 
throughout both this monoclinic series and the rhombic series of simple salts, 



Monoclinic Double Selenates of the Cadmium Group, 

By A. E. H. TurroN, D.Sc., M.A., F.R.S. 

(Received March 14, 1922.) 

Like the manganese group, the cadmium group of hexahydrated double 
selenates consists of only three salts, those containing rubidium, caesium, and 
ammonium, the potassium salt being incapable of preparation and apparently 
of existence. A potassium cadmium selenate with two molecules of water is 
obtained instead, and was described by Von Hauer in the year 1866, and 
by Tops0e in 1870.* Indeed, so near in this group is even the rubidium 
salt to the limit of existence that it has only been obtained at all after 
many and prolonged attempts. Moreover, it was only formed then in small 
quantity in the very coldest weather, the great majority of crystals even in 
these few crops having been those of the salt just referred to with other than 
six molecules of water. Almost as great difficulty has also been found in 
preparing the caesium salt, and the crystals of both these alkali metallic 
salts of the hexahydrated group have always been white and opaque, so 
that no optical investigation has been possible. These salts, indeed, would 
appear never to have been previously obtained at all. Moreover, the 
ammonium salt, which was obtained by Von Hauer and measured by Tops0e,* 
affords crystals which are for the most part opaque, apd are described by 
Tops0e as being porcelain-like. No optical investigation of them lias ever 
previously been attempted; they were not included by Tops0e and 
Christiansen in their great work. The author has succeeded, however, in 
obtaining a very few crystals of ammonium cadmium selenate hexahydrate, 
which remained sufficiently transparent for the few hours, after their removal 
from the mother liquor, necessary to enable them to be subjected to a fairly 
complete optical investigation. The method followed was the rapid one used 
in the even more difficult case of potassium ferrous selenate.f 
* Haldor Tope0@, ‘ Krygtallogr.-kem. Unders. o. de Selenaure Salta,' Copenhagen, 

1870 . 

t ‘ Phil. Trana.,’ A, toL 218, p. 401 (1912). 

B 2 
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The cadmium Belenate used in preparing the double salts was obtained by 
precipitating a solution of oadmium sulphate with a just adequate quantity 
of sodium hydrate, and dissolving the thoroughly washed precipitate in 
selenic acid. Equal molecular quantities of solutions of cadmium Belenate 
and of the alkali selenate were then mixed, and the liquid at once filtered 
and set out for spontaneous evaporation and crystallisation, with the resulte 
just specified. 

Rubidium Cadmium Selenate, RbsCd^eO^g . fiHgO. 

Crystal System. —Monoclinic. Class No. 5, holohedral-prismatic. 

Axial Angle. —/9 = 105° 7'. 

Ratio of Axes.—a : b : e = 0 7402 : 1 : 05026. 

Forms observed.—1{ 010}, r{001}, p{110}, p'{120}, #{011}, r'{201}, 

Habit. —That characteristic of all the rubidium salts of the series, the faces 
of #{011} being nearly as large as those of c{001}. But the faces of 
r' {201} were generally developed to an unusually large extent, a feature 
which is also exhibited by the sulphur analogue, rubidium cadmium sulphate. 
A typical crystal is portrayed in fig. 1. 



Via. 1.—Typical crystal of rubidium cadmium selenate. 

It was only after many attempts that measurable crystals were eventually 
obtained during nights of intense frost, and they were quite opaque, 
white like porcelain, even from the first. They were isolated crystals 
scattered here and there in the midst of a crop of transparent crystals of 
the di-hydrate. The angular measurements were made immediately after 
removal from the mother liquor, after careful drying with a fine linen 
doth, and are quite trustworthy as far as are recorded in the accompanying 
Table; many other less trustworthy values were obtained, but are altogether 
discarded, as being below the standard of the author’s work. Shortly 
afterwards the crystals became friable and crumbled to powder. 

This hexahydrated salt thus appears to be metastable at the ordinary 
temperature, and even down to 0° C. or thereabouts, and decomposes to a 
more stable salt of lower hydration with considerable rapidity. 

No oleavage was definitely ascertainable, and no density determinations of 
any value were possible. Optical investigation was quite impossible. 
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Interfacial Angles of Rubidium Cadmium Selenate. 


f ao 

as 

sc 

rr' 

os' 

iV 


Angle. 


: (100) : (001). 
( 100 ) : ( 101 ). 
( 101 ) : ( 001 ). 
( 001 ) : ( 201 ). 
( 001 ) : ( 101 ). 
( 101 ) : ( 201 )., 
( 201 ) : ( 100 ). 
(201) : (001). 



( 001 ) : ( 111 ) 
(HD « (no) 
( 001 ) : ( 110 ). 
110 ) : ( 111 ). 
Ill) : (001). 
110 ) : ( 001 ). 

( 010 ) : ( 121 ). 
( 121 ): ( 111 ) 
( 010 ) : ( 111 ) 
(in) <Uoi). 

(010) : (Ill). 
(Ill) : (101). 

■dll): (Ml). 

(101) : (Oil) 
(Oil) : (110). 
(TlO) : (101). 
(110) : (Oil). 



Mean observed. 


03 50 


110 10 


71 5 

108 65 

25 53 
128 16 


77 45 
102 16 


86 21 
93 39 

03 86 
110 25 


52 25 
127 35 


Calculated. 


74 53 
46 44 
29 9 

03 49 
38 85 
25 14 
41 18 

110 11 

85 33 
19 28 
9 58 
84 59 
29 26 
25 1 

54 27 
« 

108 66 

« 

04 7 

128 14 

48 67 
27 29 
70 20 
34 45 
08 49 

34 45 

43 0 


67 29 
44 .10 
102 16 

54 16 
15 67 

70 12 
19 48 

06 16 
24 46 
49 80 

38 13 
80 23 
56 24 
93 37 

46 19 
26 48 
36 48 
63 36 

71 6 

116 24 

34 46 
92 55 
62 19 
127 41 


Diff. 
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Cmrium Cadmium Selenate, C8jC'd(Se0i)a . 6H*0. 

Crystal System.— Monoclinic. Class No. 5, holohedral-prismatic. 

Axial Angles. — fi = 106° 22'. 

Ratio of Axes. — a :b:c =s 0*7319 :1 : 0*5011. 

Forms observe,d.-a{100}, *{010},c{001}, p{110},/{120} l(? {011},r'{20l} 

o'{rii}. 

Habit. —That characteristic of the csesiuin salts of the series, prismatic 
parallel to the inclined axis a, with relatively large faces of y {011} and 
narrower faces of o {001}. But, like the rubidium salt, the faces of the 
orthodome r' {201} were also generally very prominent. Fig. 2 represents a 
typical crystal. 



Fjq. 2.—Typical crystal of csesiuin cadmium selenate. 

Caesium cadmium selenate hexahydrate in general character resembles its 
rubidium analogue very closely to a large extent, but is distinctly less 
unstable, the crystals persisting longer when once formed, and often being of 
large size. But they were only produced during keen frost, and amidst and 
often deposited upon transparent crystals of the di-hydrate, of which most of 
the crop was composed. 

A greater number of trustworthy measurements wore obtained than in 
the case of the rubidium salt, and are summarised in the accompanying 
Table. The crystals were always opaque, however, white like porcelain, and* 
eventually became friable. 

Cleavage investigations were ambiguous and of little value, although 
there were indications that the usual cleavage parallel to / { 201 } is 
developed. 

Density determinations were valueless, and optical investigation an 
impossibility. 
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Interfacial Angles of Cassium Cadmium Selenate. 


- ( 100 ) : ( 001 ).. 
- ( 100 ) : ( 101 ).. 

- (10l) : (00l).. 

- (00l) : (80l).. 

« (oOl) : ( 101 ) .. 

- (lOl) : (201) . 

- (fiOl) : (lOO).. 

- (SOI) : (001).. 

- (100) : (110) .. 

- (lio) : (l20).. 
(l20) : (l80).. 

- (120) : (OIO).. 
« (110) : (ISO) . 

- (l80) : (OIO)., 

- (lio) : ( 010 ).. 

- (110) : (llO ).. 

- ( 110 ) : (no). 

- (001) : (Oil).. 

- (Oil) : (OIO).. 

- (OH) = (OH).. 

- (100) : (111).. 

- (ill) I (oil).. 

- (loo) : (oil).. 

- (Oil) : (Ill).. 
= (Ill) : (100).. 

- ( 001 ) : ( 111 ).. 

- (Ill) : (110).. 

- ( 001 ) : (no).. 

- (110) : (HI).. 

- (Ill) : (00l).. 

- (110) : (00l)„ 

- (OIO) : (121).. 

-hti)'(ui).. 

- (010) : (111).. 

- (ill) : (101).. 

- (010) ; (Ill).. 
» (Ill) : (lOl).. 

- (Ill) : (III).. 

- (101) : (Oil).. 

- (Oil) : (no).. 
«■ (no) i (ion.. 

- (iio). (on).., 

- (101) i (Oil)... 

- (Oil) : m ... 

- (m): (no).., 

- (oil) : (lio).., 

- (lio) : (lOl).., 

- (no) : (oil).. 

- (201) : (Ill).., 

- (Ill) ! (lio).., 

- (110) : (aoi).„ 

- (201) : (lio).. 



Mean observed. 

Calculated. 

Biff. 


• / 

. o t 

t 


— 

78 38 



— 

45 2 



— 

28 86 



64 35 

64 31 

4 


— 

38 44 



— 

25 47 



— 

41 61 



115 25 

115 29 

4 


— 

86 6 



19 25 

19 28 

3 


— 

10 4 



35 20 

85 26 

6 


— 

29 32 



— 

25 22 



54 65 

54 54 

1 


70 12 




109 50 

109 48 

2 


25 41 

« 



— 

64 19 



128 38 

128 88 

0 


_ 

48 14 



— 

27 3 



— 

75 17 



— 

85 16 



— 

69 27 


...i — 

j 34 9 



— 

; 42 81 

! 


76 40 

i * 



68 0 

1 58 5 

5 


45 20 

45 15 

6 


108 20 

; 103 20 

0 



! 54 40 



— 

! 15 49 



— 

70 29 



— 

19 81 



_ 

65 12 




24 48 



— 

49 36 




37 42 



87 42 

87 37 

5 



54 41 



92 18 

92 28 

5 


_ 

46 20 



— ! 

26 20 



— 

86 28 



62 54 

62 48 

6 


_ 

71 52 



117 6 

117 12 

6 


36 3 

35 10 

7 


92 30 

92 28 

7 


62 24 

62 27 

3 


127 88 

127 88 

8 
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Ammonium Cadmium Selenate , (NH<) a Cd(Se0 4 )i . 6H,0. 

Crystal System.— Monoclinic. Class No. 5, holohedral-prismatic. 

Axial Angle. —/3 = 106° 1/. Tops^e’s value, 106° 4'. 

Ratio of Axes.—a :b:e = 07418 :1 : 0*5026. 

Topee’s values 07388 :1: 0’5001. 

Forms observed. — a{100}, /;{010}, tf{001}, jp {110}, |?'{120}, jp"{210}, 
p'"{130}, ${011}, r'{201}, c/{Ill}, h'{Ul}. The forms a, p" and n\ 
were not observed by Topspe, 

Habit. —A great variety of habits were exhibited, chiefly, however, more or 
less tabular parallel either c{001} or r'{201}, and frequently elongated at 
the same time parallel to the symmetry axis b. A common type is shown in 
fig. 3, c{001} being here the plane of the Table. 



Fig. 3.—A typical crystal of ammonium cadmium selenate. 

The crystals were mostly white and opaque, “ porcelain-like ” as Tops 0 e 
describes them. No crystal was found entirely free from white opacity, but 
a considerable number of crystals were present in certain crops in which 
there were transparent portions, and advantage was taken of these both in 
the density determinations and in the optical investigation. 

The table of interfacial angles is remarkably satisfactory, considering the 
difficulty introduced by partial opacity. The signal-images were, indeed, 
very brilliant, but the limits of the values for the same angle are somewhat 
wider than has generally been the case in these investigations of this mono- 
clinic series. The mean values, however, are absolutely trustworthy, and 
agree fairly well with those of Topa 0 e, which are given in the last column. 
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Interfacial Angles of Ammonium Cadmium Selenate. 


Angle. 


I 

fao « (100) : (001 ).,.j 
at « (lOO) : (101)..., 

to «. ( 101 ) : ( 001 )...; 

or' mm (001) : (201)...- 
1 «' - (001) :(I01)... 
tV - (id) : (201)... 

r’a = (201):(I00)... 
r’e = (20l):(00l)... 

( ap m (100) : (110)... 
ap" - (100) : (210)...i 
p"p = (210): (llO).J 
pp’ » (110) : (l20)...! 

p'b - (120) : (oio).J 
■| pp'"« (llO) : (180)... 

p‘"b - (180) : (010).,.t 
| p'p'"»»(l20) : (1 SO) ...■ 

pk - (llO) : (oio)...| 
I pp - (no): (no)... 
(pp - (llO) : (llo)...i 


f oq » (001) : (Oll).J 

{ qb - (Oil) : (010) .. 
L 29 - (Oil): (Oil)...: 

fao - (100) : (111)... 
oq - (111) i (Oil)...: 
aq - (lOO)f(oil)...! 
qo’ - (Oil) : (Ill)... 
(. o'a — (ill) : (t(K.))... 

fco - (001) : (111)... 

op - (111): (110)... 

J op - (001) : (llO)... 

1 - (no); (ill) .. 

0 0 - (111) : (ool)... 

Lpo. - (110):(00l)... 

fi» - (010): (121)... 

I r» (121) : (111)... 
1 bo - (OlO): (111)... 

Loo - anji(ioi)... 

»' - ( 010 ) ; ( 121 ) 

V - (I2l) : (ill)... 
>' « (010):(lll).. 

V » (Ill) : (l01).. 
o' - (Ill): (III,... 

r - (101) : (Oil)... 
»' - (Oil): (121).. 
p - (121) : (IlO).. 

o — foil) 3 ( 110 ).. 

r - (lld):(IOl).. 

I - (IlO): (Oil)... 

I - (101): (Oil)... 

• - (Oil) : (l2l) 

up m (12l):(ll0)... 

Sp - (Oil):(llO)... 
lpo' - (HO)i(lOl)... 
Lp? - (llO): (Oil)... 

frV - (SOI): (Ill)... 
o'p m (Ill): (HO)... 

Ur' -(110 :(20l)„. 
Lr> - (801) i(llO)„. 

Total (10 cry»tal») ... 


No. of 
measure¬ 
ments. 

Limits. 

Mean 

observed. 

Calcu¬ 

lated. 

Diff. 

Topsle’s 

values. 


0 / o / 

„ , 

o / 

t 

| 0 / 

1 

— 

74 0 

73 69 

1 

78 66 


z 

— 

45 16 

28 44 

— 


17 

03 68- 04 26 

04 15 

04 17 

2 

64 21 

— 

— 


38 40 

— 


— 

— 


25 37 

— 


2 

41 87- 42 1 

41 49 

41 44 

6 


18 

116 34-116 11 

115 40 

115 43 

3 

115 89 

24 

36 11- 35 44 

85 30 

86 30 

0 


4 

19 l - 19 65 

19 36 

19 88 

2 


1 

— 

15 49 

15 52 

8 


18 

19 3- 19 47 

19 20 

19 28 

! 2 

19 28 

14 

34 46- 36 26 

35 1 

35 2 

1 

36 10 

5 

> 29 12- 29 48 

29 29 

29 27 

2 


8 

24 46~ 26 21 

24 58 

25 8 

5 

25 9 

7 

9 86- 10 19 

10 2 

9 59 

3 

10 1 

23 

64 15- 64 64 

54 31 

54 30 

1 

; 54 38 

17 

70 43- 71 28 

71 0 

• 

— 

70 44 

16 

1 108 82 -109 18 

109 0 

109 0 

0 

109 18 

88 

25 23 - 20 11 

25 47 

# 

1 _ 

! 25 40 

20 

63 68- 04 49 

04 15 

64 18 

2 

04 20 

16 

128 14-128 37 

128 26 

128 26 

1 


— 

_ 

_ 

48 28 

_ 


— 

— 

— 

27 9 

; - 


— 

— 

— 

75 37 

— 


— 

— 

— 

34 50 

1 - 


— 

— 

.... 

09 33 

— 


— 

— 

— 

34 20 
42 41 

— 

- 

30 

70 86- 77 15 

' 77 1 

« 

— 

; 76 67 

8 

57 63- 58 28 

68 9 

68 5 

4 


10 

44 81- 46 11 

44 48 

> 44 54 

0 

44 47 

30 

102 47-103 17 

102 09 

102 60 

0 

103 » 

— 


i _ 

64 30 

; — 


— 

i — 

J — 

16 52 

— 


— 

; 

| — 

70 22 

! 


— 

i ■ 

— 

j 19 38 

| ..... 


__ 



47 9 

1 — 


— 

— 

! _ 

! 17 68 

— 


8 

04 50 - 65 23 

05 10 

1 66 7 

8 

t 

-_ 

i 

— 

; 24 58 

— 

j 24 55 

2 

| 49 42- 49 42 

49 42 

49 46 

4 

49 51 

_ 

| -— 

_ | 

37 62 

— 


1 


35 42 | 

85 47 

5 


1 

— 

51 15 

51 20 

j 5 

| 

26 

86 60- 87 29 

87 0 

87 7 

2 

87 16 

— 

— 

— 

56 1 j 

— 


24 

92 81- 93 12 

92 60 

92 53 

3 


_ 

_ 

— 

46 20 

_ 


— 

| —- 

— 

26 28 

—. 


— 

— 

— 

80 29 

— 


$1 

02 88- 03 20 

62 56 

62 57 

1 

62 69 

—, 

— 

‘— 

71 43 j 

— 


80 

110 37-117 29 

117 4 

117 3 | 

1 


10 

84 40- 86 80 

36 3 

35 7 | 

4 


9 

92 4- 92 40 

92 18 

92 18 j 

0 

92 19 

26 

62 28- 62 67 

62 41 

52 36 

6 

62 81 

26 

127 0-127 44 

127 18 

127 25 

7 

127 29 

619 





i 
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As the only comparisons possible between the three cadmium salts are 
with respect to the crystal angles and elements, these can be instituted at 
once, and are made in the accompanying Table. 


Comparison of the Interfacial Angles. 
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Comparison of the Axial Angles and Axial Ratios. 



Axial angle. 

Axial ratios. 

Rubidium cadmium aelenate. 

Ammonium „ „ .*. 

f ~~6- 1 

10K“ T 
! 106° V 

| 106° 2 11' 

re : A: c 

0*7402! 110 *6026 
0*7418 :1:0 *5026 
0*7319:1 : 0*6011 

Cesium „ „ . 



The angles of the rubidium and cseaium salts are related jnBt as in the 
other groups of the series, the signs and amounts of the differences being 
similar. The angles of the ammonium salt are adequately close to those of 
the two metallic salts to correspond to true isomorphism, but the relation is, 
as usual for the ammonium salts, not a eutropio one. 

Relative Density. —Four determinations were made by the immersion 
method, using methylene iodide and benzene mixture. 


I. Density for 16**2/4° ... 

... 2*4621 

For 2074° ... 

... 2*4612 

11. 

16° *0/4° .... 

.. 2*4614 

n -■* 

... 2*4604 

HI. 

15°*1/4° .... 

. 2*4498 


... 2*4481 

IV. 

16°*0/4° .... 

... 2*4621 

» * * * 

Mean ... 

... 2*4609 

.. 2-4501 


Accepted value for 20°/4°. 2*450. 

Molecular Volume. —~ a* 219*99. 

d 2450 

Tops 0 e found the specific gravity 2*307, a value much too low, and the 
molecular volume correspondingly much too high, 235*3. 

Molecular Distance Ratios (topic axial ratios).— 

x : ^ : « = 6*3045 : 8*4988 : 4*2715. 

As much reliance as usual, however, cannot be placed on these values for 
the density and constants dependent on it, as no crystals absolutely trans¬ 
parent throughout could be obtained, the best that could be done being to 
use such as had the greater part of their substance transparent. 

Optical Investigation. —The ordinary procedure could not be followed with 
the optics for the same reason, that the best crystals were only transparent 
in parts, the remaining portions being white and opaque like porcelain. 
The grinding of surfaces for the preparation of plates and prisms was a very 
difficult task, as opaque portions gave way, and, even when a surface was 
successfully ground through a transparent part, it rapidly became opaque. 
After many fruitless efforts, one good 60°-prism, coirectly orientated to 
afford the a and 7 indices directly, was, however, successfully ground, and, 
when fitted with miniature balsam-oemented glass plates, proved beautifully 
transparept through a sufficient portion of its extent, and gave two excellent 
spectra corresponding to « and 7 . Another prism, a natural one formed by 
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two faces of ^ {Oil}, was also provided by a crystal, one end of which, where 
these faces were situated, was quite transparent; when this prism was also 
fitted with glass plates, it afforded two excellent spectra, one spectrum 
affording directly, and the other a value near, but not exactly, 7 . 

The determination of the two refractive indices of this prism thus afforded 
accurate information as to the intermediate refractive index of the crystal, 
and was carried out first, so as to enable a liquid to be chosen which had 
practically the same index as the mean index for the crystal, mouochloro- 
benzene being indicated. One excellent orystal tabular parallel to e{001}, 
like fig, 3, which had been obtained during a very cold night, and which was 
transparent through a sufficient extent and remained so adequately long, was 
then used, immersed in this liquid, for ( 1 ) the determination of the positions 
of the two median lines, the bisectrices of the optic axial angle and the axes 
of the optical ellipsoid lying in the symmetry plane, by observations of the 
optic axial interference figure; ( 2 ) the measurement of the true angle between 
the optic axes within the crystal; and ( 3 ) the determination of the dispersion 
of the median lines. The knowledge thus obtained of the positions of the axes 
of the ellipsoid (the third axis of the optical ellipsoid being fixed by the mono- 
clinic symmetry, being the symmetry axis b itself) enabled the refractive 
index near 7 , afforded as the second index by the natural prism formed by two 
j{ 011 } faces, to be corrected to the true value of 7 . The value of 7 thus 
obtained proved to be practically identical with that derived directly from the 
ground prism affording a and 7 . In this manner the whole of the optical 
constants were eventually obtained, and the results are summarised as 
follows:— 

(hicntation of Optical Ellipsoid .—The plane of the optic axes is £{010}, and 
the sign of the double refraction is positive. The axis « of the indicatrix 
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(ellipsoid) is the second median line, and lies 10 ° 1 ' behind the normal to 
c{001}, near to the vertical axis c. As the normal toc{ 001 } is 16° 1'in front 
of the vertical axis the second median line is 6 ° 0 ' in front of the c-axis. 
The first median line 7 is 10° V above the inclined axis a . Both median 
lines thus lie in the obtuse angle ac. Fig. 4 will render the situation clear. 

Optic Axial Angle .—The values for the true optic axial angle, as measured 
while the crystal was immersed in monochlorobenzene, were as under, the 
obtuse angle 2V 0 being that actually measured, and the values for the acute 
angle 2V fl being given alongside. 


Light. 

2V„ 

2V*. 

Li . 

IU3 65 

70 6 

C . 

103 40 

76 11 

Na. 

103 29 

70 81 

T1 . 

103 11 

76 49 

Cd. 

103 

77 0 

F . 

102 47 

77 13 


Dispersion of the Median Lines .—The median lines showed an extremely 
small amount of dispersion in the symmetry plane, about 3 minutes being 
indicated, which is the limit of experimental error. 

Refractive Indices .— 


Befractive Indices of Ammonium Cadmium Selenate. 


Light. 

a. 

&• 

7- 

Li . 

1 *5167 

1*6221 

1-5311 

C. 

1 ‘6172 

1*5227 

1*6317 

5 a . 

1*5206 

1 -6200 

I*6362 

Tl.... 

1 *5242 

1-5290 

1*6386 

Cd . 

1*5282 

1 -5315 

1 *6408 

F. 

1 *6288 

1 -6338 

1*6427 

0. 

1*6840 

1 -5893 

1*6486 


Mean of a, 0, and y for Na light — X *5273. 


a ** Yibration direction parallel to second median line, 6° 0' in front of vertical axis c. 
a ** „ „ ,, symmetry axis b. 

„ ,, „ first median line, 10* 1' above inclined axis a. 

Double refraction, Nfty., -0*0140. 

General formula for f3, corrected to a vacuum :— 

& m 1-5TOQ | 619 700 543 700 000 QOO ( 


The m indices are equally well reproduced by the formula if the oonstant 
1*5090 be diminished by 0‘0064, and the y indioes if it be increased by 
00091. 
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Axial Ratios of the Optical Ellipsoid .— 

« : £ : y = 0-99C5 : 1 : V0061, a :t:C~ 10035 : 1 : 09940. 

Molecular Optical Constants. 


Lorenz 


Gladstone.,. 


Axis of optical indioatrix. 


a. 

/»• j 

7* 


C 

0-1285 

0*1246 

0*1264 

Specific refraction, ^ ■* n. 

Molecular refraction, » m . -1 

n l + 2 d 1 

G 

0 *1269 

0*1279 

0*1297 

c 

L»! 

«e • 67 | 

68-88 | 

67*17 

68 95 

68 14 
60-92 

Specific dispersion, no — ttc .. 

Molecular dispersion, mo — me . 


0*0034 j 

0 *0033 

0*0083 


1*81 

1 ‘78 

1*78 

Molecular refraction, M . 

d 

,c 

i 

113 *78 j 

114*99 

110*97 

Mean molecular refraotion (Gladstone), 

To 

* + 84 - 7 ) *■ 

115*25. 



General Conclusions concerning the Cadmium Group. 

So far as the crystals of this group of three salts have lent themselves to 
investigation the results are in line with those derived from all the other 
groups of inonoclinic hexahydrated double sulphates and selenates. As 
regards the crystal angles and elements, which are the only constants that have 
been completely determinable for all three salts, the relationships are precisely 
those afforded by the other groups. Hence, if the potassium salt were 
obtainable the three alkali metallic salts would undoubtedly form a 
eutropically isomorphous series. The ammonium salt is isomorphous but not 
eutropio with the alkali metallic salts of the group. 


General Remarks on Completion of the Research . 

The two papers now published on the manganese and cadmium groups of 
double selenates form the completion of the task which the author set himself 
in the year 1890, namely, the thorough detailed investigation of the crystals 

S 

of the rhombic sulphates and selenates of the alkalies, R^O*, in which R is 
potassium, rubidium, caesium, ammonium and thallium, and of the monoclinic 

o 

hexahydrated double sulphates and double selenates, RaM (g e 04 )i. 6 H» 0 , in 

which R represents the same alkali bases and M is magnesium, zinc, iron, 
nickel, cobalt, copper, manganese and cadmium. Only two of the double salts 
containing thallium, those in which zinc is the M-metal, have proved suitable 
as regards perfection of the crystals for inclusion in this research. But, 
including a group of three analogous double chromates, seventy-five salts in 
all have been investigated. The work has involved the complete measure¬ 
ment of over 800 crystals (involving altogether 45,000 goniometrical 
measurements), selected for their special perfection from many crops of each 
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salt, grown under ideal conditions. Over 500 determinations of crystal 
density have been carried out. More than 2,000 truly plane and accurately 
orientated polished surfaces have been produced—with the aid of the most 
efficient and indispensable cutting and grinding goniometer designed for the 
purpose and described to the Royal Society in the year 1895—in the course 
of the preparation of the section-plates and 60°-prism8 reqtiired for the 
optical portion of the investigation. Moreover, all the optical constants have 
been determined for a considerable number of specific wave-lengths of light, 
with the aid of the spectroscopic monochromatic illuminator also devised for 
the work and described to the Royal Society in 1895, the electric arc being 
the source of light. The whole has been carried out by the author personally 
with the exception of the portion concerning the three double chromates, 
which was carried out jointly by the author and Miss Mary W. Porter. It 
will now be obvious why the research has occupied so many years, and it is a 
matter of the deepest satisfaction to the author that he has been permitted to 
complete it. The results have been published in twenty-six memoirs, besides 
six other papers describing the new instruments designed specially for this 
work, but all of which have proved of general application not only to 
crystallographic but also to ordinary physical investigation and measurement. 
A complete and chronological list of these memoirs, with full references, is 
given in an appendix to this paper (p. 262). 

The most satisfactory feature of the results is the absolutely unanimous 
manner in which the individual results for the nineteen different groups 
confirm each other as regards the relationships of the potassium, rubidium and 
caesium salts and the positions of the ammonium and thallium salts of the 
group. The main conclusions derived from the whole investigation are thus 
confirmed nineteen times over. 

The first of these main conclusions is that the interfacial angles of the 
crystals, their elements and habits, the volumes and edge dimensions of their 
space-lattice unit cells, the dimensions and orientations (where variable, 
in the monoclinic saltB) of their optical ellipsoids, their refractive power, the 
amount of their double refraction, their molecular refractions, their thermal 
dilatations in the cases where they were determinable (the rhombic simple 
sulphates), and indeed the minutest details of the structural and physical 
properties of the crystals, all exhibit a regular progression with the atomic 
number of the alkali metal (K * 19, Rb = 37, Cs » 55, a difference of eighteen 
at each step). Indeed, this invariable rule may be considered as a definite 
law of progression for these rhombic anhydrous oxy-salts of the alkalies and 
the monoolinic hexahydrated double oxy-salts containing these same alkali 
bases as the dominating constituents. 
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The difference in atomic number, eighteen, between potassium and rubidium, 
and between the latter and caesium, is interesting ; for it corresponds exactly 
to a whole shell of electrons, according to the Lewis-Langmuir version of the- 
atomic structure theory (or to two shells according to the Bohr-Sommerfeld 
version). That is to say, when we pass from potassium to rubidium, 
and again from rubidium to caesium, we are adding another complete 
shell of electrons to the structure of the atom, and are obviously adding 
thereby to the diameter of the atom. Now W. L. Bragg has shown that the 
atomic diameter is a periodic function of the atomic number, and that the 
curve representing the atomic diameters of the elements has very sharp- 
maxima at the positions occupied on the curve by the electropositive alkali 
metals, and more extended minima at the positions of the electronegative 
elements and of those dyad-acting metals which form weakly acidic or only 
feebly basic oxides (the M-metals of the monoclinie double salts). The curve 
of atomic diameters is reproduced in fig. 5 in order to make this point quite 
clear. 



Fig. 5.—The curve of atomic diameter*. 


Hence these two facts combine to cause the two series of salts chosen for 
this investigation to be the very best that could possibly have been so selected 
for the purpose of exhibiting to its greatest extent, and, therefore, most clearly, 
any differences of crystal form and properties which may be brought about by 
replacing one element by another of the same family group so as to form 
another member of the isomorphous series. The fact that the atom of the 
alkali metal alters in size by a whole electronic shell at each successive inter* 
change, passing thereby from one maximum of the curve to another, higher 
each time on account of the additional diameter conferred, is thus seen to be 
the direct cause of the alteration (expansion) of the crystal structure; that 
is, it is the cause of the alteration of the dimensions of the space-lattice cells, 
and correspondingly of the perceptible change in the crystal angles (the 
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symmetry remaining the same) and in the optical and other physical properties. 
Moreover, just as the law of atomic diameters of W. L. Bragg explain** 
completely the author’s main result so astonishingly simply, so conversely 
does this result confirm the accuracy of the law of atomic diameters. Funda 
mentally, we must go hack still further, however, to the law of Moseley, to 
the fact that the increase of one unit in atomic number means unit accretion 
of mass (approximately two of atomic weight) and of positive electric charge 
on the nucleus of the atom and the corresponding addition of a negative 
electron to the exterior, as the ultimate cause of the progression in the 
crystallographic properties. Whether we adopt the conception of the sharing 
of electrons (in the cases of electronegative elements) of the Langmuir 
version of the atomic structure theory, or the modification thereof by Sir 
J. J. Thomson, which requires no sharing of electrons, there can be no doubt 
that no sharing of electrons occurs in the case of the alkali metals. Potassium, 
rubidium and ctesium possess respectively (as their atomic numbers 19, 37 
and 65 indicate) one more electron than required to produce the stable shells 
of argon (atomic number 18), krypton (atomic number 36), and xenon (atomic 
number 54). This one extra electron obviously occupies space outside the 
complete inert gas shell, and is doubtless the monadic valency link or active 
chemically combining agency characteristic of an alkali metal in the chemical 
combination with an electronegative element probably actually passing over 
to the latter, which lacks one or more electrons to complete a stable shell. 
All versions of the atomic structure theory agree on this. Henoe it is that 
the alkali metals occupy the maxima of the atomic diameter curve, cminm 
indeed having the greatest of all the atomic diameters measured, and the 
change of diametral dimension on passing from one to another is also com- 
mensurably considerable, corresponding as already stated to the addition of 
a shell of eighteen electrons* 

Thus it comes about that the choice made in the year 1890, of suitable 
isomorphous series for studying the changes of crystal structure and properties 
brought about by the interchange of the replaceable elements of the same 
family group, has proved so fortunate. At that time we had no inkling of the 
wonderful nature of the chemical atom, and the maimer in which the results 
of the investigation agree with what could be expected, from atoms con¬ 
structed as we now know them to be, is highly satisfactory. Moreover, the 
remarkably dominant influence of the alkali metal in the double salts, 
compared with the dyad-acting metal, is rendered readily comprehensible. 

The second main conclusion is that in every one of the nineteen groups the 
crystals of the ammonium salt have proved to be practically isostructural 
with those of the rubidium salt of the same group. This fact has recently 

you Cl,—A. . B 
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been used by A. 0. Bankine* to furnish proof of the Langmuir version of the 
atomic structure theory. For (if that version be correct) as krypton should 
bear the same relation to rubidium as methane CH 4 does to ammonium NH*, 
an atom of krypton should have the same volume as a molecule of methane, 
R&nkine has actually determined the volumes by the viscosity method, and 
found this to be the case. 

A third main conclusion is that the thallium salt of any group also 
crystallographically resembles the ammonium salt, in being isomorphous but 
not eutropic (following the law of progression) with the alkali salts, and also 
in being nearly isostructural with the rubidium salt. The crystals of the 
thallium salts, however, are sharply distinguished by possessing transcendent 
refractive power. 

The results of this investigation may also be said to have finally settled the 
old Haiiy-Mitscherlich controversy. For they prove that each of even the 
moat similar substances—the members of isomorphous series—is endowed 
with its own distinctive crystal form and properties. As regards even cubic 
crystals, for which the angles are fixed by the high symmetry, this is true as 
regards the physical properties. The work of Sir Henry A. Miersf on the 
rhombohedral red silver Ores, proustite, AggAsS^, and pyrargyrite, AgsSbSa, 
proved this for crystal angles, the rhombohedral angles for the two iso- 
morphous substances being respectively 72° 12' and 71° 22'. But' the 
author s results go further in showing that not only are there real differences 
of orystal angle between even the most similar non-cubic substances, but that 
m the case of the most important series of isomorphous oxy-salta formed by 
the alkali metals the differences exhibit a definite progression with the atomic 
number of the alkali metal, and thus obey a definite law. The maximum 
difference of angle observed by the author has been 2° 28', which occurred 
between potassium copper and caesium copper selenates. Moreover, the term 
a isomorphism " must not be taken absolutely literally, but to mean similarity 
of a kind which permits these definite small differences of crystal angle, 
while the symmetry remains identical. 

One further result of this investigation has been to show conclusively that 
—in the cases of members of isomorphous series, for which the type Of 
structure must be identical throughout the series the symmetry being the 
same—real value attaches to the physical constant molecular volume, the 
quotient of the molecular weight by the density of the crystals, and to the 
conception of topic axial ratios or distance ratios, derived by combining the 
molecular volume with the axial ratios of the crystals. This necessarily 

* 1 Nature,' vol. 108, p. 219 (1921). 

t 4 Min. Mag./ vol 8, p. 37 (1888). 
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implies the great importance of including density determinations of great 
accuracy in all such crystallographic investigations. For the molecular 
volume is a relative measure of the volume of the unit cell of the space-lattice 
of the crystal structure, aud the topic axial ratios are the relative measures of 
the linear edge-dimensions of this unit cell, or the distances (hence the term 
distance ratios) between the node points of the lattice along the three axial 
directions. These measures are correctly relative not only for the three sets 
of edges of the cell of the same substance, but also for the edges of the cells 
throughout the whole series. This unit cell of the space-lattice is the habitat 
of the grosser structural unit of the crystal, which is usually the chemical 
molecule or a small number, two, three or four being common numbers, of 
chemical molecules; the regular repetition of the representative points, or 
centres of gravity, of such grosser units forms the Bpace-lattice, 

The final proof that this is absolute fact was afforded by the X-i*ay analysis 
of the rhombic Bulphates of potassium, rubidium, caesium and ammonium, 
which was carried out with the author's crystals in the laboratory of 
Sir William Bragg, by Prof. A. Ogg and Mr. F. L. Hopwood.* For the 
absolute measurements of the spacings and cell dimensions, which they 
obtained with the X-ray spectrometer, exhibited precisely the relative values 
published previously by the author. Incidentally also, this X-ray work 
proved that the second main conclusion of the author above elaborated, that 
the ammonium salts are almost perfectly isostructural with the analogous 
rubidium salts is also an absolute fact, and that there could be no possibility 
of the ammonium salt being built on a different scale, with merely similar 
relative values. For the absolute values found by X-ray spectrornetrio 
analysis, both for the cell volume and cell-edge dimensions, of rubidium and 
ammonium sulphates, were almost exactly the same. The author used this 
result, in a special memoir,f finally to disprove the valency volume theory of 
Pope and Barlow, which required that the volume of ammonium sulphate 
should be twenty-four, twice that of the rubidium salt, which would be twelve. 
This conclusion has since been confirmed by W, L Bragg, who has fixed the 
sizes of the atoms of a considerable number of the chemical elements, and 
represented them in his curve of atomic diameters, already referred to and 
illustrated in fig. 5. These atomio dimensions are totally different from those 
stipulated by the valency volume theory, A striking example is that offered 
by a comparison of the sizes of the atoms of ceesium and of nitrogen. 
According to the valency volume theory caesium should only have a volume 
of one, corresponding to its monadic valency, whereas nitrogen should have a 

* * Phil, Mag./ voL 32, p. 618 (1916). 

t * Boy, Soc* Proc./ A, vol. 93, p. 72 (1917). 

s 2 
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volume of three times as much, corresponding to its triadic valency. The 
truth is, however, just the other way round, for cmsium possesses the largest 
diameter of any element measured (see the last maximum on the curve, fig. 5), 
namely, 476 x 10~ 8 cm. while nitrogen has only an atomic diameter of 
1-30 x 1<H cm., less than a third of the diameter of the atom of caesium. The 
law of atomic diameters now, therefore, replaces the valency volume theory; 
for the idea that the size of the atoms has much to do with crystal structure 
was sound, but the real sizes are far removed from what was supposed by the 
valency volume theory, namely, that they were proportional to the valency of 
the element. With this law of atomic diameters of W. L. Bragg, however, 
the author's results have been shown to be in full agreement. 

Thus it has come about, by the time that the author has completed his 
crystallographic investigation of these important isomorphous series, that a 
full explanation of the results is afforded by the immense amount of real 
knowledge that has been accumulated during the same time concerning the 
structure and nature of the chemical atom, and that revealed by means of the 
powerful new weapon of research, analysis by means of X-rays, from which 
the law of atomic diameters has been derived. It is thus highly satisfactory 
that the work of Moseley, Sir J. J. Thomson, Langmuir, the Braggs and the 
author should so perfectly agree in giving us a wider and fuller understanding 
of the nature of crystals, and of the structure of the solid matter of which 
they are the organised expression, than could have been expected or 
anticipated at the time when the author’s researches on these isomorphous 
series were initiated. 
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List or Memoirs Communicating the Results of the Research. 

1. Connection between the atomic weight of contained metals and the magnitude of the 
angles of crystals of isomorphous salts. A study of the potassium, rubidium, and caesium 
salts of the monoclinic series of double sulphates R f M(80 4 ) r 6H 9 0. 

* Joum. Chem. Soc. Trans./ vol. 63, p, 337 (1893); ‘ Z. f. Kryst./ vol 21 , p. 491 (1893). 

2 . Connection between the atomic weight of contained metals, and the crystallo- 
graphical characters of isomorphous salts. A comparative cryataliographical study of the 
normal sulphates of potassium, rubidium and oeeslum. 

‘Joum. Chem. Soc. Trans./ vol, 66 , p. 628(1894) 5 ‘Z. f. Kryst./ vol. 24, p. 1 (1896}. 

3. The volume and optical relationships of the potassium, rubidium and caesium salts of 
the monodiuic series of double sulphates, 

‘Joum. Chem. Soc. Trans./ vol. 69 , p. 344 (1890); *Z. f. Kryst./ vol 27, p. 113 (1897). 

4. Comparison of the results of the investigations of the simple and double sulphatea 
containing potassium, rubidium and c&sium, and general deductions therefrom concerning 
the influence of atomic weight on crystal characters. 

‘Joum. Chem. Soc. Trans./ vol. 69 , p, 496 (1896) j 1 Z, f. Kryst./ voi. 27, p. 262 (1897). 
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&. The -bearing of the results of the investigations of the simple and double sulphates 
containing potassium, rubidium and ctesiura on the nature of the structural unit. 

‘ .Tourn. Chem. Soc. Trans./ vol. 09, p. 507 (1896); 4 Z. f. Kryst./ vol. 27, p. 286(1897). 

6. A comparative crystallographies! study of the normal selenates of potassium, 
rubidium and emsium. 

Mourn. Chem. Soc, Trans./ vol. 71, p. 840 (1897); 4 Z. f. Kryst/ vol. 29, p. 83 (1898), 

7. The thermal deformation of the crystallised normal sulphates of potassium, rubidium 
and ceeeium. 

4 Phil. Trans./ A, vol. 192, p. 455 (1899); 4 Z, f. Kryst./ vol. 31, p. 426 (1899). 

8. A comparative crystallographical study of the double selenates of the series 
R 8 M(Se0 4 ) r 6H 2 (). Salts in which M is zinc. 

* Proc. Roy. Soc./ A, vol. 66, p. 248, and vol. 07, p. 58 (1900); 1 Z. f, Kryst./ vol. 33, p. 1 

(1900). 

9. A comparative crystal lographical study of the double selenates of the series 
RjM (SeO<) 3 .0H S O. Salts in which M is magnesium. 

1 Phil. Trans./ A, vol. 197, p. 255 (1901); 4 Z. f. Kryst./ vol. 35, p. 529 (1902). 

10. Crystallised ammonium sulphate and the position of ammonium in the alkali series. 
Mourn. Chem. Soc. Trans./ vol. 83, p. 1049 (1903); 4 Z. f. Kryst./ vol. 38, p. 602 (1904). 

11. The relation of ammonium to the alkali metals. A study of ammonium magnesium 
and ammonium zinc sulphates and selenates. 

Mourn. Chem. Soc. Trans./ vol. 87, p. 1123 (1905); *Z. f. Kryst./ vol. 41, p. 321 (1905). 

12. Topic axes, and the topic parameters of the alkali sulphates and selenates. 

Journ. Chem. Soc. Trans./ vol, 87, p 1183 (1905); *Z. f. Kryst./ vol. 41, p. 381 (1905). 

13. Ammonium selenate and the question of isodimorphism in the alkali series. 
Mourn. Chem. Soc. Trans./ vol. 89, p. 1059 (1906) ; 4 Z. f. KryBt./ vol. 42, p. 529 (1907). 

14. The relation of thallium to the alkali metals. A study of thallium sulphate and 
selenate. 

1 Proc. Roy. Soc./ A, vol. 79, p. 351 (1907); * Z. f. Kryst./ vol. 44, p. 113 (1907). 

15. The relation of thallium to the alkali metals. A study of thallium zinc sulphate 
and selenate. 

4 Pr6c. Roy, Soc./ A, vol. 83, p. 211 (1909); 4 Z. f. Kryst./ vol 48, p. 190 (1910). 

16. Crystallographic constants and iBomorphous relations of the double chromates of 
the alkalies and magnesium (in collaboration with Miss Mary W. Porter). 

* Mineralog. Mag./ vol. 16, p. 109 (1912); ‘Z. f. Kryst./ vol. 51, p. 53 (1912). 

17. Ammonium ferrous sulphate and its alkali-metal isomorphs. 

* Proc. Roy. Soc./ A, vol 88, p. 361 (1913); 4 Z. f. Kryst., vol, 52, p. 433 (1913). 

18. The monoclinic double sulphates containing ammonium. Completion of the double 

sulphate series. 4 Phil. Trans./ A, vol. 216, p. 1 (1915). 

19. Monoclinic double selenates of the nickel group. 

4 Phil. Trans./ A, vol. 217, p. 199 (1917). 

20. X-ray analysis and topic axes of the alkali sulphates, and their bearing on the 

theory of valency volumes. 1 Proc. Roy, Soc./ A, vol 93, p. 72 (1917). 

21. Selenic acid and iron. Reduction of selenic acid by nascent hydrogen and hydrogen 
sulphide. Preparation of ferrous selenate and double selenates of iron group. 

4 Proc. Roy. Soc./ A, vol 94, p. 352 (1918), 

22. Monoclinic double selenates of the iron group. 

4 Phil. Trans./ A, vol 218, p. 395 (1919). 

23. Monoclinic double selenates of the cobalt group, 

4 Proc. Roy. Soc./ A, vol 96, p. 156 (1919). 

24 . Monoclinic double selenates of the copper group, 

4 Proc. Roy. Soc./ A, vol. 98, p, 67 (1920). 
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26. Monodinic double selenates of the manganese group. 

* Proc. Roy. Soc,/ A, vol. 101, p- 226 (1022). 
26. Monoclinic double selenates of the cadmium group. 

‘Proc. Roy. Soc./ A, vol. 101, p. 246 (1922). 

Memoirs Concerning new Instruments for the Research. 

1. An instrument for grinding section-plates and prisms of crystals of artificial prepare- 
tions accurately in the desired directions. 

‘ Phil. Trans.,’ A, vol. 185, p. 887 (1895); ‘Z, f. Kryst./ vol. 24, p. 433 (1896). 

2. An instrument of precision for producing monochromatic light of any desired wave¬ 
length, and its use in the investigation of the optical properties of crystals. 

‘Phil. Trans., 1 A, vol. 185, p. 913 (1895); ‘ 2. f. Kryst./ vol. 24, p. 466 (1895). 

3. An instrument for cutting, grinding and polishing section plates and prisms of . 
mineral or other crystals accurately in the desired directions. 

‘Proc. Roy. Soc./ A, vol. 57, p. 324 (1895) ,* ‘Z. f. Kryst./ vol. 26, p. 79 (1896). 

4. A compensated interference dilatometer. 

‘Phil. Trans.,’ A, vol. 191, p. 313 (1898); ‘Z. f. Kryst./ vol 30, p. 629 (1899). 

5. Verbesserungen an den Apparate zum Schneiden, Schleifen, und Poliren genau 

orientirter Krystallplatten. 1 Zeitschr. flir Kryst./ vol. 31, p. 468 (1899). 

6. The elasmometer, a new interferential form of elasticity apparatus, 

‘Phil. Trans,/ A, vol. 202, p. 143 (1904) ; *Z. f. Kryst./ vo). 39, p. 321 (1904), 


Magnetism and Atomic Structure. —II. The Constitution of the 

Hydrogen-Palladium System and other similar Systems. 

By A. E. Oxi.ky, M.A., D.Sc., F.In8t.P. 

(Communicated by A. W. Porter, F.R.S. Received August 17, 1921.) 

1. Introduction. 

The present work is a continuation of that published in ‘Phil. Trans., 
A, vol. 214, pp. 109-146 (1914); A, vol. 215, pp. 79-103 (1915); A, vol. 220, 
pp. 247-289 (1920); ‘ Roy. Soc. Proc.,’ A, vol. 95, p. 58 (1918), and A, 
vol. 98, p. 284 (1921). It was believed that a magnetic examination of the 
properties of palladium black which had been charged with hydrogen would 
enable us to decide which of the proposed constitutions is the oorrect one. 
If the hydrogen were in the atomic state and free, one might expeot that 
the system would be more magnetio than unoharged palladium black, 
whether the assumed constitution of the hydrogen atom be that of Bohr* or 

* Sommerfelci,' Atombau u, Spectrallinien,’ p. 239, ft t«q. 
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that proposed by the author.* If the contained hydrogen were in the 
molecular form, either in the state of a gas or condensed to a liquid, since 
gaseous and liquid hydrogen are both diamagnetic,! we should expect a 
diminution of the magnetic property of the system by a small amount, 
depending on the minute diamagnetic susceptibility of molecular hydrogen 
and the amount of gaB occluded. Lastly, if the hydrogen enters into 
combination with the palladium, or is associated with the palladium so 
as to form a type of loose chemical compound, we should, in the light of 
previous knowledge of the effects of chemical combination on magnetic sus¬ 
ceptibility, expect a change depending on the nature of the compound formed. 

It is impossible here to go into details regarding the vast amount of work 
whioh has been undertaken to solve the problem of gaseous occlusion. 
Keference is made to the General Discussion held by the Faraday Society 
on the subject.} It will be convenient to summarise here the diverse views 
at present held as to the nature of the complex process of occlusion.^} 
These have been given by A. W. Porterjl under the following six heads :— 

(1) Chemical combination of the gas with the metaL 

(2) Simple solid solution, either separately or in conjunction with (1). 

(3) Two solid solutions in contiguous phases. 

(4) Solution accompanied by surface adsorption. 

(5) Surface condensation under molecular forces unaccompanied by 
solution. 

(6) Simple inclusion of the gas in the interstices of the metal. 

2. Experimental Determination of the Magnetic Properties of 
Palladium treated with Hydrogen. 

The apparatus used was a modification of that described in ‘ Phil. Trans./ 
A, vol. 214, p. 112 (1914), with the following differences. On account of the 
high susceptibility of pure palladium compared with that of the substances 
which were investigated in the earlier work, it was decided to abandon the 
delicate bifilar suspension mirror. Instead, a tele-microscope, focussed on 

* ‘Nature/ vol. 105, p. 327 (1920). It is not inconceivable that the electron in the 
free hydrogen atom ma y move up iuto an orbit in the nuclear plane, a modification 
determined by conditions of symmetry. 

+ T. Son6, ‘Science Beports, Tohoku/ vol. 8, p. 116, 1919 (for gaseous H 
X s * -19‘8 x 10~ r ); K. Onnes, ‘ Proc. Amsterdam Acad./ vol. 14, p. 121,1911 (for liquid H 

X~~27xlQ- 7 )* 

} ‘Trans. Faraday Soc./ vol. 14, Part III (1919). 

§ In what follows, “occlusion ” is used in a general way to include the rapid process 
of adsorption and the slower process of absorption or diffusion. McBain uses the term 
sorption in the same sense, 
p. 192. 



266 Dr. A. E. Oxley. 

the support A'* carrying the specimen, was used. A nul method was 
adopted, the force exerted on the specimen being counterbalanced by the 
torsion of the phosphor-bronze strip and read oflf on the torsion head. 

The sighting arrangement is shown in fig. 1. To prevent disturbance on 
the suspended system due to air currents, a brass cylinder, cut so as to fit 
over the pole-pieces and slotted so that it oould be readily placed in position 

CZZZ37>.13 

X 



Fro. 1. Fro. 2. 


when the specimen was attached to the point A of the torsion arm, was 
provided. The setting of the torsion head was adjusted so that the left side 
of the vertical support carrying the specimen was coincident with the 
setting line B, as viewed through the tele-microscope. 

The phial in which the specimen was placed, shown in fig. 2, consisted of 
a thin-walled glass tube 0 63 cm. diameter and 4'75 cm. long. 

Preparation of the Hydrogen-Palladium Specimens. 

The author is indebted to Dr. F. P. Burt for the loan of 2 grins, of 
palladium black. This was divided into two approximately equal parts, one 
of these being charged with hydrogen in the apparatus shown in fig.. 3. 
The activity of the specimens was considerable, and the particles of charged 
palladium showed vivid flashing when they struck the walls of the tube. 

The other half of the palladium was not treated. Its susceptibility was 

* See fig. 2 and * Phil. Trans.,’ lac. cit,, fig. 2. 
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practically identical with that obtained by previous investigators for pure 
palladium, indicating that this portion was free from occluded hydrogen or 

Brass Tube 



oombined oxygen, at least to any measurable extent. Subsequent experi¬ 
ments, in which this sample Was treated with hydrogen, heated to over 
200° C. and the hydrogen pumped off, gave products whose susceptibility 
did not differ from that of the untreated one by more than 1 per cent. 

Measurement of the Specific Susceptibility (x) of the Specimens. 

The equation for calculating this quantity is* 

x = M' [*“' Ma+ (x* • m *-x° • w «) • |- • <0 

where is the torsion due to phial and contained air, 

is the torsion duo to phial and contained water, 

S is the torsion due to phial and contained specimen, 

Xa is the specific susceptibility of air, 
is the specific susceptibility of water, 

X is the specific susceptibility of specimen, 

M is the mass of specimen, 

• M 0 is the mass of air filling the same volume as the specimen, 
is the mass of water, 

m a is the mass of air filling the same volume as the water. 

The values of x ■ X a were taken as —7'25 x 10“ 7 and 210 x 10 -7 (at 

20° 0.) respectively. 

In the following Tables, Zo is the zero of the torsion head reading, Z 1 the 
reading when the phial had been brought back to its initial position, 
S, Si and Sa the torsion necessary to balance the force on the phial when 
the latter was filled with the substance, air and water respectively. All the 
experiments (see Table I) were made at room temperature 17°-19° C., and 
each of the readings recorded is the mean of several determinations which 
agreed to within 2 per cent. 

* Of. ‘ Phil. Trans.,’ A, vol S14, p. 114 (1914). 
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A third and fourth aeries of experiments similar to I and II have been 
made. The results agreed with those given above, and showed that the 
deflections obtained with the “ activated ” palladium were always less than 
those for the pure palladium. 

The Hydrogen-Content of the Charged Samples. 

At the conclusion of the second, third, and fourth series of tests, 
the palladium was transferred to a glass tube, sealed at one end, and 
connected through the tube containing gold wire, to a manometer and 
Topler pump. The palladium was heated, and the hydrogen given off 
collected and measured. All the palladium samples had been subjected to 
hydrogen at a pressure a little greater than atmospheric for an hour and 
three quarters, and allowed to cool in contact with the gas. From 0*83 grin, 
of palladium black, the volume of gas collected was 20, 17, and 15 c.c. in 
the three cases. The occlusion capacity is usually referred to palladium in 
the crystalline state, whose density is 11*4, so that, at the close of the 
magnetic experiments, 0*08 c.c. of palladium contained 20, 17, and 15 c.c. 
of hydrogen, or the palladium contained 250, 212, and 188 times its own 
volume of hydrogen. This is a small amount, but the loss is due in the 
main to the combination of the active hydrogen with the oxygen of the air, 
as evidenced by the dampness of the specimens and the change in appear¬ 
ance from a metallic lustre to coal-black. A further loss resulted from 
mechanical disturbance during the transference to and from the phial and 
charging and discharging tubes. The flashing which took place and the 
heat evolved were noticeable. An estimate of the hydrogen loss through 
the formation of water was made with the last of the above specimens. 
This was weighed in the damp state and in the dry state after the hydrogen 
had been pumped off. A difference of 0*097 grm. was found * This corre¬ 
sponds to a loss of about 120 c.c. of hydrogen, so that, in the initial stage, 
the samples would probably contain 300-350 times their own volume of 
hydrogen, the loss due to mechanical disturbance being an uncertain amount. 

Experiments with Sealed Tube. 

An attempt was made to prevent loss of hydrogen due to chemical 
combination with the oxygen of the air as well as that due to mechanical 
disturbance of the specimen. 

The phial used, shown in fig, 4, consisted of an outer glass tube, 9 mm. 

* Magnetically, this amount of water would have no effect on the measurements, the 
specific susceptibility of water being - 7*25 x 10~ 7 . Further, the mass effect does not 
come in because the specimens were weighed before exposure to the air took place. 
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diameter and 7*8 cm. long. The palladium specimen was contained in a 
smaller tube, 6 mm. diameter and 7*3 cm. long. This tube was^ used 
during the charging operation (see fig. 3). The 
pure palladium weighed 0*658 grin. This was placed 
in the tube, two glass-wool plugs being inserted as 
before, and the tube drawn out so as to form con¬ 
strictions beyond the plugs. The charging was 
continued for 3 hours, and the palladium allowed 
to cool in the hydrogen for 2 hours. The tube was 
cut at the two constrictions, and a small dab of 
white wax immediately placed over the drawn-out 
open ends. This sealed tube was placed in the 
larger tube and suspended from the torsion arm 
at A. A series of readings was now made with the 
specimen in the double-walled phial (see Table It). 
Afterwards the phial was opened, and the palladium 
tube placed inside a wide tube, which was connected 
through a tube of gold wire with the manometer and 
Topler pump. The apparatus was then exhausted. 
By applying a small flame to the outer tube, the 
speck of wax was softened and the palladium tube 
opened to the vacuum. . Afterwards the tempera¬ 
ture of the palladium tube was raised to about 
200° G. and the whole of the hydrogen pumped off. 
The volume of gas collected was 49 c.c. About 1 c.c. of this was unoccluded 
hydrogen, and therefore 0*6.6 grm. of palladium black contained 48 c.c, of 
hydrogen. Crystalline palladium has a density of 11*4, and, if the 0*66 grm. 
of palladium black were compressed to this density, its volume would be 
0*06 c.c. nearly. This volume occludes 48 c.o. of hydrogen, and therefore 
one volume of crystalline palladium subjected to the same treatment would 
contain 48/0*06, or 800 c,c. of hydrogen. 

When all the hydrogen had been pumped off*, the palladium was allowed 
to cool in the vacuum. Air was next gently admitted, so os not to disturb 
the palladium, and a speck of wax again placed on the unsealed end of the 
tube. (It was found that the difference in weight between the tube, as 
originally sealed and as now sealed, was 0*026 grm,, this being the excess of 
white wax in the former case over that in the latter* A subsidiary experi¬ 
ment showed that the wax was slightly paramagnetic, but the mass here 
involved would not affect the resulting deflection by more than one or two 
scale divisions, and, in any case, the difference due to this cause was 


w 

Fig. 4. 
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purposely made so as to give the slight increased deflection to the activated 
sample whose magnetic property, as indicated by the earlier determination, 
was less than that of pure palladium.) 

The palladium tube was replaced in the phial and a series of readings 
taken as before (see Table II). During the above experiment it was 
observed that the active palladium preserved its metallic lustre, and when 
the tube containing it was rotated there was no adhesion of the particles to 
its walls, as was noticed in the previous specimens. 

Calculation of the Susceptibilities of the Specimens. 

From equation (1) the specific susceptibilities of the active and inactive 
palladium specimens are:— 

X*»i*ctive = + 64*6 (7) x 10“ 7 , 

Yactive » 36*5 x 10~ 7 , 44*6 x 10- 7 , 48*6 x 1CT 7 after 

V -v-' '-Y-' 

24 hours, -f14 hours. 

It appeared that the specific susceptibility was gradually returning to the 
value for the inactive specimen as the occluded hydrogen escaped through 
standing in contact with air. Fig. 5 shows the rate of recovery with time.* 


UNCHARGED PALLADIUM - BLACK 



From the second series of experiments, the specific susceptibilities are:— 
X lMct iv*= +64*0x 10~ 7 , 

* + 53*4 x 10~ 7 , + 51*0 x 10^7. 

♦ See footnote, p. 260. 
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The active specimen was again less paramagnetic than the inactive one by 
approximately 20 per cent., a value less than that obtained in the first 
series. The third and fourth series gave results of the same order as the 
second series. 

The fifth series, as was to be expected, gave the greatest reduction, viz.:— 
^inactive as *f 64*3 X 10~ 7 ,* 

Xaotive « + 147 Xl0~ 7 , 

a reduction of 75 per cent. 

3. Interpretation of the Experimental Results. 

The hydrogen atom contains a single unbalanced electron, and, assuming 
that the nucleus, even if it rotates, contributes nothing to the magnetic 
properties, on account of its minute size, we should expect that free 
hydrogen atoms occluded in the palladium would involve an increase in 
the specific susceptibility. The experimental results described above 
therefore indicate that the hydrogen occluded by palladium is not in the 
free atomic state. 

Molecular hydrogen, both in the gaseous and liquid state, is diamagnetic, 
and the existence of the occluded hydrogen in either of these states would 
therefore imply a smaller specific susceptibility for the active palladium. 
Such molecular hydrogen would not combine with the palladium. Therefore, 
knowing the specific susceptibility of hydrogen and the mass occluded, we 
can calculate the amount by which the specific susceptibility of the 
palladium would be reduced. Now, palladium of normal density 11*4 
occludes 640 times its volume of hydrogen. Taking the mass of palladium 
black used in the earlier experiments as approximately 0'9 grm., and its 
volume as 1 c.c., the volume of hydrogen occluded by it should be of the 
order 70 c.c. The mass of this is 0*0063 grm. Taking the specific sus¬ 
ceptibility of hydrogen as — 30 x 10~ 7 , this occluded hydrogen would reduce 
the specific susceptibility of the palladium by 019 x 10 ~ 7 , which is quite 
insufficient to account for the observed difference. Hence the occluded 
hydrogen is not gaseous molecular hydrogen or condensed molecular hydrogen 
in a state of mere solid solution or dissolved in the metal. 

The magnetic property of a metallic compound is usually different from 
that of the components taken together. Thus iron and nickel are ferro¬ 
magnetic, carbon monoxide is diamagnetic. The two carbonyls of iron and 
nickel, Fe (CO) B and Ni(CO) it are diamagnetic,f having susceptibilities com- 

* Honda, 'Ann. d, Phya.,’ vol. 32, p, 1044 (1910), gives +61'2x 10"* 7 , other value# 
ranging down to +58 x 10~ 7 have been found. 

t A. E. Oxley, 4 Proc. Cam. Phil. Soo./ vol. 18, p, 108 (1911). 
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parable with that of water. It is possible that something of thiB nature takes 
plaoe when palladium occludes hydrogen. If a compound of palladium and 
hydrogen were formed whioh ,is diamagnetic or, at any rate, much less 
magnetic than pure palladium, the specific susceptibility of the hydrogen- 
palladium system might be reduced 60 per cent, or more below that of pure 
palladium. 

One grin, of palladium contains 5*7 x 10 sl atoms; 1 grin, of the palladium 
black, whose density is approximately 1, will occlude about 64 c.c. of hydrogen, 
which contains 3'4 x 10 al atoms of hydrogen. The ratio of the number of 
hydrogen atoms to the number of palladium atoms in l grin, of the •palladium 
black is 3'4/5'7 or 60 percent. It is curious that the proportion of hydrogen 
atoms is a little greater than that of half the palladium atoms. We may 
perhaps suppose that a loose type of chemical compound is formed, loose 
because of the known great instability of the system and the readiness with 
which the occluded hydrogen is given off. Each hydrogen atom may be 
pictured as oscillating between two palladium atoms with which it is 
alternately in combination. The composition of the system would then 
correspond to that of the supposed compound Pd s H, a view advocated by 
Troost, Hautefeuille, and by Wolf. It is possible for palladium to occlude 
still greater quantities of hydrogen, when the external pressure is increased, 
and in such cases there may be a tendency for a loose compound of the type 
PdH to form, or the excess hydrogen may form a solid solution in the system 
beyond this oonoentration.* 

The magnetic results given in section (2) indicate a considerable drop in 
the susceptibility, varying from 70 per cent, in the fifth series. 40 per oent. in 
the first series, to 25 or 20 per oent. in the other series, and it is considered 
that the formation of an unstable compound or perhaps even a mere wander¬ 
ing of the hydrogen atom over the “ surfaces ” of the palladium atoms, to 
whioh the former temporarily attach themselves, is what actually occurs. 

Now suppose that when a hydrogen atom is temporarily attached to a 
palladium atom the oompouud PdH formed is diamagnetic. At any moment 
only one-half the palladium atoms would show their normal magnetic property. 
Assuming a structure for the hydrogeu atom like that suggested by the 
author! it is possible to picture the combination as shown in fig. 6, where 
the eleotron of the hydrogen atom has gone into the outer shell of electrons of 
the palladium atom. The PdH system would thus consist of two nuolei, those 
of normal palladium and hydrogen, with a system of electrons very similar to 

* Barnsay, Mood and Shields, f PhU. Trans.,’ A, vol. 181, p. 106 (1898), indicate the 
possibility of the formation of a hydride Pd*H, for large hydrogen contents. 

t ' Boy. Soc. Proc.,’ A, vol. 98, p. 964 (1921), and ' Nature,’ vol. 106, p. 327 (1920). 
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that of silver, whose atomic number is one greater than palladium, Seasons 
have been given above for supposing that the magnetic property of elements 



Fio. 6. 


depends entirely on their electronic configuration, and therefore we should 
expect the temporary compound PdH to be, like silver, diamagnetic. 

The specific susceptibity of silver is —1'86 x 10~ 7 , and, if half the electronic 
systems are similar to those of silver, their contribution to the magnetic 
property of 1 grrn. of active palladium would be —0 93 x 10~ 7 , a quantity 
which is negligible compared with the susceptibility of palladium. Therefore 
the susceptibility of the palladium would be reduced by 60 per cent. As the 
occluded hydrogen escaped owing to mechanical disturbance, or combined 
with the oxygen of the air, the susceptibility would gradually rise until it 
readied the value for pure palladium (cf. fig. 6). 

The electrical conductivity of palladium may be attributed to a tendency 
of the electrons in the outer shell of the atom to wander. It is conceivable 
that the attachment of a hydrogen atom in the manner indicated in fig. 6 
would tend to counteract this, the hydrogen atom acting with regard to the 
nomad as a sort of anchor. Hence the electrical conductivity of the hydrogen- 
palladium system would fall off as the number of loose PdH units increased.* 
This agrees with Wolfs experiments. 

The process of occlusion of hydrogen in crystalline palladium is a difficult 
one to understand. Holt and Andrewf have shown that if sufficient time is 
allowed, the capacity for occlusion is the same for crystalline and amorphous 
palladium. The atomic volume of palladium is hot very different from that 
of hydrogen, and therefore the expansion of a palladium wire by about 16 per 

* Silver ia a good conductor, and if ita electron ay item is aimilar to that of Pd—H 
we moat attribute the difference in the conductivity to the preaeuee (externally) of 
the H nudeua in the Pd—H ayatem. 

t ‘ Boy. Soo. Proc.,’ A, vol. 88, p. 170 (1818); A, vol 80, p. 888 (1814). 
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cent., as observed by Graham, 0 the wire containing 600 times its own volume 
of hydrogen, is very small It seems necessary to imagine that the crystalline 
lattice of palladium is hollow, like the diamond lattice.f If the hollowness is 
the determining factor in occlusion, this may throw some light on the atomic 
nature of the occluded gas, since molecules of hydrogen would not find a 
cavity large enough to accommodate them. It is important to note that the 
lattices of both palladium and silver are face-centred cubic. In the more 
open structures of the amorphous palladium, cavities must exist large enough 
to receive numbers of hydrogen moleoules. Supposing these have entered, let 
us assume that there is an appreciable attraction between the Pd and H 
atoms which is comparable with that between two H atoms. Under this 
differential attraction and favourable collisions, a hydrogen molecule may be 
broken up and one hydrogen atom find itself in a hollow in the palladium 
lattice. This process may be repeated with the gradual diffusion of the 
hydrogen atoms through the palladium accompanied by the break up of the 
lattice. We know that diffusion of this kind does take place and we must 
assume that the thermal oscillations of the Pd atoms are sufficient to allow a 
way through for the hydrogen atoms eventually, though the process is very 
slow. The increased power of occlusion as the temperature of the palladium 
is raised to 100° 0. is evidence of this. The expulsion of the hydrogen 
produced at 180° C. and above is due to oscillations of larger amplitude which 
permit the hydrogen atoms to unite and form molecules. 

The experiments of Graham,J which indicate that crystalline palladium 
becomes more magnetic when charged with hydrogen, oan be explained on the 
views expressed here. 

His deduction of the existence of a magnetic “ bydrogeiiium ” is not in any 
way supported by more recent researches on the magnetic property of 
hydrogen in combination. Liquidg and gaseous)) hydrogen are diamagnetic, 
and atomic hydrogenlT in all the hydrocarbons is diamagnetic. The free 
hydrogen atom is paramagnetic, but when it combines with a carbon atom the 
system is a compensated one. It is possible that each of the four hydrogen 
atoms in CH* holds a pair of electrons in common with the carbon atom. In 
the diamond, each of the four outer electrons of any atom is one of a pair of 
electrons held in common between two atoms, and recent X-ray evidence 
supports the view that weak diffraction centres exist halt way between the 

* * Jouro, Chem. Soc.,’ voL 22, p. 430 (1869). 

f Sir William Bragg, ‘ Nature,’ vol 105, p. 79 (1921). (Abstract of Kelvin Lecture.) 

} ‘ Journ, Chem, Soc.,’ vol 22, p* 430 (1669). 

8 Onnea, *Proc. Amsterdam Acad.,’ vol, 14, p. 121 (1911). 

|| Son$, ‘ Soience Reports, Tohoku,’ vol 8, p, 115 (1919). 

IT Pascal, ‘ Ann. de Chim. et de Phys.,’ vol 8, p. 19 (1910). 
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carbon nuclei in the diamond. In the amorphous variety this bonding of the 
carbon atoms is inappreciable ; the rigidity is small, but the power of occlusion 
large. May it not be that this capacity for occlusion is determined by a 
combination, similar to that which has been prescribed for the Pd—H system, 
the molecules of the occluded element first becoming dissociated, and finally 
sharing an electron with the carbon atom ? In the case of the diamond, where 
the electrons of the carbon atoms are already shared among themselves, occlu¬ 
sion would be impossible, even though there are hollows in the diamond lattice. 

The two varieties of palladium are very similar in their behaviour to those 
of carbon. Amorphous carbon has a specific susceptibility — 20*2 xlO" 7 , 
diamond — 6*OxlO~ 7 , or four times smaller. The specific susceptibility of 
palladium black is 58xl0~ 7 , crystalline palladium 11 x 10“ 7 , or five times 
smaller. Crystalline palladium, like diamond, is rigid, because its atoms are 
held together by electron sharing. The amorphous varieties have no cohesion’, 
but high occlusion capacity. The greater the amount of amorphous palladium, 
the more rapidly will the hydrogen be occluded, and the expansion which 
results disintegrates the crystalline grains producing a larger amount of 
amorphous palladium. It is conceivable that circumstances may arise whereby, 
through internal strain, minute masses of the amorphous variety may be 
formed, which are screened off from attack by the hydrogen atoms by 
crystalline fragments through which the hydrogen diffuses very slowly. The 
heterogeneous system so formed would have a larger susceptibility than the 
original crystalline mass in proportion to the amount of such amorphous 
phase formed. When the hydrogen is driven off by heat, the palladium 
retracts, as Graham showed, and does so beyond its original dimensions^ 
probably owing to the opportunity given to readjust internal strains which 
originally existed in the crystalline metal. Such retraction is often 
accompanied by a reduction of the occlusion capacity when the sample ia 
again treated with hydrogen, and this is what might be expected. The 
properties of palladium in which the crystalline and amorphous phases 
co-exist are clearly complex, and a satisfactory solution can only be given 
when the relative proportions of these phases is determinate. 

It has been suggested that, as regards the properties of the outer regions of 
the atom only, we may look upon any complex atom, e.g., a palladium atom, as 
consisting of an assemblage of hydrogen atoms.* If a free hydrogen atom 

* A. E, Oxley, * Nature/ vol. 106, p. 327 (1920), Any negative charges necessary to 
cement the positive charges of the nucleus are not involved here The disintegration 
of a hydrogen nucleus would depend on the attraction between it and the nuclear 
electrons j once this had taken place, e.p,, by bombardment with o-particles' (c/. 
Rutherford, ‘Phil.Msg./ vol, 41, p. 613 (19S0) ), the H'nucleus would take up an electron 
and become a neutral H-atom. 
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attaches itself to such a system as shown in fig. 6, a considerable amount of 
heat would be evolved. For two hydrogen atoms combining, the thermal 
evolution is 77,000 calories per gramme * Mond, Ramsay, and Shields have 
shown that the heat set free when 1 grin, of hydrogen is occluded in palladium 
is 6,472 calories. The thermal value of the combination of palladium and 
hydrogen will be the sum of these numbers, or 83,600 calories per gramme of 
combined hydrogen. This implies that the Pd—H system, in the absence of 
excess hydrogen, is exceedingly stable. The presence of other hydrogen atoms, 
or oxygen (if the system is in contact with air), will mako the Pd—H system 
less stable, and measurable in fact by the thermal change 6,472 calories per 
gramme of hydrogen, as determined by Mond, Kamsay, and Shields. The view 
which has often been put forward that the hydrogen is merely condensed as a 
liquid within the metal, not only gives the low thermal change of 123 calories 
t c or the occlusion of 1 grm, of hydrogen, but demands the presence of very 
stable hydrogen molecules which are inconsistent with the great activity of 
the hydrogen-palladium system. 

4. Theoretical Application of the Above Results to Other Systems. 

The formation of an electronic system corresponding to an element of 
higher atomic number than that of the occluding element, such as those of 
the palladium-hydrogen and silver systems described above, is suggestive in 
connection with the change of magnetic properties of other elements con¬ 
taining occluded hydrogen. It has been shown that pure manganese is 
paramagnetic, its specific susceptibility at 18° C. being + llxl0~ 6 . When 
manganese is fused in an atmosphere of hydrogen, or is deposited 
electrolytically, it is ferro-magnetie, the highest values of x h©i n g of the 
order +2000 x 10 --6 . Such manganese contains a certain amount of oocluded 
hydrogen, the abstraction of which causes the manganese to assume its 
normal paramagnetic susceptibility.! 

Now, the atomic number of manganese is 26, that of iron 26. If we 
suppose that, when hydrogen is occluded in manganese, the electron of the 
hydrogen atom enters into the outer shell if the manganese atom, an 
electronic system similar to that of iron would result. As before, the 
Mn—H system differs from the Fe system, since the former has two nuclei, 
one of manganese the other of hydrogen, while the latter has the single iron 
nucleus. We might expect, therefore, that the presence of hydrogen in 
manganese would tend a make a certain number of the manganese atoms 

* Langmuir, 4 Phil. Mag,,’ vol 27, p. 186 (1914), 

t Hadfield, Cb6neveau and Geneau, *Roy. Soc. Proc.,’ A, vol. 94, p. 69 (1917); also 
Weiss and Onnee, ‘Coroptes Rendus,* vol 150, p. 686 (1910). 

T 2 
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ferro-magnetic, in proportion to the number of hydrogen atoms occluded in 
the manganese. 

We can calculate the amount of hydrogen which *would be necessary to 
produce the rise of susceptibility referred to above, The saturation moment 
of 1 grm.-atom of iron is 11x1123* and the magnetic moment of each 
atom 11 x 1123/6-06 x 10“ Suppose that the hydrogen atoms in 1 grm, of 
manganese are effective in producing N electronic systems similar to that of 
the iron atom. The magnetic moment of these will be 

Nx 11x 1123/6*06x 10“ 

The rise of susceptibility of the manganese is from 11*0 x 10~ 6 to 2200 x 10~ 6 , 
or 2189 x 10“ fl , for a field strength of 320f gauss. This implies an increase 
of magnetic moment of 2189 x 10~ B x 320 per gramme. Hence 

N = 2189 x 10~ 6 x 320 x 6 06 x 10*71123 x 11 = 3«2 x 10» 

This is the number of Mn—H systems present, and is also equal to 
the number of H atoms per gramme of manganese necessary to produce 
the ferro-magnetiam in the manganese. The mass of this hydrogen is 
3*2 x 10 lft /6*06 x 10“ or 5*4xl0~ B grm., and its volume nearly 0*6 c.c. per 
“gramme of manganese. The density of manganese is 7*6, and therefore, 
according to this calculation, this element would ooolude 4*5 times its own 
volume of hydrogen. This is a reasonable estimate compared with the 
capacities for occlusion of other elements^ :— 
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* Weiss, * Archives des Sciences Phya, et Nat,/ vol. 31 (1911). 

+ Hadfield, Ch6neveau and Geneau, loc. ciC., p, 70, footnote. 

[Acre added , January 8, 1922.— 1 The amount of hydrogen in this specimen was not 
measured, but Sir Bobert Hadfield informs me that in a sample of electrolytic 
manganese, 45 c.c. of hydrogen were driven oft per cubic centimetre of manganese. 
Kuh (‘Thdse/ Zurich, 1911) has obtained a magnetic moment for ferromagnetic 
manganese twice as large as that recorded above, and this would correspond to 9 o.o. 
of occluded hydrogen per cubic centimetre of manganese. These calculated values are 
not so large as the experimental value recorded above, but it should be borne in mind 
that the Mated Mn—H systems have been assumed to be identical with contiguous 
Fe atoms, and the difference is possibly due to this,] 

X Neumann and Strientz, * Monatshefte f. Ohemie/ vol. 13, p. 40 (1692); vol. 12, 
p.642 (1891), 

§ Ewing, * Magnetic Induction in Iron and Other Metals/ pp, 83-88. 
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is suggestive. In this case it is conceivable that the occluded hydrogen 
atoms thrust their electrons into the outer shells of the iron atoms, and 
produce a combined electronic system analogous to that of cobalt 

On the cubical atom theory of Lewis and Langmuir, some insight as to 
the relation between magnetic property and structure of the elements may be 
obtained which are not inconsistent with the views expressed above. 
Langmuir points out that “ The properties of the atoms are determined by the 
number and arrangement of electrons in the outside layer and the ease with 
which they are able to revert to more stable forms by giving up or taking 
up electrons, or by sharing their outside electrons with atoms with which 
they combine. The tendencies to reverb to the forms represented by the 
atoms of the inert gases are the strongest, but there are a few other forms of 
high symmetry, such as those corresponding to certain possible forms of 
nickel, palladium, erbium, and platinum atoms, towards which atoms have a 
weaker tendency to revert (by giving up electrons only).” 

According to Lewis, the most stable electron arrangement is that of the 
pair, and, as regards the formation of compounds, Langmuir remarks : 44 The 
pair of electrons in the belium atom represents the most stable possible 
arrangement. A stable pair of this kind forms only under the direct influence 
of positive charges. The positive charges producing the stable pair may be:— 

44 (a) The nucleus of any element. 

" (6) Two hydrogen nuclei. 

“ (c) A hydrogen nucleus together with the kernel of an atom. 

44 ( d ) Two atomic kernels. 

44 These are listed in the order of their stability.” 

(a) represents the helium atom; (6) the hydrogen molecule; ( c) the systems 
Pd—H, Mn—II, Fe—H, Pt—H, etc.; (d) the more complex ferro-magnetic 
systems Mn—B, Mn—P,Mn—As,etc,, and the Heusler alloys. In cases (c) and 
(d) where one or both of theatoms have complex structure, the electrons arrange 
themselves in octets, which may be very much distorted. Octets may hold 
electrons in common with other octets, but such electrons must form one, two, 
or three pairs. When electrons are held in common no ionisation of the 
atoms takes place, and in such oases the especially close relationship between 
the electrons forming the pair have suggested an electro-magnetic origin of 
the coupling force between the atoms* Where the chemical affinity is small, 
or is a differential one, as is probably the case in the unstable compounds 
formed during occlusion, the tendency will be for the atoms to satisfy their 
needs by sharing electrdns. 

* A. E. Oxley, * Roy. Soc. Proc., 1 A, vol. 98, p. 264 (1921). 
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The Cause of Enckes Division in Saturn's Ring, 

By G. R. Goldsbrough, D.Sc., Armstrong College, Newcastle-on-Tyne. 

(Communicated by Prof. T. H. Havelock, F.R.S. Received March 2 , 1922.) 

§ 1. Introductory, 

In a former paper* the effect of satellites in producing divisions in Saturn’s 
Rings was discussed. The case taken was that where the satellite orbit and 
the rings were co-planar. The results afforded an explanation of the outer 
dimension of the Ring, Cassini’s Division, the inner radius of the bright ring, 
and the existence of the Crfipe Ring. But no reason was given for the 
existence of Encke’s Division, nor the numerous divisions reported by Lowell. 
In carrying the examination further, the fact that the satellite orbits are not 
precisely co-planar with the ring system must be considered. As given by 
the ' Annuaire du Bureau des Longitudes,’ the inclination of the plane of the 
rings to the eoliptic is 28° 5‘6', while the corresponding inclinations of the 
satellite orbits are— 

Mimas. 27° 296', Dione . 28° 4*4', 

Enceladus . 28° 4 , 3 ' 1 Rhea . 28° 22‘8', 

Tethys. 28° 40-5', Titan . 27° 39T. 

In the cases of Mimas, Tethys, and Titan, the differences are distinctly 
marked, the first being 30', or 0*01 of a radian. The effect of this inclination 
is examined in the sequel. 

The general hypotheses are the same as in the former paper, to which the 
reader is referred. 

§ 2. The Equations of Motion. 

Using the same notation as in the former paper, let M be the mass of the 
primary supposed situated at the origin of co-ordinates. It is surrounded by 
a single ring of p particles, whose unperturbed positions are in the xy plane, 
at the corners of a regular polygon. We shall take the co-ordinates of one of 
these particles, m. k , as y k , or i\, 8^ z K ; r and 8 being measured in the 
xy plane. The unperturbed values of these co-ordinates will be ***0, r A s»«, 
0 A =a>< + e + X.27r/p, where »®cr. s =M + m A =M. 

The perturbing satellite, of mass m’, describes a circular orbit of radius a‘ 
in a plane inolined at an angle 7 to the xy plane. Any ellipticity of the 
primary M is neglected, so that the orbit of m' has stationary nodes. It 

* ‘ Phil. Trans.,’ A, vol. 822, p. 101. 









The Cause of Encke's Division in Saturn's Ring . 


281 


has been shown by Stroobant,* that Saturn's King, as a whole, has little 
effect upon the movements of the satellites* We are therefore justified in 
treating the orbit of ra' as an unperturbed circle. The co-ordinates of m' at 
time t will be 

x ' s= a ' cos 0\ y* = a' sin 0' cos y, z' = a* sin 0' sin y, 
where 0 ' = + 

and a>'V s = M + m' = M. 


We have here taken the line of nodes as the #-axis, and have measured 0' in 
the plane of the orbit. 

The equations of motion are now, for the particle m K 


In these 


h—r k 0 A * = 

^ i <’•>**>= 


3F ) 
fry 
1 3F 
rySfy 

3F 


( 1 ) 


tj , _ Mq-wix , m' m' , , . , , 

r = 5TO7J» + Si _ S' ^ +:M +i “> 


, v 3i_v wv(a; A x < ,+y A y M + ^ > .) 




(v , +v , ) a/3 


where 


A* 3 = (* A -*')»+(y A -y')»+( SA _ S ')» 

= (a!jk^-a; M )*+(yx— VnY+izy— v) 3 
= 'V s + V*—2r A »v cos (0 A - 0„) + (s A —J M ) a . 


In the case of Saturn's Rings, the particles forming any ring can only 
perforin small vibrations in the plane of the ring about their zero positions if 
collision with other particles is to be avoided. We therefore assume 

r A = a(l + px), 

and 0 A = a>t + e + \ 2 Tr/ 2 > + <r>„ 

where p A and <r A are small. 

When the orbit of the perturbing satellite is in the xy plane, * A =0 is a 
solution of the equations (1). Further, as we shall only oonaider the case 
where the inclination of the satellite orbit is small (and therefore we may 
replace sin 7 by 7 and cos 7 by unity), we assume 

*a * 

ft being also small. 

* ‘Comptes Bandas,' voL 178, p. 913. 
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The equations (1) now become 



Now 


Ax 3 = +a' J — 2»yr' {cos cos 8' + -sin 6^ sin B‘ cos 7} — 2 z* 2 '. 

Since cos 7 is replaced by unity, and in the formation of zero values of the 
derivatives we put = 0 , it is clear that, wherever it appears in the 
equations ( 2 ), A a has the same value as in the equations of the former paper. 

In the same way the other zero valueB are 

IV = 4rt*8in 3 (\— n)ir/p, 

“f* y^y '"b *x^’ # = aa> cos (a>'t + e — wt—e—\2-jr jp), 
and x&n + j/ a jv -f = a 3 cos (X— /a) 2 -trip. 

It is evident, then, that the terms of equations (2) will all be the same as 
those of the former paper except where s-derivatives appear. The latter 
terms are now evaluated:— 

2«7C ( = — ^~r v* {*—«' 00 s (e ' - e K ) } sin & & 


s= 0 , to the order of value we are using. 
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In the last expression the ^-summation in the right-hand member does 
not include the case p — X. Also 6 ' now equals m f t + e' and equals 

*>t + e + \27r/jtf. 

It is clear from these results that the first pair of equations (2) remain 
unchanged by the small inclination of the satellite orbit. The effect of this 
inclination is only to produce vibrations normal to the plane of the ring. 

We are therefore left with the single set of equations 

£ = >»' sin d’ \ - -^ + -4 cos(< 9'-0 a )1 

1«Aa 8 aa * a 8 J 

, 0 , . a, f aa'— rt' a cos(0'— 0 A ) , a A 

+ 3m'sm 6' ^-^ + ^ eos(0 ; -0 A ) 

+ 3 m' sin 6' { Jl si n (^'—0*)+sin {6' - 0*)j- a x 



M + >»a 
a 3 




(3) 


It is to be rioted that this equation holds for all integral values of X from 
1 to p. It is independent of 7 ; and the quantities p\, <r x are known for all 
values of X, having been determined from the first two of equations (1) which 
have been solved to the necessary degree of approximation previously. 

In the former paper, certain approximations were made to render possible 
the solution of the period equation without a definite knowledge of the 
separate masses forming a ring.* This approximation amounted to the use of 
the mean position instead of the actual position of a particle in calculating 
its perturbing effect upon another particle. If we adopt the same process 

again, we reject the terms 2 jr** * n equation (3). We have then a series 

of p equations for the metion of the p particles, each equation containing the 
co-ordinates of the particle under consideration and not the co-ordinates of 
the other particles. This of course very much simplifies the work. 

We may write 

Aa“ 3 = «' _3 2c<cosi(0' — 0 a), 

i 

A a - 5 = a'-*2c/iCO8i(ff'-0 x ). 

i 

On substituting these and reducing the expressions, we find that equations (3) 
may be written 

£ + £S0j ,j 00 s j(0'-9J+p A 2<k,j sin (O'+l) O’-j&k) 

j J 

+ «■* 2 cos {(j+l)d'—jO x ) = 24»4.j8in ( 4 ) 

) i 

* Loo. oil pp. 123 and 124. 
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In these equations the values of the coefficients are readily obtained. In 
particular * 

<I>i, i) = w 2 4 a? 8 £ 37, ^ —r—7- + 

As was shown in the previous paper * % 8 "s m ran g® 8 * n 


value from zero to 0*0096 where m is the maximum mass of a particle 

appearing in the ring. All the quantities <£> except <t>i,o are factored by v or 
m'/M. As this quantity is very small, ail the quantities except <J>no will 
be small, and their squares and products may be neglected. Also in <3>i,o the 
term p'&*% may be rejected in comparison with the other two. We shall 
then write 


§ 3. The Solution of the Equations. 

In solving equations (4) let us first take the complementary function. The 
equation to be solved is 

£4 Zl'a&itjCQ&jfw't + e' e— \2n/p)] = 0. (5) 

i 

The solutions of the system are obtained by giving to X its p values 
1,2, „.p. The equation is of Hill's well-known form and can readily be 
solved by the method of Whittaker and Ince.f To simplify the form, change 
the independent variable from t to <f> tfhioh equals m't 4e'~ \2wfp. 

Then 

Let % = e‘*u, where u is a periodic f unotion of the independent variable <f>. 
Then 

c*m + 2 cu' + n" + u 2 <t> Uj cosy<^j ■» 0. (7) 

Also let 

« sb eos(n<£—T) + 2P<d>i,<..., 

X 

% 

*i,. = n a {a>' — «)* + 2Ej4>i, i.... 

In the summations, all integral values of i are to be taken except t a* 0. 
The general case should include products of the quantities 4>, but as has been 
pointed out these may be neglected. The quantities Q< and R< are constants, 
* P. 123. 

t ‘ Monthly Notices, E.A.S.,’ LXXV, 6, p. 436. 
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and P< is a periodic function of </>. If we add the two conditions *. (1) That 
no term t) may appear in the expression for u, and ( 2 ) that u is 

purely periodic, we are able to determine completely all the coefficients 
entering into the expressions. 

On substituting in equations (7) and equating to zero the coefficients of 
those terms which are independent of 3>, we have an identity. From the 
coefficient of <$i, we find 


— 2 n Qi gin (n<f >— r) *f P<" + n 2 l\+ 7 ^ cos (ntf) — t) 

(a) — 

oos(yi<f)"-T)coBt^> 

(ft)' —ft>) a 

in general, therefore, 

Q» = 0, Ih = 0, 

£ cos{(i-f n)<f>—r} . £cos {(t— r} 

1 (eo'-tof {(i + nf-n 3 }"%'-«)» 


( 8 ) 

( 9 ) 


But in the particular case of i = 2n, equation ( 8 ) reduces to 
— 2»Q*» siu (n<f> — r) + Pa," + n 3 P 3 „ + r-— cos (n<f> — r) 

(ft) —(Of 

{£cos(3n^ —t) + | coa(n<f> — t)oos 2t—£ sin(ti^—r)sin 2 rJ =0. 


(to'—wy 

Whence, to fulfil tho given conditions, 


We have, then, 


and 


sin 2t 


4 n(io' — to) 3 ' 
R 3 „ = — J cos 2 t, 
p _ cos(3»d>— t) 

** ” 18 n 3 (to'-tof 




sin 2 r 


‘Pi.! 


"a —;— } - to* 

4ti(g) —g))* 

3>i, 0 sb n 3 (to' — <a)* — l <Pi, 3 „ cos 2 t. 


( 10 ) 


( 11 ) 


These two expressions, together with (9) and ( 10 ), constitute a solution 
valid in the vioinity of 4>j , 0 = n 3 (to'—to) *, where n is any integer. The 
parameter r is determined from the second of equations (11). The value,so 
obtained, substituted in the expression for c, determines that quantity 
oompletely. It is clear that real values of r mean real values of c, and hence 
vibrations of increasing amplitude or* instability. Ileal values of r can only 
occur when 
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and owing to the extreme smallness of this is, with a close degree of 
approximation, when 

Y» 30 . (12) 


We pass next to the particular integral of equation (4), The values of p k 
and <r* to be used are obtained from the former paper. From p. 110, we 
have 

p =: e* {A 0 sin (fi^-r) + $lA r ,, 0 r ,,.,. }, 
and <T tsz ^ {X 0 CO8(n^—T) + 22X r ,,0r,# }. 


In these expressions A 0 and Xo are related constants, and A r ,„ X r ,,are 
determined later in the paper. As, however 0 ri# is of the same order as 
3 > a ,j and it is evident that on substituting in equation (4) only the first 

terms of the expressions for p and a need be used. We have further to add 
the particular integrals for p and <r given on p. 117 of the former paper. As 
again, these particular integrals are of the same order of value as the 
quantities 4> a> ; and it is clear that we may omit them in making the 
substitutions. The final result is that the values of p and <r will both produce 
terms of the type 

fl<cos {(i + l)0'~ iOx} . exp. 0 k ), 
where i may take all integral values, positive and negative, and c and iU are 
known constants of the same order as <l> a , ; and 

Particular integrals will arise from these terms and also from the remaining 

Taking the first of these we have to find the particular integral of 

& + &2Q\,)Cobj(0'—0J = fiicos {(i+l)0'-i0 K }e xp.c(0'—0 A ). (13) 


Removing exp.{c(0' —0 A )}, and neglecting c* f we have 

2c(w / -ft))f A 4-^+fx2<ti^cosy(0'--^) * n<cos{(;+i) 0 '-t 04 , 

j 

On working out the particular integral in the way previously adopted,* and 
noting that products of 4> and Q, may be rejected, we have 

* <«+»«--*>> . 

or, to the same order of values, rejecting the product 

r. - *** iff 

l)o> —lea } 8 


( 14 > 


* Loc. p. 116 . 
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To this must be added the particular integral of 

&+j cos i(0'-0*> = 0> i( j sin {0 +1) 0' -J 04 - (15) 

3 

To the same order of approximation, the required integral is 

r _ $«. i sin ((,/ +1)0' zlihL (16) 

4> 1)0 -{<y+l)w'->} a ‘ 

Finally, the whole particular integral is represented by the Bum of (14) 
and (16). 

§ 4. Discussion of the Results. 

Expression (12), with the meaning of inserted, iB 

« a + 6) a F x = ?i a («'-«)*. (17) 


As already pointed out, for the differing values of \, F x ranges from zero to 
0 0096As in the previous paper, we shall treat F* as a parameter 
varying continuously between the limits mentioned. Solving (17) and taking 
only the case where «#>«', 


— — n —v 7 (1+jV) 

w n 


(18) 


The maximum value of F K as determined from the observed dimensions of 
Cassini’s Division is 0 - 0l73. The following Table gives the positions of the 
divisions resulting from the instability :— 



o 

1 

£ 

Fa * 0 *0178. 



a/a'. 

•//*. 

a\a\ 

« »1 

0 

0 


_, 

2 

4 

0-680 

0 -4958 

0-626 

a 

4 

0-768 

0 -6689 J 

0-761 


Applying these results to the case of satellite Mimas, we should find, from 
the solution n = 2, a narrow division in Saturn’s Ring extending from 16-9" 
to 16‘8". This is just at the inner edge of Cassini’s Division. For Enceladus 
the same solution would give a narrow division from 217" to 21 - 6". This is 
outside the limits of the existing ring. The solution for n = 3 gives for 
Mimas a narrow division at 20 , 5". This is again just outside the existing ring. 

The normal vibrations represented by the solution (17) do not lead, then* to 
any new divisions in the Ring of Saturn. The particular integral, represented 
by the sum of (14) and (16), becomes large, aud instability ensues in the 
vicinity of that position where , 

4h,o—{(i+1)®' —iso} 3 — 0. 


(19) 
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Taking the value of dv>, equation (19) becomes 

o> 2 (1 + F*)- {(*■+1)«'-*»}» * 0. 
The solution of this equation for which <o > to' is 

t'-va+F*) 


r*> 

a) 


*+1 


( 20 ) 


As before, ranges in value from 0 to 0'01?3. The following Table gives 
the limits of the zones of instability arising from (20) for various values of i, 
which is an integer :— 



i FA - 0. 

1 

1 

O 

2 

3 

j_ 


1 ; 
| 

! «/<*'. 

i 


a/a\ 

i ** 1 

0 

0 

_ 

_ 

2 

i 

0-481 

0*831 

0*478 

3 

4 

| 0 ’680 

0*408 

0*628 

4 

1 

0 *711 

0*608 

0-710 

5 

0*768 

! 

0*665 

0-762 


As appears in this Table, a series of narrow divisions arise from this part 
of the integral. 

On applying the ratios to the satellite Mimas, we have the following series 
of divisions. They are worked to two places of decimals, in order to show the 
order of magnitude of the width of the divisions. 

For n m 2, 12-90" to 12-81", 
n m 3, 16-89" to 16*86", 

» = 4, 19-08" to 19 03", 

, n = 6, 20*60" to 20-46". 

The first division is in the Crepe Bing, just within the commencement of 
Ring B, the inner diameter of which is 13-00". 

The second division is at the inner edge of Cassini's Division. 

The third division is a new one and falls almost exaotly in the position 
given lor Encke’s Division. Lowell* gives the radius of Enoke’s Division as 
19-00"; while Seef states it at 18*87" with a width of 0*41". In either case 
theory dearly indicates the existence of this division. 

The third division-again falls outside the existing ring. 

Applying next the ratios in the Table to the satellite Enoeladus, the only 
case to be mentioned is the value when n = 2. This should give a division 
extending from 16*66" to 18*44". 

* * Lowell Observatory Bulletin, 1 No. 68. 
t ‘ Aatr. Nach.,’ No. 3768. 
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There is no observed division at this position that I have been able to find. 
But it is easy to show that it must be very indefinite. The value of the 
inclination of the orbit of Enceladus is 1*3' compared with 36' for that of 
Mimas. The effect of the inclination must, therefore, be less marked in the 
former case. Again, if we compare the distance of the satellite producing 
the Encke Division from that division with that of Enceladus from the new 
division, taking ratios (as that is the form in which the distances appear in 
the analysis) we find aja f = 0'7 for Encke’s Division and aja* = 0*48 for the 
new division. The perturbing effect of Mimas in Encke’s Division is, therefore, 
much greater than that of Enceladus in the new division. On these two 
counts we should expect the new division to be less distinct than Encke's 
Division. But Encke’s Division is only visible with difficulty ; hence it is to 
bo expected that the new division should be unobservable. 

None of the remaining satellites produce divisions corresponding to the 
formula* of this paper within the existing King system. 

§ 5. Smmta n/. 

The effect of a satellite moving in an orbit inclined to the plane of the 
Kings of Saturn is to produce one new division. If the satellite be taken as 
Mimas, a narrow division will be caused at a distance 1905" from Saturn. 
This closely corresponds with the observations of Encke's Division. 

Enceladus should produce a division at 1 6*5". No observed division is 
recorded at this place, but because of the minute inclination of the orbit of 
Enceladus and because of this satellite’s distance from this place, it is to be 
expected that the division will be comparatively feeble. 
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On the Analysis by Positive Rays of the Heavier Constituents of 
the Atmosphere; of the Gases in a Vessel in which Radium 
Chloride had been, stored for 13 Years, and of the Gases 
given off by Deflagrated Metals. 

By Sir .T. J. Thomson, O.M., F.R.S. 

(Received June 17, 1922.) 

Sir James Dewar was kind enough to supply me with large quantities 
of the residues obtained from the evaporation of many thousand tons of 
liquid air. These residues had been absorbed by charcoal which had been 
kept in a sealed vessel. I have analysed these residues by the Positive lUy 
Method. The general arrangements were the same as those described in 
my book on Positive Kays. Some alterations, however, were necessary, as 
I used for these investigations a much more powerful induction coil than 
the one I had hitherto employed. With this coil so much heat was 
developed in the part of the tube near the cathode that any wax joints in 
that neighbourhood, even though they were cooled by a water jacket, gave 
off enough gas to spoil the vacuum for positive ray purposes. To avoid 
this difficulty I substituted for the wax joint, which formed the connection 
between the glass bulb in which the discharge takes place and the brass 
vessel which contains the camera, a joint made by a method used by 
Mr, Koebuck, and described by him in the 4 Physical Beview/ vol. 28, p, 264 
(1909). The method consists in first making on the outside of the glass 
tube a deposit of platinum by one or other of the devices used for 
platinising glass, and then depositing slowly by electrolysis a layer of copper 
on the platinum. With care this layer can be made thick and firm enough 
to enable a brass tube connected with the camera vessel to be soldered on 
to it, and an air-tight joint obtained which does not give off gas when 
heated by the discharge. 

The method adopted to analyse the gas was to put some of the charcoal 
containing the gaseous residues into a small vessel A, which was fused on 
to the discharge tube B; there was a tap between A and B, aud this was 
turned until B had been exhausted to a very low pressure; there was also 
a very fine capillary tube in the circuit between A and B, and when the 
pump used for exhausting the discharge tube was kept in action a continuous 
stream of gas from A could be kept flowing through the discharge tube 
without making the pressure too high to obtain good photographs. Just 
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before the tap between A and B was opened a photograph was taken 
with ordinary air going through the. discharge tube, and the lines in this 
were compared with those on the photograph obtained when the gas from A 
was flowing through the tube* 

A b the charcoal was found to have absorbed large quantities of water 
vapour, it was necessary to have a phosphorus pentoxido in connection with 
A for several days before a photograph whs taken, otherwise so much water 
vapour came out of the charcoal that the pressure in the discharge tube got 
so high that sharp photographs could not be taken. The charcoal also con* 
tained a considerable amount of mercury vapour. The bulb A was placed in 
a bath and photographs were taken with A at the temperature of the room, 
at 100° C., and at the highest temperature the bulb would stand without 
softening. The difference in the photographs at different temperatures 
consisted in variations in the intensity of the lines rather than in the absence 
or presence of new lines. The moat striking characteristic of the photographs 
obtained with the residual gas was the predominance of the xenon line over 
all the lines due to the other inert gases. The xenon line was very strong, 
but in the first few photographs I conld not detect either the krypton or the 
neon lines. As, however, the inert gases get absorbed by the electrodes to a 
very remarkable extent, they tend to accumulate in the electrode after the 
discharge has been maintained for a long time, and after about 20 photographs 
had been taken I could just detect the krypton line ; it never, however, was 
otherwise than exceedingly faint, and the quantity of krypton in the residual 
gas must be. very small indeed compared with that of the xenon. I was never 
able to detect the neon line. The evaporation of the gases from the charcoal 
seems to have effected a fractionation, with the result that there is a great 
excess of the heavier gas m the fraction retained by the charcoal. 

In addition to the xenon line there were two faint lines of great interest, 
both indicating gases of greater atomic weight than xenon. The stronger of 
the two lines has a value of m/e equal to 163 ± 5, the weaker has 
m/e » 260 ± 10. The lines are so faint that it is difficult to get very 
accurate measurements. A great deal, however, can be done in the measure¬ 
ment of faint lines by a proper choice of the intensity of the illumination. 
These lines are very difficult to see in a strong light, but when the intensity 
of the illumination is reduced they may become quite distinct and measurable. 
It is convenient to measure these lines in a room where the illumination varies 
considerably from place to place, and to move about until the most favourable 
place for good seeing is found 
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Origin of the Lines 163 and 260. 

These lines might, as far as their atomic weights go, originate from molecules 
of krypton and xenon respectively, and I am inclined to think that this is 
the correct interpretation, there are, however, many properties of these lines 
which seem at first sight to be incompatible with this explanation. For 
example the line 163 frequently occurs on photographs when the line due 
to krypton itself cannot be detected, again I have positive ray photographs, 
taken when the gas in the discharge tube was rich in krypton, where the 
krypton line is very strong, but which do not show any trace of the line 
163, This objection would be fatal were it not for the way in which the 
residual gases we are considering had been collected and stored. Let us 
assume for a moment that molecules of krypton can exist, but that when 
krypton is in the gaseous state the" molecules are few compared with the 
atoms; let us now suppose that this mixture is absorbed by cold charcoal 
and then allowed to evaporate slowly. Since the Kr molecules are more 
complex than the atoms they will probably be much more firmly held by 
the charcoal so thafr the atoms will evaporate much more rapidly than the 
molecules, thus the residue in the charcoal will get richer and richer 
in molecules as compared with atoms. In fact we may suppose that the 
explanation which we gave to explain why the residual gas was much richer 
in Xe than in Kr, though there is more krypton than xenon in the atmos¬ 
phere, can be extended to explain why, though the Kr molecules in the 
atmosphere are few compared with the atoms, they are in the majority in 
the residues. 

As molecular krypton would be heavier than atomic xenon it would pro¬ 
bably not come out of oooled charcoal any more readily, if so readily as 
xenon. Thus the ordinary method of separating krypton from xenon would 
separate the atomic but not the molecular form of this gas. Thus xenon 
obtained in this way would contain some krypton which, when a spark was 
passed through the mixture, might give rise to the krypton spectrum. 
Professor "Moore has prepared xenon which does not show the krypton 
spectrum. It must be remembered, however, that the positive ray photographs 
indicate that the quantity of the substance giving the line 163 in the 
atmosphere is an exceedingly small fraction of the amount of xenon, and 
in some mixtures of two gases the spectrum of one of the constituents is 
not excited unless more than a certain percentage of f it is present in the 
mixture. 

There is one important respect in which the substance giving t^e line 163 
shows the characteristics of an atom rather than those of a molecule, for 
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on two or three of the strongest photographs it can be seen that this line is 
prolonged towards the axis, which indicates that the source of this line can 
carry a double charge of electricity. A double charge of electricity is in 
the great majority of cases confined to atoms, though there are a few instances 
known where the molecule of a compound carries a double charge. 

The strongest argument in support of the view that this line is due to 
a molecule of krypton, and not a new element, is that such an element 
would not fit in well with the periodic law. It is perhaps possible to lay 
too much stress on this argument, for the atomic weight would indicate 
that the element would be in the parts of the table covered by the rare earths, 
a region where there seems to be great confusion. 

The existence of molecules of inert gases is of considerable interest. I 
have shown from the evidence given by positive ray photographs that 
charged molecules of helium occur in the discharge tube. We do not 
know, however, whether such molecules could exist without a charge. If 
the line 163 is due to a molecule of krypton, this molecule must be stable 
when uncharged. The existence of molecular krypton would indicate that 
this element, like Borne others, could show two valencies, the normal zero 
valency and another. If this is so wo might expect krypton to combine 
with some of the other elements to form compounds. Such a com¬ 
pound may be the origin of another line, which I have observed in the 
positive ray spectrum of the gas supplied to me by Sir James Dewar; this 
line corresponds to an atomic weight of about 118; it is not like the 
lines 160 and 260 found on all the plates, but only on a few of them; when 
it does occur, however, it is stronger than either of these lines. I have 
never been able to get the line 260 sufficiently intense to feel sure that 
I could see a prolongation if there was one. 

From these experiments we conclude that the atmosphere contains small 
quantities of two constituents heavier than xenon. As the molecular weights 
of these are about twice the atomic weights of krypton and xenon it seems 
probable that these heavier constituents are molecules of krypton and xenon. 
The lighter of the two constituents is more abundant than the heavier, but 
the amount of either is only a very small fraction of that of xenon. 

I made experiments to see if these constituents showed any properties 
analogous to those of the emanations of radio-active substances. It such 
emanations are plaoed in a closed vessel they increase the ionization in the 
vessel and consequently the rate of leak of a charged insulated body placed 
inside the vessel. I could not, however, detect any change of leak when the 
gases which had been absorbed by the charcoal were introduced into an 
iohization vessel 
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Cases Obtained from a Tuba which had Contained Radium for Thirteen Years. 

The Royal Society were kind enough to allow me to have the use of the 
70 mgrm. of RaCl^ which had been used by Sir T. E. Thorpe in his determina¬ 
tion of the atomic weight of radium, and by Sir James Dewar in his 
experiments on the amount of helium given off by radium. The radium had 
been sealed up in a glass tube from which the air had been exhausted by Sir 
James Dewar in 1909. 

To analyse the* gases in this tube I found it necessary to construct a new 
positive ray apparatus, as the one that had been used for the preceding 
experiments had got so contaminated with xenon that I was unable, either 
by repeated sparking or by passing continuous currents of air through the 
tube, to get rid of indications of the xenon line on the photographs. 

The operation of transferring the gases from inside the sealed radium tube 
to the discharge tube without introducing other gases presented considerable 
difficulty; a very satisfactory solution was obtained by using the following 
method. 

The radium tube was placed in a vessel A, which was connected with the 
discharge tube B by a circuit containing a tap and fine capillary tubes for 
regulating the rate of flow from the gas in A through B, A side tube was 



attached to A and in this there was a concave electrode which, when it was 
used as a cathode, caused a beam of cathode rays to focus on the tube con¬ 
taining the radium, the impact of these rays bored a small hole through the 
radium tube through which the gases from this tube could pass into the 
discharge tube. The adjustment for the right position of the radium tuba and 
the concave cathode was made by taking a dummy tube of the same sbe and 
shape* and as nearly as could be judged of the same thickness as the radium 
tube. When this had been adjusted so that a hole was invariably pierced 
through the tube when the cathode rays were turned on, the dummy was 
replaced by the radium tube, and this was successfully pierced by the cathode 
rays. I had expected that owing to the long exposure to the radium the glass 
would be likely to explode when it was fractured, and precautions were taken 
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to prevent any loss of radium or fracture of the tube A should this happen. 
Nothing of the kind however occurred, and there was not even a trace of a 
crack round the hole. 

It should be mentioned that before the cathode rays were turned on, the 
discharge tube and the vessel A wore exhausted to a high vacuum by a Gaede 
pump and cooled eharooaL A photograph was taken just before the radium 
tube was pierced and another immediately after. On examining the photo¬ 
graph taken after the gas from the radium had got into the discharge tube it 
was found, as might be expected, that it showed a very strong helium line ; the 
only other line which was not on the plate taken just before the radium tube 
was pierced was a very faint line for which m/e = 5. I could not see either 
the neon line or that corresponding to Ha. The lines due to the atom and 
molecule of hydrogen were very strong on both photographs. It must be 
remembered that the tube in which the radium was contained had been 
exhausted before sealing so that the a-partieles from the radium had nothing 
to bombard except the walls of the tube and the radium chloride itself. 

I have opened at one time or another several tubes which have contained 
radium for considerable periods though none for so long as the one now under 
consideration. These showed the “ 3 ” line and some of them the neon line. 
It must be remembered, however, that these tubes had not, like the present 
one, been highly exhausted, but were full of air at atmospheric pressure. 
I did not observe the “ 6 ” line on the older photographs, but these were not 
nearly so sharp and distinct as those taken with the present tube. 

As the " 5 ” line appears on photographs which do not show any trace of 
lines corresponding to m/c =» 10 or 20, it is not likely to be due to a doubly 
charged atom ; a molecule containing one atom of helium and one of hydrogen 
would give a line for which m/e = 5, and considering that in the radium tube 
there is both helium and hydrogen, and that these have been exposed to the 
action of a-rays, it is, I think, probable that the line is due to this compound. 

After all the gas which had come out of the radium tube had been utilised 
for taking photographs, the bulb A was filled with air which was left for 
several days standing over the radium, then some of this gas was put into the 
discharge tube and positive ray photographs taken. One of the features of 
these photographs was the intensity of the lines corresponding to the doubly 
charged atoms of oxygen, nitrogen, knd carbon. These lines are always found 
in good photographs of air, even though it has not stood over radium; but 
the radium seems to produce a considerable increase in their intensity. It is 
not, however, the only agent that does so, for I have found that the gases 
given off when very fine metallic wires are deflagrated by powerful electric 
Currents also give rise to photographs in which the lines due to these doubly 
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charged atoms are very much enhanced in intensity. X have succeeded in 
obtaining photographs on which these lines are as strong as any on the plate. 

The study of these enhanced lines has brought out many interesting 
features which were not detected with the faiuter lines of the earlier photo¬ 
graphs. One of the most important of these is that the linos due to the 
doubly charged atoms, like those due to the simply charged ones, show 
prolongations towards the vertical axis, If d is the normal minimum 
distance from the vertical axis, ie. t d is the minimum electrostatic displace¬ 
ment of a.singly charged atom, then it was found that on many of the plates 
the lines due to the doubly charged atoms of oxygen, nitrogen, and carbon were 
prolonged, so that the minimum electrostatic displacement was only 2*//3. 
On a few of the best plates the lines corresponding to the doubly charged 
oxygen and nitrogen atoms were prolonged until the minimum electrostatic 
displacement was only dj 2. I could not be sure that the prolongation 
of the line due to the carbon atom was as great as this. The prolongation 
beyond the normal stopping-place indicates* that some of the carriers had while 
in the discharge tube a greater charge, and so by falling through the same 
potential difference acquired greater energy than the normally charged atom. 
They lost the extra charge after leaving the discharge tube and before being 
photographed, so that the value of m/e for the prolongation is the same as 
for the main portion of the curve. 

The energy possessed by a carrier is inversely proportional to its dis¬ 
placement by the electrostatic field, and since the energy is proportional to 
the charge carried by the particle in the discharge tube, this charge will 
be inversely proportional to the minimum distance of the parabola from 
the vertical. 

Thus, if a parabola has a prolongation such that the minimum distance 
of a point from the vertical is d/ 2, while d is the normal minimum distance, 
it shows that the carrier which gives rise to the parabola can occur in 
the discharge tube with twice the normal charge, If the prolongation 
only extends to 2 d/3 it shows that the carrier can occur in the discharge 
tube with a charge 3/2 times the normal charge. By the normal charge 
we mean the charge carried by the particles while they are passing through 
the electric and magnetic fields. Now in the lines corresponding to the 
doubly charged atoms of oxygen, nitrogen and carbon, the normal charge 
is two units, hence, since these show a prolongation extending to 2/3, some 
of these atoms must have had in the discharge tube a charge equal to 
(3/2) x 2 or 3 units. While since the lines due to oxygen and nitrogen show 
a prolongation to d/ 2, some of these atoms must have had in the discharge 
* See * Raya of Positive Electricity/ 2nd edition, p. 77. 
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tube a charge equal to 2x2, i t e.> 4 units. If some of the atoms retained 
their triple charge while passing through the electric and magnetic fields 
we should have parabolas for which m/e was for oxygen, nitrogen, and 
carbon 16/3, 14/3, 12/3 respectively. I have plates on which the first 
two of these are quite visible. If the atoms retained their quadniple 
charges there would be parabolas for which mje^zl^/ 4 , 14/4 for the 
oxygen and nitrogen atom respectively; these parabolas are, however, so faint 
that 1 have not been able to detect them. The amount of prolongation of the 
parabolas corresponding to the doubly charged atoms shows, however, that 
atoms with four-fold charges must exist. 

This result has an important bearing on the question of the number of 

electrons in the outer layers of the atoms of carbon, nitrogen and oxygen. 

For since each unit of positive charge involves the removal of an electron 

from the outer layer of the atom, and since atoms of oxygen and nitrogen 

with four charges and atoms of carbon with three have been detected by 

the positive rays, the atoms of oxygen and nitrogen cannot have less than 

four electrons in the outer layer, nor can the atom of carbon have less than 

three. Theso results are thus in accordance with the view that the atom 

* 

of oxygen has six, the atom of nitrogen five, and the atom of carbon four 
electrons in the outer layer. 

A very interesting line, for which m/e =10, was first detected on some 
plates on which the lines due to the doubly charged atoms were exceptionally 
well developed. When attention had once been called to its existence, closer 
scrutiny of the earlier plates showed that a faint line in this position is by 
no means uncommon. When neon is in the tube a line corresponding to 
m/e = 10 is generally found, but this is always accompanied by a much 
stronger one for which m/e = 20 . 

The peculiarity of the line we are now considering is that it occurs when 
there is no trace of a line for which mje = 20 , and when there is no reason 
• for suspecting the presence of neon. If the line is due to a singly charged 
atom it involves the existence of a new element; on the other hand, if it is 
due to a doubly charged one we have to explain the absence of the lino 
due to the singly charged atom. An explanation which surmounts these 
difficulties is that the line is due to a doubly charged oxygen atom combined 
with four atoms of hydrogen, A doubly charged oxygen atom has lost two 
electrons and thus has four left in the outer layer, the same number as 
are in an uncharged atom of carbon. The valency of the doubly charged 
oxygen atom will thus be the same as that of carbon, so that it can form 

the compound 0_H 4 ; the value of m/e for this is 10. As the existence of 

iliis compound depends on the double charge on the oxygen atom it could 
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not exist with a single charge, hence the absence of the line m/e * 20. The 
singly charged oxygen atom would have five electrons in the outer layer and 
would therefore have the same valency as the neutral nitrogen atom, it could 
form the compound O-Ha. The value of mje for this is 19, and a line with this 
value of m jf ia one of the lines which occur most frequently on photogmphs 
of the positive rays. 

Gam given off when Metallic Wires are Deflagrated. 

It has recently been asserted that helium is given off in considerable 
quantities when thin metallic wires are deflagrated by powerful electric 
currents. Some time ago I found that small quantities of helium were given 
out by many substances when bombarded by cathode rays; the quantity was 
very small and the emission ceased after the bombardment had lasted for 
some time. I could not detect any helium if the substance were merely 
heated without bombardment by cathode rays. I have recently tested by the 
Positive Kay Method the gases given off when fine wires of tungsten, gold, or 
copper are deflagrated by powerful electric currents. I could not detect any 
helium, the H 8 line was however quite strong. This is in agreement with my 
earlier experiments when I found P could get H 3 but not He by heating 
without bombardment. 

Summary . 

The paper contains an account of applications of the Positive Kay Method 
of Analysis to several problems. The first is that of the heavier constituents 
of the atmosphere. It is shown that at least two constituents heavier than 
xenon are present in the atmosphere. The approximate values of the atomic 
weights are 163 and 260; the lighter of these is the more abundant, but the 
quantity of it in the air is very small compared with that of xenon. 

The source of these lines is discussed; on the whole, it seems most 
probable that they are due to molecules of krypton and xenon. 

These gases were observed in the residues of large quantities of liquid air 
which were very kindly placed at my disposal by Sir James Dewar. 

The second application was to the analysis of the gases in the sealed tube 
in which the radium chloride belonging to the Koyal Society had been sealed 
for thirteen years; the tuba bad been exhausted by Sir James Dewar before 
sealing. In the photographs obtained with this gas the belium line was very 
strong; there was no neon, there was however a faint line for which mje 6, 
due probably to a compound of helium and hydrogen. 

The analysis was also applied to gases which bad stood over radium and 
also to the gases lit by deflagrating wires. From the etudy of the photographs 
obtained with these gases, quadruple charged atoms of oxygen and nitrogeb 
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were detected and triply charged atoms of oxygen, nitrogen, and carbon. 
The compound OH 4 was also detected carrying invariably a double charge. 

I atu much indebted to the Royal Society for the loan of the radium; to Sir 
James Dewar for placing at my disposal large supplies of the residues of 
liquid air, and to Mr. E. Everett for the assistance he lias given me in 
making the experiments. 


On the. Scattering of (3-particles . 

By B. F. J. Sohonland, O.B.E., M.A., George Green Student of Gonville and 

Cains College, Cambridge. 

(Communicated by Prof. Sir E. Rutherford, F.R.S.—Received April 7, 1922.) 

§ 1. Introduction . 

An account has recently been published* by Dr. J. A. Crowther and the 
writer, of some experiments on the scattering of /8-rays by thin sheets of 
matter. The angles of deflection investigated ranged from 4° to 8°. The 
main results obtained may be summarised as follows:— 

(1) The scattering observed was “ single,” i.e„ due to one collision with an 
atomic nucleus. 

(2) The law of force governing such collisions appeared to be that of the 
inverse square. 

(3) The single scattering theory due to Sir Ernest Rutherford requires the 
scattering power of an element to be proportional to the square of its nuclear 
charge. This relation was found to hold only in the case of the elements 
carbon and aluminium, if the nuclear charge consist of as many positive units 
as the atomic number of the element. 

(4) For the elements copper, silver, gold and platinum, a comparison with 
previous results extending the range of the deflection angle to 20°f showed 
that a rapid increase in the scattering power of these elements appeared to 
take place as the thickness and angle of deflection were increased. 

The experiments to be described were instituted to tost the truth of (4)and 
to confirm the other conclusions under the somewhat easier experimental 
conditions prevailing at larger angles of deflection. They were earned out at 
frfcm 12° to 25°. 

4 * Crowther arid Sehoaland, ‘ Roy. So<5. Proc,, 1 A, vol. 100 (1922). 

t Crowther, ‘ Roy. Soc. Proa/ A, vol 84 (1910). 
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A further conclusion reached in the previous paper was that the numerical 
value of the scattering observed was 2*9 times greater than that to be 
expected on the theory mentioned. This conclusion, which does not affect 
those given above, was also examined and found to be incorrect. 

In a recent paper Geiger* has given results of an investigation of tins 
problem by the photographic method, which confirm (2), (3) and (4). 

§ 2. Experiinmtal AivtwgemcnL 

The apparatus used was similar to that described in the previous paper, 
modified however to deal with angles of deflection from 12° to 26°. The 
angular divergence of the /?-ray beam was proportionately increased, giving 
an ionisation effect which was some ten times greater than before. 

This made easy an examination of the sources of error in the arrangement, 
directed towards the following points:— 

(1) A possible effect of the stray magnetic field on the scattered particles. 
This was found to be negligible,.the magnetic shielding being ample. 

(2) A possible difference between the velocity of the /9-rays examined and 
that calculated from the bending in the magnetic field. A proportion of tho 
beam might consist of scattered and secondary /9-particles from the walls of 
the bending chamber and firing tube. Such rays of sufficient penetrating 
power to pass into the measuring chamber were found not to constitute as 
much as 1 per cent, of the beam. 

(3) An effect due to the divergence of the beam. This was found to be 
very important. 


§3. The Error in Absolute Value due'to Divergence of tho Beam. 

The usual arrangement of the experiments is shown in diagrammatic form 
in fig, 1. 

The shaded area represents the beam of rays, PQ the circular aperture, 
and AB the scattering foil. Hays ineideut on the foil in the direction OA 
will, after scattering, be faced with an angular aperture which is not <f>, but 
varies from to 8> with their scattered direction. If we suppose the beam 
to be annular in cross-section, l<\, concentrated at the edges of the cone OA, 
OB, integration shows that tho observed scattering will be greater than that 
calculated, by the factor « 


y— gfisy ’ where a =s \ angle of divergence of beam, 
' <t> — i angular aperture, 

1-7 for a/cf> = 0-4 aud <f> * 20°. 

* Geiger, ‘ ZeiUckrift fUr Pfaysik,’ vol. 8 (1921). 
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If, however, the beam is supposed uniform over its cross-section, the value 
of 7 is only 1*1. 

The experimental examination of the value of 7 was effected by reducing 
the divergence of the beam in steps until it had the form shown in fig. 2 . 

Fig. 1. 


p 




The effect produced on the observed scattering is shown in fig. 3. Curve I 
corresponds to fig. 1, curve III to fig. 2, and curve II to an intermediate 
arrangement. It is seen that the scattering (I/I 0 ) is decreased 1*8 times by 
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changing the conditions from lig. 1 to fig, 2 . Curve IY is the calculated 
scattering cuvve, and curve V is obtained from this by an alteration of 
10 per cent. This is warranted by the consideration that the effects of 
absorption and reflection of rays by the aluminium window closing the 
scattering chamber vary as sec. 8 </>, and <f> is here about 20 °. 

The Anal curves, III and V, differ by 28 per cent, in the value of I/I u for 
a given thickness. A precisely similar set of curves was obtained for (j> = 25°, 
the difference here being 26 per cent. In view of small residual errors due 
to the divergence of the beam and other causes, the agreement between 
theory and experiment is as near as could be expected from the experimental 
arrangement. The results give a value for the nuclear charge of aluminium 
of about 15 units, instead of the atomic number 13. 

Photographs of the beam were taken to investigate the distribution of the 
rays over the cross-section. They show a decided tendency towards an 
annular distribution, which, as has been seen, would explain the effect 
observed. 

§ 4. The Variation of Scattering with Angle of Deflection. 

On the single nuclear scattering theory applied to ^-particles, the fraction 
scattered through an angle greater than «jf> 

P-f nib*cot* &f»(<t>,0). (1) 


Here 


n = no. of atoms p. u. vol,, and is const, for Au, Ag, and Al, 

b = —--, the energy being expressed by the Planck-Einstein 

L formula, 


/* (4>, 0) is the relativity correction (vide Seo. 6 ). 

At constant energy ( 1 ) reduces to 
(va 

p as oonst. x —, since / 8 (<f>, 0) varies slowly with angle <f>, 
or if t = t m when p ax 

£:: N a . 


Thus the curve for each element relating tf> and t m should be a parabola 
with latus rectum proportional to the square of its atomic number. Fig. 4 
'shows that for aluminium this parabolic relation is followed throughout the 
range examined. For heavier elements the parabola becomes a straight line 
as the thickness t„ diminishes. 

Curves similar to those above have been recently found by Geiger,* 

* <jMger, he. ait. 
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usiug the photographic method. Taking the parabolic portions of the curves 
the Table below shows that relation (2) is approximately fulfilled. 



Fig. 4. 


Klonient. 

t m for p ** 0 ‘42 radians. 

t m x N 2 . [ 


cm. 

i 

A1 ... 

0-0060 1 

84 ; 

a £C. 

0 *00034 

75 | 

Au. 

0 *000124 

78 ! 


The behaviour of aluminium is shown by the constancy of <f>/\/(t m ) in the 
Table below. 


♦ 


o 


6 

! 6 

5 4*6 1 Published in previous 

6 

6 *92 J P ft P* r 

10*6 

6 *98 

i 14*3 

6*04 

18 *y 

6*04 

t 34*0 

6 -88 

f 


For gold and silver, after a certain critical value for t„, <f>/t m is found to be 
approximately constant, as fig. 4 Bhows. An explanation of this apparent 
anomaly follows. 
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§ 5. The Screening Tiffed of Electrons 'in the K and L Rings. 

The results given show that as the thickness is reduced, the scattering of 
/9-rays by the elements Au, Ag and Cxi falls below the theoretical value as 
soon as a certain critical thickness is passed. This thickness has not been 
reached for aluminium or carbon. 

The falling off in the scattering power is progressive and continuous. 
For gold the reduction has been. pushed to one-third of the original 
scattering power. 

The phenomenon would be explicable if there were reason to suppose 
that as the thickness t m of the foil is diminished by reducing the observed 
angle of deflection <f> } the effective nuclear charge responsible for scattering is 
in some way diminished too. Such an explanation is offered by the 
screening action of the electrons surrounding the nucleus in the K and 
L rings. 


If t m is the thickness, d m the distance within which one-half of the 
incident particles come to some one nucleus, n the number of atoms per 
unit volume, 


or 


7 rntmdm* = 

''-'-'" 7^3 


Thus as the thickness is diminished the distance of approach which 
corresponds to t m increases. Provided it can be shown that this increase of 
d m brings the orbit of the /3-particle into the region occupied by the electrons, 
the decrease of the effective nuclear charge receives an explanation. In 
spite of the fact that in these experiments we are dealing with particles 
whose distances of approach to the various nuclei that deflect them are not 
all equal, the distance d m and the information about the nuclear charge 
derived from it are perfectly definite. For d m is that distance of approach to 
a nucleus for which the particle is fmt deflected through an angle <f>. 

The experiments show that at all the values of d m examined the nuclear 
charge for aluminium is constant and equal to its atomic number within the 
error of experiment. For gold, the nuclear charge varies from 79 to 51 units 
as d m is increased. For silver similar results hold, but the constant and 
correct value of the nuclear charge is reached before d m has the lowest value 
examined. 

If, as has been suggested, the electrons in the “ rings ” surrounding the 
nucleus produce this reduction in the effective nuclear charge, it must be 
shown that the distances d m for the various elements are such asto bring the 
orbits of the /3-particles under the influence of these electrons to the extent 
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required. This means that in all the experiments with aluminium the 
yS-particles penetrate inside the K ring of that element, while in the case of 
gold these orbits are described with the electrons of the K ring, and other 
outside eleotrons, intervening between the ^-particles and the nucleus. The 
Table, below shows that this is the case. The maximum and minimum values 
of d m given correspond to angles of deflection of 6° and 25°. They should be 
compared with the calculated values of the “radii” of the rings. The last 
two columns give the maximum reduction in the atomic nuclear charge 
n oitb (this is found at d m max.), and a calculated value of n which will be 
discussed. 

Fig. 5 gives a representation of the tabulated results, drawn to scale. 


i 

Element 

<U» (min.). | 

1 

d m (max.). 

l 

? *K. 

Holm. 

1 

1 

A1. 

ciri. 

2 '3. 10- 11 

cm. 

1 9-0.10-" : 

cm. 

cm. 

6 -4.10-"' 

0 

0 *■ 

Ag. 

9 0.10“" 

: 2-o.lo-"' 

5-0.10-'" 

1 •O.IO-"' 

16 

3 to 10 ! 

Au. 

1 -5.10-» 

| 3 ■0.10-"' 

3-4.10“'" 

7-0. KT" 

26 

10 1 



Piq. 5.—1 (.’in. ~ 10 10 cms, 


The calculations of r t and r K as well as w mio have been made as follows. 
The Bohr theory of the hydrogen atom can bo appliod to this purpose in the 
case of more complex atoms only indirectly. This is due to the effect 
vot. ci*~ a. x 
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mentioned, namely the screening of the nucleus by successive rings, and to 
the mutual repulsion of the electrons themselves, Any deduction of the 
radii based entirely upon theory has less weight than the results to be 
obtained front X-ray absorption spectra. The method used for getting the 
figures tabulated above is:— # 

(a) Calculate the effective nuclear charge at the K or L ring from the 
equation 


. vn = v e whore v n is the frequency of the ^ 
and v K is the maximum absorption frequency of tlic<|^ 


first Bohr ring for 
second Hydrogen, 

X-ray’ spectrum of the 
element considered. 


-Then Woaic — N Neff. 

The following approximate values for w caU , hold for elements 1 between A1 
and Au. 


! 

1 

K ring. | 

Lring. j 

M ring. 

«calc. 


3 

16 

30 


,. ....i 


( b ) Consider the electrons as revolving in simple Bohr orbits round the 
nuclear charge N e #f. 


Then 


0-538 . 10~ 8 
r K =---eras., 


N k 


off 


4x0-538 .10~ 8 

»—-eins., 


N t 


eff 


N k and being the values of N e « at the K and L rings. 

The assignment of definite values to these “ radii ” is, of course, to some 
extent artificial, for on Bohr’s later views the electrons have complicated 
orbits round the nucleus. Their distribution will thus resemble a diffuse 
cloud more than a discontinuous set of rings. The calculation of n given is 
more likely to be correct than any deduction at present possible which is 
based on the theoretical distribution and orbits of the electrons. That is 
likely to be less than 7i ohti is clear from the fact that only at its nearest point 
of approach to the nucleus does the ^-particle come under as large an effective 
nuclear charge as N—7t cale . Thus the higher values of w ob8 are to be expected. 

It is interesting to compare those results with some early experiments of 
Geiger* on the scattering of a-parfcicles by thin foils of gold, where the same 
effect is shown. The table gives his experimental figures, the most probable 
angle of deflection (which is £/1*18) being termed A* p is the correction to 
* Geiger, * Roy. Soc. ProcV A, vol, 81, p. 174 (1006). 
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\ for loss of velocity in passing through the foil, and in the final column is 
which should be constant. For small thicknesses this is not true and 
the critical thickness is found to bo about the same as in the present 
experiments, namely, that at which the most probable distance of approach 
reaches the neighbourhood of the L ring. 


No. of 
l foils t. 

Stopping 
j power. 

j 

i P - 

1 \p/ AO * io- J 

; 1 
i 1 | 

cm, (air). 

1 0*04 

\ 10 

1 *0 

1 *00 1 

2 

0*08 

1 23 

1 *0 

1 *62 v Outside region of L ring. 

4 

0*15 

! 36 

1 *0 

1 ‘80 j ! 

; 8 1 

0 *20 

49 

0 ‘986 

1 *78 | 

! 12 

0 *44) 

1 70 

’ 0 ‘98 

1*96 

; 20 

0*70 

i 100 

0*97 

2*14 

' 30 

1 *14 

i 140 

! 

0*94 

2*40 i 


§ 6. The Orbit of a /3-particle in Collision with a Positive Nucleus. 

The following deduction of a “ relativity correction ” to the original 
Rutherford theory of scattering of a- and /3-particles is based on a paper* on 
/S-ray absorption by Mr. C. Gr. Darwin and a further application of it to the 
present problem which he very kindly worked out for me. 


Let 


mV 



Fio. 0. 

Y as initial velocity of the particle, 
m = initial mass, 
v a* velocity at pt r, 0, 
m' as mass at pt r, 0. 




m 


m 0 

(i—y*/c*)*’ 


* O. G. Darwin, * Phil. Mag.,’ voL S5, p. 801 (1913). 


X 2 


Then 
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From the conservation of angular momentum 

m'r— mpY, 


where p is the perpendicular from the nucleus of charge E on tire original 


direction of motion, 


r 8 # _ aX. 

(l_.«3/c*)i (1 — V 2 / f ‘ a )* 


From the conservation of energy 


r i rui 


y 1 Er 1 

= v /(i-v*/^) + w 8 • r 


From (3) and (4). eliminating v 

.4 _ pc Bin/8 rsin /9 = y/e 

’ “ 1 + («/r) cos £' L " = E '’/ w# '' 

a . f\ coh 2 /3 \ 

From (4) ^~ (M^/7 ^) 3 J '' 


By integration from these last two equations, the orbit is 
VI = win 7 #+ (1 — cos yd) 

where ?’# = a ct> t S* 

7 s = l-f’0 2 //- 

This orbit is described in the paper quoted. In tho cases to which it is 
here applied we do not need to consider tho spiral form it may assume. Nor 
does loss of energy by radiation play any part in these collisions. 

Writing p — po eoRec yjr we find y — cos i|r and the orbit is 

EL = sin (6 cos dr) + [1 -cos (0 cos ^)] w tan 
r v 

If the deflection is <£,•*• + </> is the angle between the asymptotes and 

£(y + ( £) i 8 the angle of minimum radius. 

Thus 0 ss ^ (tr + <f>) when cos ( 6 cos yfr) +sin ( 6 cos yjr) ^ tan y/r = 0, 


and V/e oot yjr = tan {tt—( cos yfr) J (<£ + 7r)}. 

# 

From the solution of this f can be found in terms of ij> and V/c. It is 


* Cf. Sommerfeld’s treatment of the elliptical orbit in the theory of the fine-etructnre 
of special lines, * Atowbau u. Spektrailinien,* clrnp. B, § 2, 
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independent of E. As shown in the previous paper* the correction in the 
Rutherford scattering formula may be written 

cosec 51 yfr _ 


/ a (0. 0)* 


{« 


£ cot (£/2 


j}' 


If the energy ia originally written as whero w = (1 —the 

correction is 

cosec* ifr 

Some values of/ s (<£, ft) arc giv^n below— 


Vfv *> | 

4> 


i 

0 



2'4 

1 *79 


G 

1 *81 

0*851 

H 

1 *92 


10 

2*09 


25 

2*26 

0 *708 i 


1 *59 

0 *851 ; 

19 

2*09 

0 '924 

2 *(if> 

0 *944 ; 


2*91 


The last part of the third column shows that measurements on the variation 
of scattering with velocity should deviate considerably from the relation 
obtaining on the simpler theory. These will now be considered. 

The Variation of Scattering with E/wn/y. 

Equation (1) p = {irnt 6 3 cot 3 / 3 (<£, ft) for this case can be written in 
the form 

t m ■ ■ if tho energy is expressed as 

= < 3 > 

Column 8 of the Table below shows that for the measurements made on 
aluminium, and given in fig. 7, this relation holds within" the error of experi¬ 
ment. This is strong evidence for the correctness of the argument in the 
preceding section, as may be seen by comparing with column 6, in which the 
relativity correction is omitted. The latter omission, however, amounts to 
writing for equation (4) 


which is indefensible. 


E e 




* Ibul.y p. 540. 
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It is, however, interesting to notice that, if the energy of the particle is 
written as J (1 — the relation energy 2 /*!* (column 7) is very nearly 

constant. This explains why previous observers* have found the formula 
mentioned to fit their results. For, under the conditions of these and 
previous experimerits, 

E 3 

———- = E' within about 20 per cent., 

J \9> P) 


where 


E sa nitf ' 


{ 


y/(l -/**) 


'} 


and E' » \ 


The conclusion, which must be regarded as accidental, that if the complete 
relativity expressions for the energy and the orbit are used, the result 
numerically is almost the same as in the earlier and simpler form, only 
holds approximately and should fail with slower rays and larger angles of 
deflection. 


Aluminium. 


1 . 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

Up. 

KTolte x 10- 6 . 

E' rolia x 10’". 

/* (*>*)• 

tm* 


K '*/<». 




i 


, cm. 




1694 

2-11 

! 1 '80 

1 *69 

| 0*0010 

4 -46.10-« 

3 -28.10 •* 

2 *80.10~« 

2742 

4*59 

3 48 

2 09 

0*0038 

6 ‘65 

3-19 

2*65 

4101 

8*23 

6-68 

2-66 

; 0*0090 

7-62 

3-69 

2*82 

4842 

10 *3 

6-80 

2*91 

: 0 *0124 

8’67- 

8-78 

2 98 



Fig. 7. 


A similar variation with velocity was found in a number of experiments 
made with gold and platinum, but owing to the complication discussed in 
Section 4, the results are not as simple as for aluminium. A number of 

* Crowther, * Boy. Soc. Proe./ A, vol 84 ( 1910 ); Geiger, ‘Zeit.fUrPhymk,’ vol. 6 
( 1921 ). 







311 


On the Scattering of /J- particles, 

careful determinations gave values for the scattering by platinum which, 
suitably compared, agreed within a few per cent, with the figures for gold. 

§ 6. Smnvuiry of lie suits. 

The experiments described, together with those of Crowther and the 
writer, lead to the following conclusions :— * 

1. The scattering of /3-particles observed is a single scattering pheno¬ 
menon, due to collisions with the nuclei of the atoms encountered. 

2. The relations following from Rutherford's theory of single scattering 
are in general obeyed, though a correction due to the increase of mass with 
velocity is necessary in the case of the /3-particle. 

3. Evidence for this correction has been found in the variation of scatter¬ 
ing with velocity. 

4. The anomalous behaviour of the heavier elements described in the 
previous paper has been traced, and an explanation based upon the screening 
action of the electrons surrounding the nucleus appears to be satisfactory. 

5. The sources of error in the form of apparatus used have been examined, 
and absolute numerical values for the scattering found which are in satisfactory 
agreement with the theory. It may be added that (4) offers direct evidence 
for the approximate position and distribution of the electrons immediately 
surrounding the nucleus. From (3) and § 5 it is concluded that the law of 
force in these collisions is that of the inverse square, within from 10" 11 or 
10~ 10 cms. of the nucleus of an atom. 

My grateful thanks are due to Sir Ernest Rutherford for his encouragement 
and guidance in this research. I am much indebted to Mr. G. li. Crowe for 
his help in preparing the emanation tubes. 
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A Study of the Presence or Absence of Nitrogen Bands in the 
Auroral Spectrum* 

By Loud Rayleigh, F.R.S. 

(Received April 24, 1922,) 

In a previous paper* I showed that the negative bands of nitrogen were 
actually stronger than the green aurora line on the oecssion of the auroral 
display of May 13-14, 1921, which was a typical aurora, in the sense that it 
was accompanied by conspicuous solar and magnetic disturbance. In contrast 
with this, the nitrogen bands were not observed at all in the numerous 
photographs which showed the green line in the night sky on ordinary 
nights in the south of England.! The point deserved much closer scrutiny, 
as it might be expected to throw light on whether the ordinary night sky 
effect was to be classed with the northern lights or not. 

To get additional evidence, I proceeded to Shetland in mid-October, 1921. 
Dr. G. C. Simpson, F.E.S., and Dr. A. Crichton Mitchell very kindly gave 
me facilities for working at the meteorological observatory near Lerwick, and 
Mr. J. Crichton, the officer in charge, did everything possible to help, and 
continued the exposures throughout the winter after 1 had left. Indeed, all 
the most successful photographs were taken by him, and forwarded to me for 
discussion. 

The northern lights were several times seen, but, in view of the 
apparently considerable visual intensity, I was surprised to find how faintly 
the green line came out with a pocket spectroscope, or on the photographic 
spectra. I suspect that much of the light is continuous background, which is 
lost when spread out by the prism. 

There is some confirmation in observations with colour filters. Thus, on 
October 21 there was a bright auroral arch in the north, extending to 
an altitude of about 30°. It was visible through the orange Wratten filter 
No. 23, which cuts out the green aurora line. On the other hand, it was 
not visible through the red filter No. 29, which transmits the red aurora 
line. It must therefore come from a region of the spectrum between the 
green and red lines, and since no auroral line is well established to exist 
in this region, the light is probably to be referred to a continuous back¬ 
ground of the spectrum. 

The changeable we&ther in Shetland, with the incessant storms of wind 

* ‘Roy. Soc. Proe./ A, vol. 101, p. 114 (1922). 
f 1 Roy. Soc. Proc.,’ A, vol. 100, p. 367 (1922). 
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and rain, is very unfavourable to continuous observation. None of the 
photographs were equal in intensity to the photograph I obtained in the 
South of England of the world-wide aurora of May 14, 1921. 

Those Shetland photographs which showed the green aurora line usually 
showed the nitrogen bauds as well: but less strongly than the green line. 
In this respect the Shetland photographs stand between those of the world¬ 
wide aurora of May 13—14, 1921, and the ordinary night sky in the South 
of England. 

Corning to the latter, the photographs discussed in the former paper* were 
somewhat faint, few if any of them being robust enough for satisfactory 
reproduction. It is a question of some importance to determine whether 
or not nitrogen bands are ordinarily present in the night sky, and for this 
purpose I made a cumulative exposure at Terliug, Essex, with one of the 
spectrographs mentioned in the former paper (objective aperture F/ 1*9) for 
fifteen nights around the time of new moon. All the hours of darkness 
were utilised from November 21 to December 6, 1921, aggregating about 
180 hours. | 

The green aurora line came up strongly, and besides this there was a 
faint solar spectrum, showing the band near G, and the H and K lines of 
calcium. As the moon was not below the horizon during the whole time 
of exposure, the possibility that this latter was due to moonlight is not 
excluded. 

There was no trace on this plate of the nitrogen bands, and it is certain 
that their intensity cannot have been more than a very small fraction of 
the intensity of the green line. The plate used was an Imperial 
orthochromatic. 

Another exposure was made on an Ilford panchromatic plate from 
December 23 to January 4 inclusive. It showed the green line but faintly, 
as might be expected from the poor sensitivity in this region. There was no 
trace of anything else. In particular, there was no solar spectrum, no 
nitrogen bands, and no trace of the red aurora line. 

The search for nitrogen bands could scarcely be pushed much further with 
this instrument. Exposures have, however, been made with two instruments 
of much greater light gathering power, working at F/0*9. With these, strong 
impressions of the green line are sometimes obtained in one clear night: but 
in ho case have the nitrogen bands been detected. 

For satisfactory comparison with the Shetland photographs, it is necessary 
to have at least equal intensity in the green line : only so does the absence 
of nitrogen bands from the Terling photograph Ixave definite significance. I 
* ‘Boy, Soc, Proc./ A, vol. 100, p. 367 (1922). 
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have selected the more intense Terling photographs for comparison with 
Shetland, assigning intensities on a scale 1 to 5. It will be understood that 
if, e.y., a Terling photograph is assigned a density 4 for the green line, the 
image of that line is actually of about the same density as that of a Shetland 
photograph marked 4. 

It is difficult to give comparable figures for the Terling spectra of 
May 18-14, 1921 (the occasion of the great magnetic storm), because in this 
case the various groups of nitrogen bands had their second and third and 
even fourth heads developed, whereas the first heads were alone visible in 
the Shetland photographs. It will suffice to recall that the first head of the 
violet group A 4278 and the head of the ultra-violet group 3914, each 


Shetland Spectra. 


Date. 

Intensities. 

Be mark*. 

Green line. 
5678. 

Bln*, 
i 4700. 

Nitrogen 

Violet. . 
4278. 

Ultra-violet. 

3914. 

January 16, 1922 ... 

6 

1 

t 

3 

3 

Somewhat masked 






by moonlight. 

Deoembar 26, 1921 ... 

4 

0 

2 

2 


1 December 24, 1921 ... 

S 

0 

1 

1 


! December S, 1921 ... 

1 2 

0 

l 

1 


J&jiuary 8, 1922 

, 2 

0 

1 

3 


December 28, 1921 ... 

2 

0 

I 

2 


December 27,1921 ... 

! 2 

0 

0 1 

0 


December 23,1921 ... 

i 1 

0 

o 1 

0 



Terling Spectra. 




Intensities. 



Date. 

Green line. 
6678. 

. 

Blue. 

4709. 

Nitrogen. 

Violet. Ultra-violet. 
4278. 8914. 

Remarks. 

Not. 21-Deo. 0,1021 

5 

0 

0 

0 

Cumulative exposure, 
F/l *9 instrument. 

February 17-20.1922 

6 

0 

0 

0 

Cumulative exposure, 
F/0 *9 instrument. 

February 8,1922 ... 

4 

0 

0 

0 

F/0‘9. 

Feb. 26-Mar. 8,1022 

4 

0 

0 

0 

Cumulative exposure, 
F/0 -9, 

March 6,1022 

4 

0 

0 

0 

F/0 *9. 

March 8.1922 

March 0,1922 

4 

o 

0 

0 

F/0 *9. 

8 

i o 

0 

0 

F/0 *9. 

February 17,1922 ... 

3 

0 

0 

0 

F/O *9. 








Primary Standard of Mutual Inductance of Campbell Type. ♦ 315 

had a somewhat greater photographic intensity than the green line. For 
further details the Table in 'ftoySoc. Proc./ A, vol. 101, p. 116, 1922, may 
be consulted. 

No direct comparison of intensity for equal exposure at Terling and 
Shetland can be given. The uncertain weather in Shetland makes it an 
unfavourable locality for examining the general light of the night sky, apart 
from the visually distinguishable aurora which is usually only seen low down 
in the north. 

The comparison I am able to give is between the latter and the general 
light of the sky at Terling, and it deals only with the intensity of the 
nitrogen bands relative to the green line. The northern lights in Shetland 
have a much greater absolute intensity, but it is seldom that a long exposure 
upon them can be secured. 


Calculation of a Primary Standard of Mutual Inductance of the 
Campbell Type and Comparison of it with the Similar 
N.P.L. Standard . 

By I). W. I)ye, B.Se., A.C.G.L 

(Communicated by Sir Joseph Petavel, F.K.S. Received February 4, 1922.) 

(From the National Physical Laboratory.) 

Introductory. 

The standard mutual inductance devised and designed by Mr, A. Campbell 
and constructed in 1907-8* at the National Physical Laboratory has been 
one of the foundations of our alternating current measurements since that 
date. 

It will be sufficient here to note that the special feature in the design of 
the Campbell type of mutual inductance consists in a primary single-layer 
winding, so proportioned that the field due to it is practically asero over the 
region occupied by the secondary coil. By this means the dimensions of the 
secondary coil are renddfced relatively unimportant, so that it may be an 
overwound many-layer winding, whereby a suitably large value of mutual 
inductance may be obtained, 

* A. Campbell, * Roy. Soc, Proc./ A, vol. 79, p. 438 (1907). 
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A number of fundamental measurements have also been made with its help, 
including a determination of the ohm* and a comparison of self-inductance 
standards of the Physikalische Teehniache Reichsanstalt.f The&e measure- 
monts give, through various links, an independent check on the accuracy of our 
standard. From general considerations of the probable accuracy which might 
be assigned to all the measurements .it appeared possible that the uncertainty 
of knowledge of the value of this standard might be as great as 1 part in 
10,000, i,e. f considerably greater than the uncertainty which would be assigned 
to it from the calculations aud length measurements. These latter together 
might amount to 2 or 3 parts in 100,000. 

When, therefore, a similar standard of mutual inductance for the Japanese 
Government, which was under construction by Mr. R W. .Paul, was 
approaching completion and had shown great uniformity of the spiral groove 
finally cut on the marble cylinder at the Laboratory, it was thought that 
highly accurate measurements should be made of the diameter and pitch of 
the primary winding and also of the mean diameter and cross-section of the 
secondary winding in order that the value of the mutual inductance of this 
standard might be calculated to at least as great accuracy as the original 
N.P.L. standard. With this end in view the primary winding was done at 
the Laboratory in order that the necessary measurements of the diameter of 
the bare copper wire under the tension of winding, might be made. The 
secondary winding was also carried out at the Laboratory in order that the 
mean diameter of the successive layers of it might be measured as accurately 
as possible. The calculations were marie to the highest accuracy and the full 
corrections made for departure from mathematical exactness of the actual 
coils as measured.' 

The construction of this new standard differs only in minor details from the 
Laboratory standard; it is not thought that these details can have any 
measurable effect on the actual value as calculated. 

Winding of the Primary and Secondary Coils and General Remarks 
Regarding the New Mutual Inductance. 

The marble cylinder was sent to the Laboratory for measurement in October 
1913, and as a result of the report on these measurements, it was decided to 
have the two spiral grooves recut and rewound at the laboratory. This, 
owing to the war, was delayed until the early paft of 1920. It was then 
taken in hand by the Engineering Department who recut the spiral and 

* A. Campbell, *Roy. Soc. Proc,,’ A, vol, 87X1912). 
t ‘N.P.L. Report,’ p. 44 (1914-16), 
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rewound the two ooils forming the primary winding. The dimensions and 
numbers of turns of the two primary windings are as follows :— 

Approximate diameter . 30 cm. * 

Length of coil ......... 7*5 „ 

Distance between inside turns of coils . 15 „ 

Number of turns in each coil. 75 

Some time after winding the primary coils, the cylinder was handed over 
to the Metrology Department and measured according to the scheme detailed 
below in Section 3 of this paper. 

The secondary winding, which is a ring-shaped coil of many layers, was 
carried out in the Electrical Measurements Department. It is necessary to 
know the mean diameter represented by the central filament of the cross- 
section of the secondary, and since this winding consists of twenty layers of 
silk covered wire with a layer of paper between each, it was thought that the 
diameters of the central layers might be reduced slightly by the compression 
of the outer layers. The diameters of each successive layer can only be 
accurately measured at the time of winding it, before it is subjected to the 
compression of the outer layers. 

In order to get an idea of the possible change in diameter of the layers due 
to this cause, holes were cut in the cheeks of the ring-shaped marble bobbin 
at the ends of three diameters spaced 120° apart. These holes allowed the 
outer wires in each layer to be seen and to be measured by means of a 
microscope after the whole coil had been wound/ The outer wires at each 
side of the tenth layer were measured through these holes at the time of 
winding it and again after the whole twenty layers had been wound. The 
difference between the mean of the six measurements before and after winding 
the outer ten layers was within the experimental accuracy of the measure- 
men ts, being less than 001 mm. 

It may be taken, therefore, that the mean diameter as deduced from the 
diameters of each layer at the time of winding it represents accurately the 
mean diameter of the whole winding. 

The bottom of the groove in the marble ring was too small to allow the 
secondary winding to be wound directly on it of the correct mean diameter. 
A single layer of wire of suitable diameter was, therefore, first wound on and 
a single layer of paper put over it in order to bring the inside diameter of the 
secondary winding to such a value as to give the correct mean diameter of 
the whole coil as nearly as could be determined beforehand. 

The finished winding consists of twenty layers of double silk covered wire; 
each layer has twenty-four turns and there is a strip of paper about 0*08 mm. 
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thick between each layer of wire. The odd five turns are in a twenty-first 
layer wound close together near the cheek of the ring at which the ends 
come out. 

The winding is in four sections having the following numbers of turns, 96, 
344, 144, 96 + 5 turns, thus making 485 turns in all when in series. 

Length Measurements of the Japanese Standard. 

(1) Primary Winding on Marble Cylinder . 

(a) Description. —The two windings are referred to as P and Q throughout 
this paper, in accordance with the diagram, tig. 1, which also indicates the 

system of numbering adopted for the 
turns. The top of the cylinder is that 
end at which the outgoing leads are 
attached. The overall dimensions of 
the marble cylinder are :— 

Height . 36 cm. 

Outside diameter. 30 „ 

Inside diameter . 18 „ 

Each coil consists of seventy-five 
turns of bare wire, having a nominal 
pitch of 1 mm. and a nominal diameter 
Primary windings of mutual inductance, of 30 Cm. The distance Xo is nominally 

* 22 5 cm. 

(b) Meamrement of Diameter*. —The diameters over the wires have been 
compared with the length of the Laboratory 300 mm. Hartmann Spherical- 
ended gauge. The variations in diameter are shown in fig. 2. The con¬ 
tinuous portions of the curves, together with the extreme end points, are 
plotted from the calculated means of readings taken six at a time. The 
dotted lines completing the curves are partly estimated means. 

It will be noted that the first turn of coil P has a diameter about 0*1 mm. 
less than that of the rest of the winding. This is due to the fact that the 
groove for this turn was added some time after that for the other turns, with 
the consequent ertror noted. The method used in the calculations for 
correction of variation of diameter takes quite accurate amount of this 
comparatively large local variation in diameter. 

The final mean diameters over the wires thus found were: — 

Coil P = 300*773? mm. at 17° 0. (omitting first turn) 

Coil Q * 300*806* mm. at 17° C. 
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FIG. 2. MEAN DIAMETERS OF PRIMARY COILS OF STANDARD OF INDUCTANCE 




COIL Q 
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In order to avoid fractional parts in the differences between the true 
diameter of each turn and the mean diameter, as given above, nominal mean 




diameters have been used having the values 

Coil P = 300-779 mm. 

Coil Q = 300-807 mm. 

The differences between these nominal 
diameters and the actual diameter have 
been read off from the curves of fig. 2, and 
are given in Section (4), dealing with the 
corrections for variations from a perfect 
spiral. 

(c) Diameter of Wire .—The diameter of 
the wire was measured at about 100 points 
for each coil, while it was under tension 
during the process of winding the wire on 
the cylinder. The mean diameters of wire 
thus found were 

Wire on Coil P = 0*620 8 mm. 

Wire on Coil Q = 0*621 0 mm. 

(d) Measurement of Pitch .—The pitch has 
been measured against the Laboratory line 
standard Invar No. 27, whose calibration is 
accurately known. The nominal pitch is 
1 mm., and the nominal mean distance from 
a point on coil P to the corresponding point 
on coil Q has been taken as 225'445g mm. 
All measurements on both coils are reckoned 
as from the first turn of coil Q, that is, 
readings on this turn are taken as correct. 
The nominal reading on any other turn 
minus the observed reading gives the varia¬ 
tion from nominal pitch. These variations 
are shown in fig. 3. The continuous portions 
of the curves, together with the end points, 
have been plotted from the calculated means 
of readings taken six at a time, and the 
dotted portions completing the curves are 
partly estimated means. 
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In order to correct for these variations in pitch, a zero line of 
( + 10/1 as 0*01 min.) has been chosen for each coil, ami the axial displace¬ 
ments of every wire from the perfect spiral were taken from this base line: 
these, when multiplied by the appropriate dM/da ; at that place, give the 
desired corrections. The change of the zero line for this purpose makeB no 
difference in the fundamental calculations so long as the same change is 
made in both coils. 

(e) Irregularities at the Ends of the Windings .—The ends of the windings 
come through small ivory plugs of 5 mm. diameter, which are let into 
recesses in the marble. The surfaces of these plugs are below the surface of 
the marble; the wires consequently become chords instead of arcs of circles 
when passing over this space, and the end of the last turn also bulges 
outwards somewhat before the wire bends sharply in entering the hole in the 
plug. A calculation of the effects due to this departure from perfection of 
shape shows, however, that it is quite negligible. The change in mutual 
inductance due to a change in diameter of 0*2 mm. of one whole turn of the 
primary winding is of the order of 0*1 uiicroh., i.e. y 1 part in 100,000 of the 
total mutual inductance. 

There are also local irregularities of pitch near the ends of the windings: 
these also are of negligible effect. 

(2) Secondary Winding . 

The principle of the Campbell design of mutual inductance is such that 
the dimensions of the secondary winding are comparatively unimportant. 
They are, however, sufficiently important to warrant some care in the measure¬ 
ments of mean diameter and dimensions of cross-section of the winding. 

The outside diameter of each layer was measured on diameters 120° 
apart by means of a large micrometer gauge, which was then immediately 
calibrated against a 17-inch standard spherical-ended gauge. The diameter 
of the silk-covered wire was also measured at a number of places during 
winding. The deduced values of mean diameter for each layer are given in 
Table I, p. 322. 

The mean diameter for the whole coil is thus 437*62 6 mm. The mean 
diameter,* as measured through the holes by microscope, was 437*63 mm. 
Since accuracy to 0*01 mm. in diameter is more than sufficient for an 
accuracy of 1 in 10® in the calculations, the mean diameter has been taken as 
437*630 mm. 

The axial width of winding = Mean of six measurements through the 
holes in the marble ring « 10*1 mm. 

Radial depth of winding ** 0*6g m 

von. oi.— a. 


Y 
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Table I.—Mean Diameters of Successive Layers of Secondary Winding. 


. 

Layer. 

Mean j 

diameter. S 

Layer. 

Mean 

diameter. 

1 Layer. 

Mean 

diameter. 

Layer. 

Mean 

diameter. 

1 

1 i 

mm. 

428 *35* i 

(J 

mm. 

488 -as, 

! u 

mm. 

488 10, 

10 

mm. 

442*95, 

i 2 

! 429 *84* 

7 

484-26, 

j 12 

43» 08, 

17 

443 ‘910 

I a 

430 *88- 

8 

435 -at, 

! 13 

440 02,, | 

38 

444'90 u 


431 ‘Slo 

9 

436 '18, 

j 14 

440-0« 0 l 

10 

44G *90 0 

! » 

i ! 

482 -28» 

10 

437-17o 

| 15 

441 -08,, j 

20 

446 *91» 


(3) Measurement of Thermal Coefficient of Expansion of the Marble . 

This was measured at temperatures ranging from 13° to 25°, and found 
to be 

4* 0 000005^ per 1° 0, 


(4) Calculations and Corrections, 


The accurate formula of J. Viriamu Jones was used in the fundamental 
calculations. This formula gives the mutual inductance between a circle 
and a co-axial helix, having one end in the plane of the circle. A con¬ 
venient form of this formula* is 

( 1 ) 

where A = radius of circle, a = radius of helix, x « length of helix, 

=s number of turns in the length “ x ” of the helix. 


M = 27r», (A + a) f/k (F (k) - E (k ))+ A “ a f 


V = 


4A a . a 

(A+7 t ji+^ =SWn 


<* = 


4A a 


(A + a)*' 

F (Jc) and E (k) are complete elliptic integrals of the first and second kinds. 
They were computed by formulas (5) and (6), 

* = *’(*) • E (h' ft)—[¥ (k)—E (k) ] F 


in which F (W ft) and E (W ft) are incomplete integrals of the second kind to 
modulus k' and amplitude # 

y — cos 7 and fj =» sin-V/fc'; c = ^/(l —c*). 

The values of mutual inductance obtained by the above formula have been 
multiplied by 485 in every case so as to refer them to a secondary winding of 
that number of turns. 

The calculations have been made in two parts, one for coil P and one for 
coil Q. The complete curve showing variation of mutual induction with 
* A. Campbell, 'Hoy. Soe. I’roc.,' A, vol. 78, p. 434 (1807). 







Standard of Mutual Inductance of the CampMl Type . 328 

variation in diameter of the secondary winding, has only been made 
in the case of coil P. It was not essential to obtain the curve shown in 
fig. 4, but it forms a most valuable check on the calculation of M for the 
point required and also checks the curve shown in fig. 5 for dMfdA. 

The dimensions UBed in the calculations for coil P were a = 15*00791 cm., 
*i a 15*0223 cm., = 7*5223 cm. 

Five values of A were taken, viz., 21*3915, 21-6915, 21*8815, 22*0915 and 
22 3915. The reason these values of A were chosen was that it was thought 



Variation of mutual inductance for variation of diameter of secondary circle, 


that the maximum point would be at a radius of A equal to 21*8915 cm., this 
was afterwards found not to be the case. 

The values obtained for the mutual inductances are given in Table II. 


Table II.—Coil P and Secondary Circle of 485 Turns. 


A (cm.). 

MOr,). 

M(a> 3 ). 

M (*,-*„). 


21*8916 

18*45049 

* 

8*46080 

4*99969 


21*6910 

J 18 -81808 

8 -81680 

6 *00267 


21*8816 

18 ‘28464 

8-28176 

6 *00319 


22*0916 

18-14860 

8 -14109 

6 *00281 


22 *8915 

; 18 -01602 

8 ‘01478 

6*00024 



The curve connecting A and M(#i—a-a) is given in fig. 4. For coil Q the 
values corresponding to its mean radius of a = 15*0093 and the mean secondary 
radius A « 21*8815 are, 

A. M (*, » 16*0223). M - 7*6223). M (*, - * 7*6000). 

21*8815 13*23758 8*23354 5*00404 

The sum of the mutuals to the circle secondary for coils P and Q is, 
therefore, 10*00723. 

v 2 
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For averaging over the space occupied by the cross-section of the secondary 
winding the formula (2) has been used:— 


„ Ml l dJA [<* A 20B a (! a -9U<\ , /B a -C a , 9C*-20B*C*\ d*M 

M = MoH -rr '?■+- 

a d A \t> 360Ao a 




360Ao* j dA» 


10B a C' a -6C< d*M 
360Ao* * dA* 


+ .... ( 2 ) 


where 2 B = radial depth and 20* axial length of cross-section of the 
secondary. 

In order to determine dM/dA, (PM/dA 3 , etc., the ourve connecting tIM/dA 
with A was found by calculation and plotting, using the equation 


= 2 tt *«, ck |f (lc) + (~±~ x /r[A+«] a +^)) ( 8 ) 

in which the symbols have the same meaning as in equation (1); « 485. 

The values obtained for dM/dA in the case of coil P are given in 


i 

rfM/rfA microhenries per centimetre. 

A. 

x, ~ 15*0223. 

iKj - 7 -6223. 

— x 2 ** 7 *5000. 

n *8915 

— 444 *11 

-468-12 

+ 14-01 

21 *0915 

-488 *90 

-444*01 

+ 6*05 

21*8815 

-435 -or 

-436-22 

+ 0*56 

22 *0915 

-432-00 

-427-22 

- 4 *78 

22 *8916 

-426-72 

-414-74 

-U *98 

: 
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The curve connecting A and dMfdA for * 7*5000) is given in 

fig. 5. To a sufficient accuracy this curve is represented by the equation 
dMfdA an — 26*8 e -f 4*5 e 3 where e is the difference between any value of A 
and that value corresponding to the maximum mutual inductance. In the 
present case A for the maximum mutual inductance, i,e. t when dMfdA — 0, is 
A as 21’90i cm. for Coil P, and 
A ss 21*904 cm. for Coil Q ; 


when e is very small we have, therefore, for the whole mutual 

dM R1#A dm riA dm 
dA aA a dA 8 


+18*0. 


In the present case for coil P, e = —0*0195 cm., and dMfdA = +0*55; for 
coil Q, e = — 0*0225 and dMfdA = 4- 0*58 miorob. per centimetre. 

The only term of any importance in equation (2) is the term 

; B a — O a 9(9-20B 3 O 3 w/ 3 M 
\ 6 + '360A 0 * '/lA 3 * 

Substituting the values B = 0*48 cm., and 0 = OT>0 cm. (allowing for 
insulation on the wire) we get, for the correction on the total mutual 
inductance, due to the finite space occupied by the secondary, the result 
4- 0*1.70 rnicroh. 

We have, therefore, for the case of the mutual inductance with two perfect 
spirals and a secondary winding of the dimensions given, the value. 

M = 10*00740 millih. 


Corrections for Axial and Radial Displacements of the Primary Winding . 

Each turn of the primary helix is displaced axially and radially from 
its theoretical position. The most accurate method of determining the 
corrections due to these displacements is to calculate the dM/da and the 
dMfdx for each of a number of circles of radius “ a ” and different distances 
“x” from the larger circle A. By plotting these values against x f curves 
are obtained from which the dMfda and dMfdx for each turn of the primary 
winding may be read off. These values, when multiplied by the respective 
displacements radially and axially of each of the turns, give the small 
corrections on M due to them, The sum of all these corrections gives the 
total correction to be applied. The dMfda and dMfdx for the circles could 
have been calculated directly from the formulae for these quantities, but 
Only one more calculation for each point is needed if the actual mutual 
inductances themselves are calculated; moreover, if the new elegant 
formulas developed from those for complete elliptic integrals are used for 
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the computation of the mutual inductances of the circles,* the labour involved 
is comparatively light, and no tedious and doubtful interpolation in the 
tables of elliptical integrals is required. 

Starting off with the quantities and r 0 which have the values given 
below, Table IV is constructed. 

Table IV. 

a<). &o* 4>* 

555 ^(u-o + fto)i &i * </(oo& 0 ) J “ i ( rt o M- 

a2 = ^ («i + b\) ; /> 3 = yj (ajZ>i); “ £ (^i—&i)* 


a n — i (<**-1 “f i«-l) J bn — * l) j — £ ('*n~l I )* 

Then M = — (c, 8 + 2 c a 3 + W + ...) (4) 

a n 

“ " and “ 6 0 ” converge with extreme rapidity to the same value. In 

general, for the cases under consideration, = fra to an accuracy of one part 
in ten million. 

#o — y/(A+*tt)* + ai*; fro = %/(A—a)*+a?; and r 0 = (4Aa). 

(Vote.—Co is not required in this formula fur mutual inductance.) 

The expressions for ¥ (k) and E (k) in terms of the above symbols are 

F(*) = }p, (5) 

a n 


F (*)-£<*) 



( 6 ) 


In computing the values of M for oircles, three cases were taken for each 
value of “ x ” considered. They were 

(1) A, a, X) (2) A, a + 0‘01 cm., a:; (3) A, ar+O'Ol cm., a. 

In these A = 2T8815 cm., a — 15*00791 cm., and * = 7*500 ciu. 

The difference (2) — (1) gives AM corresponding to Aa = 0 01 cm. 

The difference (3) — (1) gives A M corresponding to Aar = 0'01 cm. 

In carrying out these computations the constant terms 2k 3 and n% = 485 
have been left out of the calculations till the final additions of the 
corrections. 

The values of Mi, AMi wheu A a = O'Ql and AMi when Ax m 001 are 
given in Table V and curves figs. 6 and 7. 


* L. V. King, “On some New Formula! for the Numerical Calculation of the Mutual 
Inductance of Coaxial Circle*," ‘ Roy. Soc. Proc.,’ A, vol. 100, p. 00 (1981). 










828 


Mr, D. W. Dye . Galctdctiion of a Primary 


Table V, Mi = M/27r s for Circles Kadii A = 218815 and a = 15*0079i 
with various Values of a;. 


X. 

Mi (cm,). 

i 

aMj for An *» +0*1 mm. 

aMt for A# » +0*1 mm. 

e*o 

10 *14863 


-0*00644 

7*5 

9*18486 

+ 0-01217 

-0*00668 

8*0 

8-80716 

+ 0*01161 

-0 *00649 

9‘0 

8-17628 

+ 0*01082 

1 -Q *00615 

10 *0 

7-67938 

+ 0*00982 

1 -0 *00677 

13 *0 

7 -02249 

+ 0*00848 

-0*00687 i 

13*0 

6-60608 

+ 0*00766 

-0 *00498 

18 *0 

6 -02630 

+ 0*00699 

-0*00469 

14*0 

6 -68447 

+ 0*00639 

-0*00426 

16 *0 

6 -17742 

+ 0*00688 

-0*00890 1 


The values of AMi corresponding to the position “ x ” of eaoh turn have 
been read off from these curves and multiplied by the corresponding small 
differences n and v obtained from the curves, figs. 2 and 3. Since turn 1 on 
coil P and turn 75 on coil Q are the same distance " x” from the secondary 
winding, the algebraic sum of their radial and axial differences may be taken 
when multiplying by AMi. A selection of the results of the calculations is 
given in Table VI, in which turn 1 now has the position " outer " on both 
coils and turn 75 the position " inner w on both coils. 


Table VI. 


Turn. 

Sum of radial dis¬ 
placements on P and Q 
in units of 10~* 3 mm. 

■» w. 

Sum of axial dis¬ 
placements on P and Q 
in units of 10~ 8 mm. 

“ v. 

The unit is 1 - 

dx 

10 ~ s microh. 
2w* ‘ 

# 

1 

+ 1 

+ 9 

+ 

5*9 

-86 *0 

6 

+ 10 

+ 7 

+ 

61 *2 

—28*2 

10 

+ 17 

+ 6 

+ 

108 *8 

-26 *2 

16 

+ 1 

+ 4 

+ 

6 6 

• -17*5 

20 

+ 12 

0 

+ 

88 *6 

0 

26 

- 4 

- 6 

— 

29*1 

+28*6 

80 

- 7 

- 8 

— 

68*8 

+ 14 *8 

86 

- 8 

+ 6 


68 *9 

-80 7 

40 

- 8 

+ 6 

— 

25*1 

-26*6 

46 

+ 2 

+ 7 

+ 

17 *6 

-88* 

50 

- 8 

+ 1 

+ 

74 -2 

- 6*7 

56 

-12 

- 4 

— 

117-4 

+ 28*7 

60 

* 4 

! - 4 

— 

41 *2 

+ 24*4 

66 i 

- 7 

1 - 4 

_ 

66*0 

+26*1 

70 

+ 2 

- 8 

+ 

82*9 

+ 61*6 

75 

-97 

-14 

-1178 *6 

' 

+ 92*0 
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The whole correction for the seventy-five turns of both windings of the 
primary was found to be— 

For radial displacements of the wires = —0 084 microh. 

For axial „ „ = + 0 , 015 „ 

Correction for the Five Turns Forming the Twenty-First Layer. 

The calculations relative to averaging over the cross-sectional area occupied 
by the secondary winding assume the whole of it to be contained within the 
rectangle formed by the twenty layers of twenty-four turns each ; the extra 
five turns necessary to obtain the mutual inductanoe of 10 millih. are 
wound close together near the upper cheek of the ring. They may, to a 
sufficient aocuracy, be considered as equivalent to a five-turn circle displaced 
radially by -I- 0'5 cm. and axially by 0 4 cm. from the central filament of the 
secondary winding. 

The corrections due to these displacements are:— 

For axial displacement = + 0 041 microh. 

For radial „ = —0‘061 „ 

Net correction =—0020 „ 

There is, finally, a correction due to one of the coils having slightly more 
than seventy-five turns ; the overlap is 1'2 mm. If the outgoing loads are 
close together, this extra pieoe may be considered as equivalent to a positive 
mutual inductance due to the part NP (Fig. 8) of the circle at one end of the 
helix together with a negative 
mutual given by the very open 
spiral QP formed by the outgoing 
lead from the end Q. QN is a 
generator, of the cylindrical surface 
of the winding. 

If the pieoe NP is considered as 
at the end of the helix closest to the 
secondary winding, the positive mutual inductance due to it will be greater 
than the negative mutual inductance due to the return lead QP; on the other 
hand, if the small piece is considered as at the end, Q, of the helix its positive 
value will be less than the negative value of QP. The length measurements 
of the distance separating the two helices are not quite sufficiently accurate 
to determine which oase is correot. 

There is an uncertainty, also, due to the return pieoe QP being on a different 
cylinder to the helix, owing to the ends Q and P first going radially inwards 
through the walls of the hollow marble oylinder. The uncertainty introduced 



Appertaining to overlap at one end of helix. 
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by the endB before they come away together is probably of the order 
+ 3 x 10"®. 

Summing up the various calculations and corrections we have for the value 
of the standard, 

For perfect Helix P . M = 5003-19 microh. 

Q . 5004-04 „ 

Microh. 

Correction for averaging over cross-section of secondary. *f 0*170 

„ for irregularities of diameter of primary helices ... —0*084 

it it pitch of primary helices. + 0 015 

„ for five turns on outside of secondary winding. - 0*020 

These together give for the final calculated mutual inductance of the 
standard the value at 17° 0 . 

M 17 =s 10*0073i millih. 

Probable Accuracy of the Calculated Value of the Standard, 

There are five factors entering into the calculations, eaoh of which represents 
a series of length measurements. If a probable accuracy is given to these 
measurements it is possible to assign a probable accuracy to the final result. 
The factors involved are— 

( 1 ) Diameter of primary helices, 

(2) Fitch and distance apart of primary helices, 

(3) Diameter of secondary winding. 

(4) and (5) Width and depth of secondary winding. 

For the present purpose the helices may be replaced by a circle 10 cm. 
distant from the plane of the secondary winding. 

If it is assumed that the diameter is accurate to ± 0*001 mm., and the 
pitch to ± 0*002 mm. for the primary winding; also that the mean diameter 
of the secondary winding is accurate to ± 0*1 mm,, and the width and depth 
of the secondary cross-section is accurate to ± 0*05 nun., the following will 
be lire resulting uncertainties in M expressed 1 *^ parts in a million:— 


For—Primary diameter.,... ±6 

», length and distance apart * ±16 

Secondary diameter.. ± 0*7 

„ depth and width ...... ±8 each. 


The maximum error is therefore 40 parts in IQ 6 , but the mean probable error 
will be of the order 20 parts in 10 *. 
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Comjmrison with the N.P.L. Standard Mutual Inductance . 

(a) Calculated Valm of N.P.L, Standard. —The original value calculated 
from measurements of dimensions made when the N.P.L. standard was first 
constructed in 1908, was 

' Mir, ® 10 01785 inillih. at 15° C. 

In 1914, it was thought desirable to check the measurements of the 
standard. The paraffin-wax coating over the primary windings was dissolved 
oft with petrol, and the pitch and diameter of these were again measured in 
the Metrology Department. It was found that changes in the dimensions had 
taken place, but whether these were secular, or due to the waxing or 
subsequent treatment with petrol, it is impossible to say. The diameters 
of the two helices were about 5 parte in 100,000 greater, and the axial 
lengths were all about 1 part in 10,000 greater. The net result of these 
changes was to make the value of the mutual inductance about 7 parts 
in 10 e smaller. The value at 15° C., as determined from the second set of 
measurements, was 

Mm = 10 01778 miilih: 

Owing to the uncertainties attaching to the effects of paraffin-waxing, it was 
decided not to wax either of the windings of the new standard. The windings 
can, therefore, be measured without trouble at any future time. 

Comparison. 

The two standards were compared by measuring each on a variable mutual 
inductometer. In order to avoid capacity effects a frequency of 10 cycles per 
second was used, at which frequency the sensitivity was about 3 parts in a 
million. 

Observations were made alternately, first on one standard and then on the 
other. Balance on the new standard was, at first, found to be imperfect; 
this imperfection was traced and found to be due to metal parts in the 
levelling screws and sockets used to support and adjust the secondary 
winding. These were replaced by non-metallio parts, and, as a result, the 
balance was perfect, as far as could be judged on the galvanometer. 

The results of four comparisons gave for the difference between the two 
standards the values 

10’6a, 10;7o, 10 * 63 , 10*6o microh. 

The mean difference at 16° C. may be taken, therefore, as 
10*64 microh. (± 0 05 microh.). 
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Tiie calculated value of the new standard at 17° C, is 
Mn = 10 0073, williii. 

If all the dimensions* of a mutual inductance change in the same propor¬ 
tion the value of mutual inductance changes in that proportion also. The 
coefficient of thermal expansion of the marble of the new standard is + 0 000006 
per 1° C. 

The mutual inductance at any temperature “ t ” will therefore be 
M t * M w [1 + 0-00006 (<—17) ]. 

Tiie N.P.L. standard lias the value at 15° C. 

(N.P.L.) Mw = 10*0177, raillih. 

Correcting the value of the new standard to this temperature wo have 
(New) M n » 10-0071* millih. 

The difference between the two calculated values is 10*59 microh. The mean 
measured difference, as given above, is 10’6i microh. 

This agreement between calculation and measurement may be considered 
highly satisfactory; it is closer than the various probable errors might lead 
one to expect. 

It appears, therefore, that both these standards are accurate to within about 
1 part in 100,000, in their values calculated from the dimensions as measured 
in terms of the N.P.L, standards of length. 
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Apparatus for Determining the Standard Deviation Mechanically. 

By W. Lawkkncr Bau,8 , M.A., Sc.D. (Cantab.), late Fellow of St. John'H 

College, Cambridge. 

(Communicated by 6. Udny Yule, F.R.S. Received March 6, 1922.) 

The calculating apparatun here described is a natural development from 
the u harp ” harmonic analyser,* and similarly makes use of loaded strings, 
which apply foroes to a flexible yoke, whose consequent movement resolves 
these forces automatically. The use of vertical strings in place of the 
horizontal ones employed in the * harp ” being convenient for the special 
purpose of this apparatus, it became possible so to design it os to give quan¬ 
titative amplitudes to the yoke movements, which in the “ harp ” were only 
qualitative. 

Purpose- of Employment . 

The purpose of the apparatus is to enable tolerably precise calculations of 
standard deviation and other related statistical constants to be made quickly, 
and in the hands of persons other than trained computers. Much of the work 
done in any laboratory is necessarily restricted by considerations of time and 
labour to the production of figures which in any one set of observations are 
not sufficiently numerous to justify laborious statistical treatment* Or, 
equally, the known imperfections of material or of method may themselves 
resxilt in errors in the computed statistical constant, so that computation of, 
c.y., a standard deviation beyond two significant figures would have no real 
value. In both cases an approximate determination is all that the circum¬ 
stances warrant, and only then if that determination can be made rapidly by 
anybody available. The present apparatus makes this possible. 

* 

General Consti'uetion. 

The complete apparatus is shown in fig. 1. On a 6-foot vertioal board are 
fastened the yoke-holder with its yoke (fig. 3) and the template-grid (fig. 2). 
From the yoke-holder {yh) the yoke (y) is suspended at either end by two 
short suspensions of fine cotton tape (typewriter ribbon). At the centre of 
the yoke there converges from below a set of twenty-five strings of sewing 
cotton (s); of these, the oentre one (sb) is stronger than the rest and bears a 
“ dead load” or " base” weight of 2000 grm. (wb). The other strings to right 
and left of this base string bear weights (w) proportionate in succession to 

* W. L. B., "A Simple Apparatus for Approximate Harmonic Analysis and for 
Periodicity Measurement^''* Boy. Soo. Proc.,’ A, vol. 99 (1(321). 
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the square of their deviation from it. The actual weights, in grammes, on 
the strings are thus:— 

. 144 100 64 36 16 4 4 16 36 64 100 144 

121 81 49 25 9 1 “ J 1 9 25 49 81 121 ' 

Each string is retained in its proper place in the Beries by passing through 
the template-grid {(g), below which the weights (of lead tubing) hang in two 
tiers, so as not to touch one another. The template-grid consists of two 
parallel brass bars (/. and a), tied together by a rank of parallel steel rods, 
these being so arranged that at the grid every string is 1 cm. from its neigh¬ 
bours. The back of the grid is bolted to the base board, and the grid thus 
also serves as the operating table on which the template (t) under examina¬ 
tion is laid, the back brass bar (z) defining the zero abscissa. The yoke-holder 
is set back slightly behind the grid, so that the weighted strings rest in 
contact with the rear brass bar of the grid at the zero for each ordinate of 
the frequency curve to be examined. 

Method of Use. 

To use the apparatus, the frequency curve in question is plotted on 
ordinary squared paper with ordinates 1 cm. apart and abscissae. 0'6 cm. apart. 
This is then cut out with scissors as a graph or template of rectangular 
co-ordinates, whioh is folded lengthwise and balanced on a middle point to find 
the mean ordinate.' A straight-edge is then passed behind all the strings (s), 
excepting the zero string (sb), to pull them forward, and the template (t) is 
laid on the grid with its base against the back bar of brass (z), the rectangle 
whioh includes the mean ordinate being centred on the base string ( sb ). By 
withdrawing the straight-edge, the strings are allowed to fall back until each 
one rests on the edge of its appropriate reotangle in the template, or else on 
the brass bar as before (fig. 2). 

The new force now exerted on the yoke in a plane perpendicular to that of 
the base board by any one string is proportionate, firstly, to the deflection, if 
any, of that string from its resting position by the template, i.e., the height of 
its particular ordinate; and, secondly, if so deflected, to the square of the 
deviation of the position of that string along the grid from the base string, 
on acoount of the weight it carries. 

The consequent movement of the yoke is read by a mirror (to) attached to 
it, as in the " harp," a lamp {l) fixed at the top of the base board, and a plane 
mirror (not shown) behind the observer, which reflects the image of the lamp 
filament upon a hooded Beale (h) fixed on the base board conveniently for 
observation. 
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The movement there observed, which represents the “ sum of the squares 
of the deviations,” is quickly correoted for n , the number of points in the 
frequency, and the square root is also extracted by using a nomograph (n) t 
fastened conveniently on the base board. 

Allowing one minute for cutting the template, another minute suffices to 
complete the whole operation of determining a standard deviation; or 
y/^dPjn), irrespective of whether n is large or small. The result has not 
been corrected for the deviation of the true mean from the base ordinate 
chosen, since the correction is small if the standard deviation exceed some 
two units of the scale. For the true standard deviation <r 0 is related to the 
root mean-square deviation, 8 } about an arbitrary origin by the equations 

So 3 ss 

where e is the difference between the mean and the arbitrary origin. That 
is, approximately, if e/8 be small: 

-*(*-» p> 

The maximum value of e in our case is so that the maximum value of the 
correcting term \e*/8 % is 1/88 3 if a is 2, that is 1/32 or 3 per cent If a is 
3 it is 1/72, or barely 1J per cent. When the data are being grouped the 
interval should be so chosen as to make the number of groups approach as 
nearly as is convenient to tine limit for the instrument (25), in order to keep 
down possible error from this source. 

The Design of the Yoke.* 

In the harp harmonic analyser we employed a light yoke of wire, since the 
load on its yoke was constant and no great accuracy was needed in measuring 
amplitudes, which, moreover, embraced only a very small angular movement 
In the new apparatus we habitually vary the total deflecting load on the yoke 
over a very wide range, equal sensitivity is required in all parts of the 
resulting scale deflection, and we further require these deflections to be 
strictly quantitative at all times. Zero constancy, however, as we had already 
seen in the harp, could take care of itself in these loaded string constructions. 
In the first model of the apparatus we used parallel strings, and proposed to 
obtain the correction for n automatically by inserting the template at 

* Our use of the stretched-string construction may perhaps be interpreted as due to 
inadequate resources, or to lack of knowledge as to the possibilities of precise 
workmanship and sensitive design ; but such is not the case. The resources afforded 
by the precision machine tools in the Mechanical Section of our Department were 
discarded deliberately—not on grounds of expense, but on grounds of efficiency, 
especially in respect of constancy. 
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proportionate distances from the yoke. This we found inadvisable; in any 
case, some form of nomograph or special scale would be required to extract 
the square root; and the operation HdP/n might as well be done in the same 
way: the whole base-board could thou be simple. Further, the use of 
parallel strings subjects the yoke to a turning movement whenever the 
loading is not symmetrical round the base string; the constraining of the 
yoke against the rotation presented many difficulties. A bifilar suspension 
was useless, and on trying a four-fold suspension of the ballistic pendulum 
type, we met further difficulties. 

It should be noted that any suspension material is extensible, that it is 
impossible to use mechanical connections (cup and vee bearings, etc.) since 
their frictional resistance may vary or may be excessive in such small 
angular movements, and, lastly, that construction which depends on accurate 
workmanship should only be admitted as a last resort. The objections to the 
ballistic pendulum suspension involved all three considerations; if long suspen¬ 
sions were employed, the method was accurate, but the angular rotation of the 
yoke, which we desire to measure, was trivial, while the bodily translation of the 
yoke from zero position brought in fresh corrections; short suspensions were 
thus inevitable, but these required great exactitude in superposing the upper 
and lower ends of the four main suspensions, and in the tension-equality 
of the cross strings. These conditions art; impossible of permanent achieve¬ 
ment, however much care 'may be taken in the original construction, ainoe 
spun threads alone can give sufficient flexibility; the thinnest steel foil has 
sufficient stiffness to prevent quantitative reactions of the yoke at big 
deflections under the small loadings, unless impossibly heavy weights arc 
used. The ballistic suspension was therefore abandoned. 

We then returned to the divergent strings employed in the harp, again using 
an angle of divergence sufficiently small to have no appreciable error-effect, 
and even this enn be removed by slightly increasing the weight carried by any 
one string so as to give the correct vertical component if necessary, but on 
the balance of minor considerations we consider it inadvisable to do so. A 
related, though separate, source of error might be expected in the friction of 
the splayed-out strings on their, guides, as also on the template edge; actually, 
we find that this Blight tendency to over-load or under-load any one string is 
effectively eliminated by vibrations during the setting up of a template and 
by the flexibility of the paper template itself. The yoke remained at full width, 
supported at its ends,* and carrying all the strings at its middle (fig. 3). Any 
tendency to rotation m a horizontal plane was thus reduced to vanishing point. 

# The black typewriter ribbons used for the suspension are scarcely visible in fig. 3. 
Their position* are indicated by rr, 

VOb. 01 .— A. Z 
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In the early stages we had endeavoured to keep the weight of the yokels 
low as possible, but this was ob\ r iously absurd, since in a weightless yoke the 
deflections produced by any weight on a string would be identical, and farther 
the weighted strings themselves loaded the yoke. A base string (sb) was 
therefore added, on which the 2,000 grin, dead load weight (w, fig. 1) hung 
permanently, thus defining the sensitivity of the apparatus, and rendering it 
practically independent of the displacements of the other weights, 1 to 144. 
The yoke could now be made heavy and strong in order permanently to 
assure two conditions: firstly, that it would never alter during use; and 
secondly, that one straight line should contain the flexion-points of all the 
strings, anotheristraight line should contain the flexion-lines of both suspension 
ribbons, while these two lines should be in one plane and be fairly parallel. 

These conditions were sufficiently satisfied by the only piece of machining 
employed in the apparatus. The yoke was made of two mild steel bars of 
$ inch square section, which were first clamped side by side and milled 
simultaneously along their upper faces. These milled faces were then opposed 
to one another, when any errors in the run of the milting cutter were 
naturally balanced out;, the points of actual contact between the faces lying 
in one plane ; and between them the two ribbons and twenty-five strings were 
simply clamped by bolts running through both bars (fig. 2, ?/). 

Ah a minor precaution the yoke was provided in front with a small 
adjustable slider (*/), and after a 2 cm. concave mirror (m) had been fixed on 
it with wax and the yoke suspended in position, this slider was moved until 
the yoke balanced in the same position under its own weight as when it 
carried all the other weights also, totalling 3 kgrm. 

It remained to support the yoke, and this was conveniently done by a 
similar pair of bars (yh) to clamp the upper ends of the ribbon suspensions 
(rr), these bars being mounted on two screwed rods projecting from the base¬ 
board so that the yoke could be moved in or out till the strings at rest made 
contact with the zero abscissa, ie., the back brass bar (z) on the template grid. 

Two strong pegs (p), fixed just below the yoke, serve as safety stops to catch 
it in the event, not yet realised, of a ribbon suspension breakage. Two 
plumb bobs ( pb ) assist in fixing the board correctly. A rack ( k ) with slots 
cut iu it is added to take the load of the weights, by means of lead shot 
clipped on each string, when the instrument is being moved about. 

Errors of Observation . 

These are insignificant, the chief ones residing in the actual reading of the 
position of the spot of light, and in reading the nomograph. Slight apparent 
changes of zero may result from warping of the lamp and plane mirror 
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supports, or of the wax which secures the concave mirror to the yoke, but 
these are checked by a glance at the graduated scale before inserting a 
template. The friction of the strings on the steel rods of the fcetnplate-grid 
might cause trouble if the latter were allowed to rust, but is not detectable if 
a film of vaseline is left ou the steel. Internal friction in the typewriter 
ribbon and sewing cotton is also imperceptible and appreciably invariable. 

Advantages of the Apparatus. 

The apparatus may safely be set aside for months, with the certainty that 
it must function as well as ever when required. It gives standard deviations 
correct to within ± 3 per cent, of the computed value, apart from the base 
correction, which itself is definitely limited to small dimensions by the method 
of use, The complete determination of a standard deviation can be made by 
any person, irrespective of statistical training, and with a marked saving of 
time. The time required for a determination is largely independent of the 
amount of calculation required, and the saving of time in comparison with 
ordinary calculation is thus greater with large arrays than with small ones. 
Both methods require identical procedure until the frequency curve has been 
plotted from the original data; after which the time required to obtain the 
final result was as follows, in three demonstration trials. 

The following times were taken in stop-watch trials of the instrument 
against a practised computer. The computer employed a Burroughs Desk 
Adder, statistical tables and the slide-rule. Both the computer and the 
instrument started with the curve plotted, and the value of n known. Trial A 
demonstrated the superior dependability of the instrument in sucli hasty work. 

(A) Curve with n 215: Standard deviation = 4'98. 

(1) Computer’s time, 6 minutes. Result entirely incorrect. (Repeated 

calculation.) 

Computer’s time, 8 minutes. Result correct. 

(2) Instrument’s time, 3 minutes 5 seconds. Result approximately 

correct (S.D. = 4 9). 

Of this trial the detailed timing was as follows:— 


Mine. Sec«. 

Cutting template . 1 50 

Balancing for mean ordinate . — 15 

Insertion and reading deflection .. — 35 

Removal . — 10 

Reading nomograph. — 15 

Total.. 3 6 

z 2 
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(B) Curve with n = 35: Standard deviation = 2*18. 

This curve was purposely made of a shape inconvenient to manipulate in 
template form. 

Both computer and instrument took 3 minutes with similar results. The 
detailed timing of the latter was as follows:— 


Mins. Sfloa. 

Gutting template. 1 15 

Balancing template . — 25 

Insertion and reading deflection. — 45 

JRemoval . — 10 

Heading nomograph . — 15 

Total. 2 50 


(C) Curve with n =210: Standard deviation = 5*68. 

Computer's time, 9 minutes. 

Instrument's time, 3 minutes. 

The floor space occupied is only 12" x 18". 

The construction can be undertaken at. any simply equipped work bench, 
as even the milling operation on the yoke bars can be replaced by lappiug 
with carborundum. 

Table of Test Ilesults, 

As a final test for the dependability of the apparatus, Beven test templates 
were prepared, as shown in the following Table, of which Nos. 1 and 4 were 
particularly stringent tests. 

It will be seen that the computed and observed results agree very closely 
over this wide range of test. It may also be pointed out that the height of 
the template grid permits of a maximum ordinate of twenty-seven £ cm. units, 
and that the sensitivity of the apparatus can be doubled if no more than 
thirteen-unit ordinates are likely to be met with, since the templates can then 
he plotted in 1 crtn units. 

Conclusions. 

The paper describes and illustrates:— 

(1) Another calculating apparatus derived from the harmonic analyser 
formerly described.* 

(2) The present apparatus mechanically applies the method of least squares 
to calculating standard deviations of frequency distributions. 

(3) By suitable modifications of the arrangement used in the harmonic 
analyser, the loaded-string system has been made to give quantitative results 
over a wide range of amplitudes and weightings. 

* W. L. B., toe. r/c, p. 286. 
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Seven Test Templates. 


Deviation. 


2. 

3. 

4. 

6. 

6. 

7. 

Notes, 

— 12 

_ 

4 

_ 


... 

__ 


No. 7 is the tempiftte 

-11 

*- 

4 






shown in figs. 1 and 2. 
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apparatus. 


(4) The apparatus is simple and inexpensive to construct, simple and quick 
in use, and retains its sensitivity and zero indefinitely. 

My thanks are due to my assistant, H. Hancock, who constructed the 
finished apparatus shown iu the photographs, besides helping me in various 
experiments on the preliminary model; and to G. Udny Yule, F.R.S., for 
revising the present account. 

The work has been done in the Experimental Department of the Fine 
Cotton Spinners and Doublers Association, Ltd., at Rock Bank, Bollington, 
Maoclesfield. 

I am indebted to the Executive Directors of the Association for permission 
to publish this account. 
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On the Structure of the Line X = 6708 A. of the Isotopes of 

Lithium . 

By J. C. McLennan, F.R.S., and D. S. Ainslie, M.A., University of 

Toronto. 

(Received April 10, 1922.) 

[Platk 4.] 

I. Introduction. 

From considerations based on known similarities between the series spectra 
of the alkali elements, it was to be expected that the members of the series 
v = (1-5, e) — (m, p) for lithium should consist of close doublets. 

In 1913 Zeeman* investigated the absorption of the wave-length 
X =s 6708 A., the first member of the above series for this element, and 
found by the use of a concave grating of high resolving power that it consisted 
of a close doublet, with an estimated separation of 0*144 A. In the 
following year, Takainine and Yamadaf also investigated the structure of 
this line, and found that it could be obtained in the form of a compara¬ 
tively sharp doublet, with a separation of 0*165 A. In their experiments 
the source of radiation consisted of a brush discharge between iron terminals 
moistened with a 10 per cent, solution of LiCl. The spectral separation was 
measured with a 35-plate Echelon grating. 

In 1914 KentJ also investigated the wave-lengths X = 6708*2 A., 
X 2 = 6103*77 A., X = 4972*11 A., and X = 4602*37 A„ and found by the 
use of an Echelon grating that all four wave-lengths consisted of doublets 
with the wave-length differences 0*151 A., 0*114 A., 0*084 A. and 0*069 A. 
respectively. He also found that in weak magnetic fields the members of 
the doublet X= 6708*2 were resolved into components of the types 
given by the sodium lines D x and D* With strong fields the magnetic 
resolution of the combined members of the doublet was that of a normal 
Zeeman triplet. 

More recently, in 1916, King§ made a study of the structure of the 
lithium red line in the furnace spectrum of the vapour of this element with 
a ruled grating, and found again that it consisted of a doublet a small 

* Zeeman, 4 3L Akad. Wetenseb. Amsterdam, Fro©,,’ vol. 15, pp. 1130-1131 (1910). 

+ Takamine and Yaraada, * Proc. Tokyo Mathenmtico-Phys. Soc./ 2nd Series, vol, 7, 
No. 18, p. 339 (1914). 

t ‘ Fhys. Zeit., 1 vol. 16, p. 383 (1914). 

§ A. S. King, ‘ Aatrophya. Jour.,* vol. 28# p. 300 (1916). 
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quantity of lithium was used with a separation of 0*152 A. When high 
vapour densities were used, however, the line appeared as ft triplet of 
variable separation from 0 25 to 0*36 A, In discussing his results King 
suggested that this variation in the interval of the triplet possibly originated 
in electrical resolution such as one obtains in the Stark effect. 

Quite recently a study of the structure of the lithium red ( line was made 
by the writers by using a vacuum arc in lithium vapour as a source of 
radiation, and by using both Lumtner plates and a 30-plate dchelon grating 
crossed with a Lummer plate to effect the resolution. 

In the course of this study it was found that when strong arcs were main¬ 
tained in the vapour, the wave-length \ = 6708 A. consisted of a close 
quartet with separations of 0*128 A., 0*173 A. and 0165 A. 

II. Apparatus. 

The apparatus used for producing the arc which is illustrated in fig. 1 
consisted of a brass water-cooled chamber of the type shown in the diagram. 



It was provided on opposite sides with windows of fused quartz, one of which 
is shown at GL The electrodes consisted of two steel cups, E and F, 
connected by wires to the binding poles A and 0. These were supported by, 
but insulated from, two brass tubes B and I) which in turn entered the 
lamp through two oil-sealed, close-fitting stuffing boxes. Preparatory to 
Operating the aro> the cups B and F were tilled with metallic Uthium, and the 
chamber was highly exhausted with a set of Gaede rotary oil and mercury 
pumps* While the arc was in operation the pumps were kept running in 
^ The arc was 
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started by bringing the two cups, E and F, into contact and then 
separating them. This vapourised the lithium and it was'found that with 
currents of from 10 to 15 amps, from the 110 volt I>;C. maids, strong steady 
arcB could easily be maintained in the vapour. 

The Echelon grating, the optical constants for which have been given in a 
previous paper,S consisted of 30 plates P004 cm. in thickness, with a width 
of step of 1 mm. 

The data for the glass Luuuuer plate used are as follows: 

Refractive indices. 


d — 0*448 cm. 

6563-046 A. 

1-50746 

X = 6707-846 x 10“* cm. 
fi = 1-50703 

5896-155 A.T 
5890186 A. J 

1-50990 

3/U./SX = -288-6 

4861*49 A. 

1-61560 

A\m as 04364 x 10“ 8 

4308-08 A. 

1-52025 

Dispersion formulas used— 



1-491324 + 

82-2922 


X-1463-17 


and ft = P494199 + 

59-3239 


X-2089-47' 



III. Observations. 

On several occasions during the investigation the spectrum of the radiation 
issuing from the arc was photographed with a quartz spectrograph. The 
spectrum obtained is shown in “ b ” (Plate 4, fig. 2). It consisted of the wave¬ 
lengths X = 6707-846 A., X = 6103-377 A., X = 4602-37 A., X m 4132-44 A,; 
and X = 3232-77 A. 

In order to isolate'the light of the red line, a Wratten filter, No. 70,.was 
used. From the reproduction shown in (a), fig. 2, it will be seen that the 
filter sufficed to cut off all light issuing from the arc other than that of 
the red line. 

The diffraction pattern of the red line as analysed by oar Lttmmer plates 
is shown in Plate 4, fig. 3. It consists of' the doublet ordinarily observed 
with members at a and b, and a third member at c, i.e., in so far as resolution 
by the Lummer plate revealed its structure the red line, consisted of 
a triplet. 

When, however, the line was resolved by the Echelon, crossed with a 
Lammer plate, observation showed it to consist of a quartet. The reason the 
Lummer plate did not reveal the quartet structure was due to the fact jibat 

* McLennan, ‘ Boy. Soc. Proc.,’ A, vol 87, p. Sft8 (iei8). 
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the member of shortest wave-length of the quartet of one order overlapped or 
lay close to the member of longest wave-length of the quartet in the next 
lower order of the diffraction pattern. 

An enlarged reproduction of the pattern obtained with the echelon crossed 
with the Lumnier plate i8 shown in Plate 4, fig. 4. In it the members 
a and b constitute the doublet of the red line its ordinarily observed, and 
c and d constitute the now doublet revealed by this investigation. 

From measurements made on several plates, the separation between the 
mem hers a and b was found by the formula AX = [S(**)/fli]AX m * to be 
0'128 A.; that between the members a and « O'801 A. and that between the 
members c and d 0 I6o A. 

IV. Discussion of DesuUs. 

(a) Isotope Doublets. —In the recent disoussionf on isotopes at the Royal 
Society, Merton, commenting on the fact that the line 6708 A. emitted by 
lithium, consisted of two components, approximately 0151 A. apart, stated 
that if lithium is accepted as a mixture of two isotopes of atomic weights 6 
and 7, calculations based on Bohr’s theory showed that each of the 
components of the doublet should be accompanied by a satellite some 
sixteen times as faint and displaced by 0'087 A. He also stated that he 
had sought for these satelites but had not been able to observe them. In 
view of the observation by us of a new doublet accompanying the ordinary 
doublet of X = 6708 A., the question of its origin being associated with the 
isotope of lithium naturally arises. 

It is known that with magnetic fields of moderate intensity the sodium 
line Di is resolved into a quartet and the I)» line into a sextette. As stated 
above Kent found that the members of the doublet X = 6708 A. (as 
ordinarily observed) showed magnetic resolutions in weak fields of the same 
types as the Dj and D s lines. If, then, we ascribe the two doublets found in 
our investigations to the isotopes Li* and LiVour observations would go to 
show that the members a and l noted on our plates originated in the same 
isotope of lithium* If we ascribe the newly observed doublet with members 
o and d bo the second isotope of lithium, it will be noted that since it appears 
on the short wave-length side of the doublet a, b, it would follow from 
Bohr's theory that the doublet a, b, should be ascribed to Li* and the doublet 
e, d, to Li 7 , i.e,, the radiations from Li 7 should be of shorter wave-length than 
corresponding ones from Li*. 

(t) Separations of Doublets. —On this view it will be Been that from our 

* McLennan and McLeod, ‘ Boy. Soe. Proc.,’ A, vol. 90, p. 246 (1914). 
t ‘ Roy. 8oc. Proc.,’ A, vol. 99, p. 67 (1921). 
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measurements the separation of the Li 6 doublet is 0128 A, and that of the 
Li 7 doublet 0165 A. 

Observations on corresponding series lines in the spectra oE Na, K, Rb 
and Os have made it clear that the doublet frequency differences with these 
elements are directly proportional to the squares of the atomic weights. If 
this law be applicable to lithium it would follow that wave-length differences 
for the two doublets of Li 6 and Li 7 at X =s 6708 A. should be approxi¬ 
mately 0 55 A,, which it will be seen is between three and four times the 
doublet separations observed in our experiments. The values obtained by 
ns, however, for the separations of the two doublets are of interest in 
connection with this law, for according to it the separations for the 
Li 7 and Li ft doublets should be in the ratio 49/36, i.e., 1*36:1*00. As 
the ratio of the separations found by us was T30 it will be seen there is 
fair agreement. 

(c) Displacement of Isotope Doublets. —It will be noted that from our 
measurements the average displacement of the Li 7 doublet c and d was about 
0*32 A. on the shorter wave-length side of the Li 6 doublet a and 6. This 
displacement is, therefore, between three and four times as great as the 
calculated separation given by Merton, namely, 0*087 A. 

(d) Isotope Displacement and Atomic Number .—In 1917, Aron berg* in 
studying the line X a 4058 A,, emitted by a specimen of radio-lead of atomic 
weight 206*3318, observed a difference of 0*0044 A. between the wave-length 
emitted by this specimen and that emitted by ordinary lead of atomic 
weight 207*29. This result was also confirmed by Merton,f who found a 
difference of wave-length for radio-lead from pitchblende and ordinary lead 
of 0*0060 ±0*0007 for the same wave-length. As the difference in wave¬ 
length one would expect to obtain in this case on the Bohr theory for 
the line X m 4068 is 0*00005 A., it will be seen that the observed wave¬ 
length difference was between eighty and ninety times as great as the 
calculated amount. 

Taking this result in conjunction with our own observations on lithium, it 
would appear that with lead and lithium the observed isotope displacements 
can be very closely obtained by multiplying the displacements calculable on 
the Bohr theory by the atomic numbers of the respective elements. 

If it should turn out that such a law were applicable generally to isotopic 
displacements, it would bring the spectral isotopic displacements of a number 
of the elements easily within the scope of observation open to us, with high 

* * Aronberg, * Free. Nat Acad. Sc.,’ vol. 3, p. 7X0 (1917); 4 Astrophys. Jour.,’ vol. 47, 
p. 96(1918). 

t Morton,*Roy. Soc. Proa/ A, voL 96, p. 388 (1 80J. 
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resolution ruled gratings and with tSohelon gratings and Luturner plates of the 
resolving powers already developed. 

(e) Intensity of Doublet Components .—During the course of the experiments 
visual comparisons were frequently made of the relative intensities of the 
members of the quartet. It was noted that irregular fluctuations in these 
relative intensities always accompanied variations in tho strength of the 
current in the arc. When the arc was steady and at its brightest, the 
members h and d appeared with the greatest relative intensity, is*, the 
shorter wave-length member of both the Li* doublet and of the Li 7 doublet, 
appeared to be of stronger intensity than the longer wave-length members 
of these doublets. Of all four members of the quartet the component “ b " 
(the shorter wave-length member of the Li 6 doublet) always possessed the 
greatest intensity. This result for each of the doublets is in keeping with 
observations made on the relative intensities of the D* and L>a lines, in the 
spectrum of sodium. Voss/ who has made a careful investigation of this 
point, found to bo always the more intense of the I) lines, with a 
maximum value for the ratio of the intensities I) a /Di as 2 correct to within 
10 per cent. 

(f) Identity of Components .—As the chemically determined atomic weight 
of lithium is 6*94, it would appear that in ordinary samples of lithium there 
should be present about sixteen times as much of the Li 7 type as of the Li* 
form. With this in mind one might expect the lines of Li 7 to be of greater 
intensity than those of Li 6 . This would mean, on the view of the identity 
of the components taken above, that the members e and d should be of 
strouger intensity and be more persistent with low arc currents than the 
members a and b. The results of our observations, however, were directly 
opposed to this conclusion. 

Another view to take of the identity of the components of the quartet 
would be to ascribe the components a and c to Li 6 and the components 
b and d to Li 7 . This would make our observations on the relative intensities 
of the components fit in with the relative amounts of Li 6 and Li 7 present in 
lithium, as determined by the chemically measured atomic weight of the 
element On this basis the doublet separation for Li 6 would be 0 301 A., 
and that for Li 7 0*338 A., values that are nearer to the value 0 55 A. 
calculated on the basis of the law known to hold for the other alkali 
elements; The isotopio separation on this view would be between 0*128 A 
and 0*165 A. 


* Vom, «Phys. Rev.,' vol. U, No. 1, p. 21 {.January, 1918). 
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V. Observations on other Ware-lengths. 

A cursory examination was made of the structure of other lines in the 
spectrum of lithium, and it was found that the wave-length \ = 6103*77 A. 
consisted of at least three well defined components. It was found difficult 
to make accurate!! visual observations as regards the wave-length X = 4602‘37 A., 
but it was definitely seen to be resolved and consequently it had as a 
minimum two components. Detailed results of the measurements being made 
on these wave-lengths will appear in a later communication. 

We desire to oxpress our indebtedness to Mr. J. F. T. Young for 
calculations on the dispersion of the Lummer plate used in the experiments, 
and to Miss Gale and Mr. P. Blackman for assistance in preparing the 
illustrations in this paper. 
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Section 1 .— Introduction. 

The predominance of hydrogen-ion concentration (1) in the colloidal 
chemistry of the proteins and other substances (Loeb (2)) makes imperative an 
investigation of those changes at the interface between two phases which are 
brought about by changes in hydrogen-ion concentration. Previous investi¬ 
gators have directed their attentions to the purely chemical aspects of the 
interfacial tension between soap solutions and oils, or to non-reactive chemical 
substances, such as benzene. Using a drop-weight method of measuring 
interfacial tension, Donnau (3) showed that crude rape oil and crude olive 
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oil showed a much smaller interfacial tension against alkaline solutions 
(NaOH and Na carbonate) than against distilled water. The same olive oil 
showed no such difference against N/1000 NaOH after a process of purifica¬ 
tion, which was intended to remove the fatty acid. Ho also found that a 
paraffin showed no difference for interfacial tension when N/100 NaOH was 
substituted for distilled water, whereas the same paraffin containing 0*6 per 
cent, stearic acid, showed a large decrease when in contact with the alkaline 
solution. The decrease in interfacial tension, so produced, was found to bo a 
function both of the amount of fatty acid dissolved in the paraffin, and also 
of the amount of alkali. It was further shown that of the series of acids, 
formic, acetic, butyric, caprylic, lauric, and stearic, tried respectively in 
solution in the paraffin, stearic and lauric acids alone showed any appreciable 
lowering of surface tension when an alkaline aqueous fluid was substituted 
for distilled water. 

Harkins and Humphrey (4) extended Donnan’s work by showing that 
alkali (NH4OH) lowered the interfacial tension of benzene solutions of 
butyric and acetic acid against water. The depression of interfacial tension 
so produced was a function of the concentration of fatty acid, but tended 
to become maximal for butyric acid at a concentration of 0*5 mols. per 
litre. Later, Clowes (6) showed that the decrease in interfacial tension 
produced by alkalis, such as Na, X, Li, at the interface crude olive oil- 
water, was lessened by the presence of divalent salts, such as Ca and Ba. 

Methods and Technique . 

Early in this research we used a capillary height method. For this wur 
substituted a more reliable drop-weight technique. Some measurements 
were also made by a ripple method. 

Drop-v>eight Method .—A 1 c.c, graduated pipette was turned round at the 
lower end. The turned-up end was ground as flat as possible. (In some 
experiments a pipette has been used with turned-down tip, ie t) the aqueous 
phase has been dropped into the oil.) It was then attached to a small piston, 
fitted with a screw at its upper end. By turning the screw it was thus 
possible to fill the pipette with the liquid to be tested, and also to control 
very accurately the quantity of liquid delivered during the formation of 
single drops. 

All apparatus used in connection with the work was carefully cleaned 
using for the most part boiling aqua regia , with a preliminary treatment with 
alcoholic potash if necessary. 

The buffer solutions used (namely, phthalate, phosphate, and borate) were 
0*05 M concentration of these constituents, as described by Clark and Labs (6). 
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The hydrogen-ion concentration required in a given case is obtained by 
adding soda. The term r< buffer ” is here used in the physiological sense to 
denote a fluid in which the hydrogen-ion concentration has been stabilised by 
the addition of the salt of a weak acid. 

The buffer solutions were put into glass weighing bottles of convenient 
size which were then placed side by side in a beaker of water, whioh acted as 
a convenient water bath. Some of the liquid under investigation was poured 
upon the top of the acid buffer. The pipette was lowered into the liquid to 
be investigated, and some of the fluid drawn up into it as far as the zero mark. 
The pipette was then lowered, so that its nozzle was completely immersed in 
the buffer solution, and a small amount of buffer solution drawn into the end 
of it so as to wet the tip. This was a necessary precaution, since the drops 
should come from the inner edge of the tip and not the outer, as the liquids 
used did not wet the glass. 

The readings given for the drop volume are the average of several deter¬ 
minations. Care has been made to render the readings as far as possible 
comparative. In all cases the drop was finally allowed to break away slowly. 
As has been pointed out by many observers, the drop values for the most 
viscid fluids, like triolein, require a considerable time for attainment of 
equilibrium. The average error in the reading of the pipette was approxi¬ 
mately 0*002 c.c. Where 0*5 c.c. of fluid has been run out, the total error 
upon the reading might amount to 1 per cent. The average of three readings 
should reduce the error considerably. 

The values for the interfneial tension have been calculated, using as a basis 
the values for the interfacial tension of water-benzene, which have been 
found by careful measurement by Harkins and Humphrey (4) to be 34'98 
dynes at 10° C. and 34*52 dynes at 20° C.* Equation (1) was used for 
calculating the interfacial tension T AB . 

(See Hardy) Tab = (D 

Here, b = volume of drop in cubic centimetre, 

I>b « density of aqueous layer, 

I) A s=s density of benzene, 
ff ~ gravity (981), 
r = radius of tube, 

/ is an empirical factor, 
n = number of drops (taken as 1), 

* Wo are aware that the use of benzene for calibration is open to criticism, but do not 
consider that it affects the comparative accuracy of our results. Two different bore 
pipette* calibrated in the above manner gave almost identical results. 



Interfacial Tension and Hydrogen-Ion Concentration . 351 

rf was found by direct determination of the drop volume for the benzene 
water interfaces for this apparatus. Table l shows the calculation of the 
constant. 

Table I. 


i 


Temperature. 

! Volume, 1 drop. 

i 

IV 

i>*. 1 

i 

Tau. ! 

rf- 

« -T C. 

20 rc. 

0 *06355 

0 *05737 

0 *f)998 

0 ‘9981 

! 0*8918 

| 0*8781 

f 

i 

34 *99 

34 *49 | 

19 *24 
19‘51 


Interpolated values of ?/have been used in calculating the results. 

Some of our observations have also been confirmed by the ripple method, 
first applied practically by Itayleigh (7). This is fully described later. 

I'cmptraturf. 

Experiments have been made at room temperature, and the intorfacial 
tensions have been calculated for the temperature of the experiment without 
attempt to reduce to u common standard. Temperature variations in inter¬ 
facial tension have been shown to be small. 


Purijimtion of Olive Oil. 

Two empirical methods have been used for the purification of olive oil in 
these experiments. (1) The crude olive oil has been boiled for 12 to MO hours 
with frequent changes of tap water and then allowed to cool. (2) The oil has 
been purified by fractional crystallisation at —5° C. 

Section 2.—Tub Relationship between Hydrogen-Ion Concentration 

AND INTKRFACIAL TENSION. 

Measurements of the interfacial tension between purified olive oil and 
aqueous fluids of various Pn* performed with the drop-weight method showed 
that there is a gradual fall in drop weight as the aqueous phase becomes 
more alkaline. 


* The “Sorensen " notation is used throughout to express hydrogen-ion concentration 
(Ok):~ 


pH - -log Cm, A*., if Ch - 10"*, pH - 2. 
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Table II.—Aqueous Phase dropped into Oil. 


P.II, 

Buffered fluid. 

Drop volume. 

Interfacial tension 
in dynes per cm. 

.VO 

Phosphate. 

0-117 ' 

14 *7 

4'0 

Phosphate . 

0-117 

14*7 

4-4 

Phthalate . 

0*118 

14 *8 

5*0 

Phosphate... 

0-112 

14*1 

5*0 

Phosphate .'... 

0 *092 

12*5 

0 *0 

Phosphate. 

0 *088 

11*9 ; 

A *4 

Phosphate... 

0*082 

10 -7 

0*4 

Borate .. 

0 *082 

10*9 ! 

7*0 

PhoBphate . 

0 *072 

9 *6 { 

7*0 

Borate ... 

0-076 

10*1 

7 0 

Phosphate . 

0*059 

7*7 

7*0 

Borate . . 

0 *058 

7*7 

8*0 

Phosphate .. 

0*047 

6*1 j 

8*0 

Borate ... 

0 -045 

5*9 1 

8*6 

Phosphate . 

0 *027 

a *4 j 

8 *0 

Borate . 

0 *026 

8*4 ; 

9*2 

1 Borate . 

(Unmeasurable) 

(Unmeasurable) \ 


A similar result is also obtained if the capillary height method of measure 
meat be employed. 

Table III. 


\ 

Capillary height 

in mm. 

Interfile ml tension in 

Pu. ; 

1 

i 

!_ 

Tube (5). 


per cm. 

' 

Tubo(fz). 

4 *0 

61 


18 *5 

5*0 

49 

— 

13*0 

6*0 

46 


12*2 

0*6 

— 

31 

11*7 

0*8 1 

— 

29 

n *o 

7 *0 j 

37 i 

26 

(9 *8) 

7*2 ! 

— 

24 

ft 1 

7*4 

— i 

28 

8*7 

7*6 ; 

i 

22 ] 

8*8 

8*0 

28 


7*4 

9*0 j 

9 1 

I 

2 4 


,1 


And the two different methods of measurement give confirmatory results as 
shown in fig. 1* 

It was not conclusively shown, however, that the change in drop weight 
and capillary height was actually produced by a change in the interfaciftl 
tension since in both methods the glass forms a third phase which may 
introduce effects due to angle of contact, 

A method was, therefore, developed which was not liable to such effects, 
via., the ripple method, first applied practically by Rayleigh (7). This 
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observer measured by its means the surface tension of water under various 
conditions. Dorsey (8) improved the technique and determined the surface 
tension of various aqueous solutions. Watson (9) has used the method for 
determining the interfacial tension of various organic liquids against 
mercury. The principal difficulty met with is connected with the measure¬ 
ment of the waves, because when the two liquids are of nearly the same 
refractive index the intensity of the light reflected from the interface is 



Q s Drop weight method. 

• *= Capillary height method. 

0 * Hippie method. 

Fig. 1. 

small. For this and other reasons the method was reconsidered, and the 
following alterations in the design of the apparatus were effected. 

(1) The transmitted beam is measured in preference to the reflected beam. 
The three observers mentioned above made their measurements in the 

light reflected from the top surface of fluid or mercury as the case might be. 

(2) In the original apparatus two synchronous electrically-driven tuning- 
forks were used, one for creating the waves and the other for rendering the 
beam of light intermittent. * These were replaced by a motor-driven shaft, 

VOI* OI,—A, 2 A 
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which operated a system of leverB for setting up the waves and also a rotating 
sector for rendering the light intermittent The diagram (fig. 2) below gives 
a general view of the apparatus. 

The beam of light, having passed through the condenser and interrupter, 



was rendered parallel by the collimators, and was then directed down on the 
surface of the liquids by means of the mirrors. These beams were refracted 
at the interface between the liquids by the waves, which act like weak 
cylindrical lenses, so that lines of light are formed on the bottom of the 
trough. Each of these lines corresponded to the crest of one of the waves, and, 
therefore, by measuring the distance between the lines by a suitable milli¬ 
metre scale the wave-length of the ripples at the interface is ascertained. 

Preliminary experiments with this apparatus showed that while ripples are 
propagated a considerable distance when benzene forms the upper phase, even 
strong waves are propagated only a very short distance when pure olein forms 
the upper liquid. This is presumably due to the considerable viscosity of 
this oil. 

A mixture of equal parts of olein and benzene was therefore tested with 
more satisfactory results. Even with this mixture, however, it is not possible 
to observe more than four waves at a time. Further, if the amplitude of 
vibration of the dipper setting up the ripples was made too great, an 
emulsion of the oil phase was formed in the aqueous phase. The levers 
which conveyed motion to the dipper from the eccentric on the motor-driven 
shaft were, therefore, modified so that the amplitude of vibration of the 
dipper could be adjusted while the apparatus was in action, the greatest 
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amplitude being employed that did not cause emulsification. The apparatus 
whioli Tan off 100-volt direct current produced approximately 2500 vibra¬ 
tions per minute, but the number of vibrations was not sufficiently steady to 
form the basis of reliable measurements. Two alternatives presented thorn- 
selves: (1) to use an alternating current and a synchronous electric motor 
(2) to set up oscillations in two troughs side by side, and keeping one 
constant, to vary the conditions to be investigated in the other. The latter 
alternative was tried with satisfactory results and the following values 
obtained :— 


Table IV.—Interfacial Tension by Hippie Method of 50 per cent. Olein 
in Benzene against Phosphate Buffered Solutions. 


Ph. 

1 | 

1 Vibrations 
j per second. 

! 1 

1 i 

A in cm. 

i 

p density 
of oil ; 

above. 

p density [ 
■ of aqueous 
phosphate. 

Tension in dynes 
per sq. ciu. 

4*0 

I 41 '4 | 

0*295 

0*90020 

1 *0808 

13*4 

7*0 

41 *4 

0 *248 1 

1 0*90020 

1 *0598 

8*0 

8*0 

; 41 *4 j 

0 *200 

! 0 *90020 

1 '0468 

4*2 


The values in the last column were calculated from the data given in the 
Table according to the following formula:— 

Tension in dynes per sq. cm. = < 2 > 

(27t) (-57J\r 

This formula is modified from one given by Lamb (10) and incorrectly quoted 
by Dorsey (8). 

It will be observed that the values obtained by the ripple method are 
somewhat lower than those given by the drop-weight method, but it seemed 
to us to be outside the scope of this research to seek the cause of this 
difference, since the values that we obtained showed the same fall in the 
interfacial tension between the oil and the aqueous solution as the latter 
became more alkaline, that the capillary height and drop-weight methods had 
demonstrated. It was therefore clear that a true change in interfacial tension 
had been brought about and not merely a change in the so-called angle of 
contact. 

Conclusion, 

Measurements of interfacial tension by the capillary-height, drop-weight 
and ripple methods of measuring interfacial tension agree in showing a 
decrease in interfacial tension between olive oil and various aqueous buttered 
solutions as the aqueous phase becomes more.alkaline. This decrease is, at 
any rate in large measure, determined by the On of the aqueous phase. In 

2 a 2 
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the remainder of the paper these conclusions are amplified, using the drop* 
weight method, which has been shown to be valid in this connection. 

Section 3.— Effect of Concentration of Glyceride (oh Fatty Acid) 
and Alkali on the Interfacial Tension. 

One of Donnan’s outstanding results was that when an alkaline solution is 
substituted for distilled water in contact with fatty acid dissolved in benzene 
or petroleum, or even when associated with triglyceride, a decrease in inter¬ 
facial tension is produced which is found to be a function both of the concen¬ 
tration of fatty substance and of the amount of alkali present. 

We repeated these experiments with buffered solutions and in most respects 
amply proved Dounan’s conclusion. For example, in the following Tables 
(V and YI) are given the interfacial tensions of various fatty acids and oils in 
benzene against acid and alkaline phosphate buffered solutions, and in two 
cases the effect of varying the concentration of the fatty substance in benzene 
is shown. 


Table V.—Fatty Sub stances dropped through Aqueous Phase. 


Interfacial tension in 


Substance# in 

Concentration 
grammes of 
substance in 
100 grm. of 
benzene. 

Tern- 

Concentration 

dynes per cm., 
against 

... 

benzene. 

perature. 

of buffer. 

Acid 

phosphate 

buffer 

P H 5 *6. 

Alkaline 

phosphate 

buffer 

Ph 7 *6 . 

Laurie acid*.. 

0 71 

°C. 

22 *0 

Full 

29*8 

23*1 

Palmitic acid*. 

0 *098 

7*8 


88*8 

27’8 

# 

>i >> ......... 

0*098 

16*1 

4 

31 *9 

28-7 

• 

» » . 

O’OOK 

28 *0 

4 

82 -4 

28 *4 

Behenio acid*. 

0-880 

28 -0 

Full 

88*1 

26*2 

Oleic acid. 

0-08 

16*2 

|| 

26*4 

16'2 

Elaidic acid* .. 

o-ooi 

16 *8 

4 

31 -4 

27*7 

Rioinoleic acid.! 

0-1 (I-) 

17'1 

4 

21*0 

18 *8 

i 

Palmitic acid .! 

1 0-162 

19 *6 

Full 


30 3 

>i »> . 

0 076 

20'0 

n 

— 

80*7 

>1 II . 

1 0 -0070 

20*6 

n 

— 

38*6 

n » . 

I 0 -00076 

21 *0 

n 

— 

34*4 

»> i) .* 

0 -000076 

21 *8 

7) 

— 

84 *8 


zero 

20 -0 

» 


84*6 ! 

j 

Trioleinf . 

0 *281 

16*1 

Full 

29*4 

27 *7 | 

.. t. 

0 499 

10*0 

»* 

29 2 

27*0 | 

) 


* Pure speoimene kindly supplied by Mr. N, K. Adam, 
f Pure French specimen kindly supplied- by Mr. Hardy. 
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Table VL—Tripalmitin in benzene, 1*13 per cent, by weight. 

Density taken as that of benzene borate and phosphate solutions, full buffer 

strength. 


Aqueous* phase. 


Distilled water 
Borate . 

Phosphate . 


Borate 

NaOII — 
N/1000 
N/20 .. 


Pm, 

Temperature 

in ° C. 

Interfacial 
tension in 
dynes per cm. 


IS *5 

33*0 

6*0 

13 *5 

31 *5 

f 6 *0 

f 18*5 

/ 30 ’2 

1 5 *0 

11 GT 

[30*8 

7*4 

15 *» 

29 *6 

8‘2 

18*5 

29*8 

9 -2 

13*5 

25 *9 

10’0 



11 *0 

13*5 

24*5 

12*7 

14 *0 

17*0 


Tripalmitin showed the first significant full in interfacial tension at a more alkaline ^>H 
than triolein. We have not studied the reason for this difference from triolein, which 
may possibly he correlated with its higher melting point. 


The above Tables V and VI show in the case of palmitic acid and of 
triolein in benzene the effect of changing the concentration of the fatty 
substance on the interfacial tension. They confirm and add to Donnan’s 
results with stearic acid in paraffin, and to thdBe of Harkins and Humphrey (4) 
for butyric acid in benzene. It will be noted, however, that, contrary to 
Donnan’s conclusions, both triolein and tripalmitin show a lower interfacial 
tension for the alkaline solution than for the acid one. In the case of 
triolein, this is small owing to the small concentration studied. 

We will now give in tabular form our results for the effect of concentration 
of buffered solution upon the interfacial tension. 

Broadly speaking Table VII confirms Donnan’s conclusions that as the 
concentration of the alkaline phase decreases there is a rise in interfacial 
tension; that is, interfacial tension increases when distilled water is replaced 
by the alkaline fluid. We have now to consider the effect of dilution upon 
the j?H of the buffer solution. Experiments showed that in the case of 
phosphate solutions, dilutiou to 1/10th of the full strength caused a negligible 
change in the hydrogen-ion concentration as measured by indicators. With 
further dilution a change in the />H set in. If we confine ourselves to 
dilutions of alkaline buffer solutions up to 1/10th full strength, we see that 
oleic acid alone shows a large change in interfacial tension ; so does the same 
acid in benzene, Triolein in benzene, on the other hand, shows some 1 per 
cent, variation only (within the limits of experimental error). Palmitic acid 
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showed some 6 per cent, change. The interfacial tension for triolein therefore 
appeared to depend upon pil 7 whereas some other factor seemed to be 
concerned in the case of oleic acid. 


Table VII.—Fatty Substance dropped through Aqueous Phase. 


Substance. 

t 

Concentration 
of* substance 
grammes 
per rent. 

1 

Tem¬ 

perature, 

Concentration 
of buffer. 

i 

; Interfacial tension in 
dyne* per cm., 
against 

1 f | Alkaline 

p b"£, 1 «• 

sro 1 i pu7-o. 

1 a 5 *o. J 



•c. 




Oleic . 

100 

16 *0 

Full 

12*7 

1*4 




0*5 

ia -7 

4*8 




0*4 

— 

6*3 




0*26 

— 

8*8 




0*17 

....... 

11 *1 




0*1 

18-9 

12 '8 



• 

0 

12*7 

12*7 

Palmitic acid iti 

0 *098 

18 *0 (?) 

Fall 

83 *3 

27-8 

benzene 


1G-6 

0*5 

— 

27 *7 



18 *2 

0*1 

82 *3 

29 1 



18 7 

0*01 

— 

31 *9 

Oleic acid in benzene 

0 *983 

16 *0 

Full 

26*4 

16 *2 



16 *0 

0*5 

24*7 

10*9 



16*0 

0*25 

24 *9 

18 *2 



16 *0 

0*1 

24*5 

19*4 

1 

Triolein in benzene... 

0*409 

16 *0 

1 *0 

29*2 

27*0 



16 *2 

0*5 

28 *7 

27 *0 



16 ‘0 

0*1 

28 *7 

27 *4 




.... 

..._* Lm _ 



Table VIII brings out another difference in the behaviour of fatty acids 
and oils, for whereas the latter show the same interfacial tension for phosphate 
and borate solutions of the same Fh the fatty acids or solutions of them do 
not. 

This Table not only illustrates the different behaviour of oleic acid and 
olein to phosphate and borate buffered solutions, but it also shows their 
differences to weak unbuffered soda solutions. The situation may be summed 
up by the statement that whereas the oleic acid interface is “ protected " 
against unbuffered soda solutions, it is at the same time abnormally u exposed" 
to the decrease in interfacial tension produced by buffered phosphate solutions. 
An explanation will now be given for these apparently contradictory 
properties. 
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Table VIII.—Aqueous Phase dropped into Oil. 






In ter facial tension in grammes 


Council- 

Tem- 

Concen¬ 

tration 

of 

buffer. 

per cm., against 

Substance. 

tration 





(per oent,). 

perature. 

Phosphate 

buffer 

Ph 1 *6. 

Borate 

buffer 

Ph 7 6. 

NaOH 

N/100. 



0 C. 





Olein .. 

100 

IS 

i 

7*4 

7 2 

TJnmeasur- 



able. 

Olein in bemene 

50 

15 

\ 

t 

7*7 

7-7 

U umeasur- 






able. 

Oleic acid A. 

*100 

— 

! 1 

1 *4 

lfl*4 

11'0 

Oleic acid B. 

tioo 

—- 

i 4 

10 ’8 

17*8 


Oleic acid A in 

98 

20 -4 

1 i 

16*2 

15-4 

13*8 

beneene 



i 




Oleic acid B in 

20 

15 

| * 

2*9 

5'8 

5*5 

Olein 







* Oleic acid A was a Kahlbaum’s specimen—-it was found to be very aoid. Water shaken 
with it was found to be acid to brom-c resol blue (below Ph 4'6 alumt). 

f Oleic acid B was a M pure specimen '* kindly supplied by Mr. W, B. Hardy. Tfc was fouud 
to be acid to brom-cresol purple (below P H 5 '6 about). 

Cause of Discreparicy between Behaviour of Oleic Avid, against Borate and 
Phmphate Buffer Solutions of the same P M . 

During the course of experiments performed to ascertain the cause of the 
behaviour of oleie acid to phosphate and borate buffer solutions of the same 
Pit, the observation was made that when oleic acid is in contact with an 
alkaline fluid, there is a neutralisation of base near the interface such as does 
not occur if olein is used instead. Thus if a suitable indicator be added to 
the aqueouB liquid, the change in reaction towards acid can be watched taking 
place near the interface. (In the case of weak ammonia solutions, neutral 
olein brings about a similar change.) This disappearance of base is also 
shown by a change in interfacial tension ; for if the drop is caused to form 
and fall rapidly a small drop breaks away, showing a low interfacial tension; 
if, on the other hand, the drop is caused to form slowly a larger one breaks 
away, showing that the interfacial tension is now higher owing to the dis¬ 
appearance of base from the interface. Thus N/100 soda gave with neutral 
olein an immeasurably small drop, demonstrating the low interfacial tension 
that would be expected for a fluid so strongly alkaline. This same solution 
gave with oleic acid quite large drops (0 04o.o.) showing the disappearance of 
base from the interface and a consequent rise in the hydrogen-ion concen¬ 
tration and interfaoial tension. This disappearance of base and conse- 
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quent production of a high interfacial tension could not have been due 
to the oleic acid itself. For if base hud combined with the oleic acid, soap 
would have been formed. This, far from raising the interfacial tension, is 
known to lower it. The effect must, therefore, have been due to other acid 
substances associated with the oleic acid. Now, all samples of oleic acid 
tested by us were acid to litmus; it is stated that pure oleic acid should lie 
neutral (11); our samples must, therefore, have contained acid impurities. It 
is known that quite simple acids, even such as acetic and formic acids, are 
formed in oleic acid upon standing, owing to absorption of oxygen (this is 
why samples of oleic acid tend to become rancid). It seems reasonable to 
conclude that our samples contained such acid impurities of low molecular 
weight. These would form simple salts readily diffusible into the body of 
the aqueous phase. 

Three pieces of evidence can be advanced in confirmation of this view. 

(1) That whereas pure oleic acid should be neutral to litmus paper, all the* 
samples we had used gave a full acid reaction. Further, distilled water 
shaken with them was found to be acid to brom-cresol purple, i.c ti was below 
Pn 5*6 

(2) That thoroughly washing our oleic acid with water not only made it 
nearly neutral to litmus, but also caused it to behave more like neutral olein, 

(3) That the addition of acetic acid to olein causes it to behave as we had 
fouud oleic acid to do. 

These statements are supported by the values given in Table IX. 


Table IX.—Aqueous Phase dropped into Oil. 



Infcerfacial tension in dynes 
per cm. between 

Difference in 


Phosphate 

Borate 

i interfacial 

tension. 


buffered 

solution 

buffered | 
solution 

1 

Ph 7 *6. 

Ph 7 -6. 

i 

Neutral olein .. 

7-4 

7*2 

| +0*2 

Oleinf acetic acid 0 *1 per cent. .. 

6*7 

0*4 

1 -2*7 

Oleic acid in benzene* . 

<1 '25 

7‘6 

-1*26 

Oleic acid in benzenef . 

S 83 

5*3S 

Within experimental 

I error. 


* Acid to litmus, 
f Nearly neutral to litmus. 


The conclusion to be drawn from the above figures is that, if either olive 
oil or oleic acid, in which foreign acids are present, are brought into contact 
with buffered aqueous fluids, then if those fluids contain a low concentration 
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of sodium ions {e,g,, borate buffers) a considerable rise in the hydrogen-ion 
concentration of the aqueous phase will occur at the interface, with a 
corresponding rise in the interfacial tension. Whereas if those aqueous 
fluids contain a high concentration of sodium ions (<?.//., phosphate buffers) 
only a slight rise in the II-ion concentration of the aqueous phase will occur 
at the interface, and therefore the rise in interfacial tension will be only a 
small one. 

This conclusion fits in with the data at our disposal, and fully accounts for 
the difference in the behaviour of olein and oleic acid to buffered fluids. 
This explanation also covers the differences in their behaviour to unbuffered 
alkaline fluids, which are shown in Table X. 


Table X.—Aqueous Phase dropped into Oil. 


Against. 

Purified 

olein. 

i 

Purified ] 

1 olein* 5 per 
cent, oleio j 
acid. ! 

Purified 
olein* 20 per 
cent, oleic 
acid. 

Oleic j 
acid, j 

Olein* 

0 *2 per cent, 
acetic. 

| 

Distilled water . 

! 

10*4 

20 *3 

18*3 

1 | 

: 22 *2 

17*9 

Jf/lOOO NaOH. 

12-0 

ii *0 ! 

15*7 

j 22 *0 

17 ‘6 

N/lOONttOIT . 

0 

0 i 

5*2 

11 '1 j 

3*2 

Specific gravity . 

0 *917 

0 *010 

0 *896 

! 0 *808 

0*916 

Reaction to litmus. 

Neutral 

Neutral 

Slightly acid 

Acid | 

Acid. 


* Approximately. 

The effect of the foreign acid in raising the interfacial tension is well seen 
in the case of N/100 NaOH. Whereas pure olein, or that to which 
0*5 per cent, oleic acid had been added, gave an immeasurably small 
tension; that containing 20 per cent, oleic acid, or 0’2 per cent, acetic, gave 
measurable tensions of 5*2 and 3*2 respectively. Further increase in either 
acid was found to raise the tension still further. We need hardly point out 
that, according to Donnan, purified olein should show no change of interfacial 
tension with increase of concentration of alkali, whereas oleic acid should 
show a large change, the precise converse to the results shown in the 
above Table. 

The practical conclusion to be drawn from the above experiments is that, 
when a pure triglyceride such as olein is brought into contact with different 
buffered fluids of the same Pn, the same interfacial tension is developed. If, 
however, oleio acid is present, then its liability to go rancid and become acid 
to litmus renders the interfacial tension values unreliable. 
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Beha viour of Purified Olive Oil against N/1000 NaOH. 

With regard to the discrepancy between our results and those qf Donnan 
for the interfacial tension of purified olive oil against N/1000 soda, which 
led him to the view that oils only interact with bases to cause a fall in 
interfacial tension when they contain fatty acids as an impurity, we must 
admit the failure of all our attempts to prepare an oil which did not give a 
fall in interfacial tension when IT/1000 NaOH was substituted for distilled 
water. Thus, a washed sample of pure olive oil gave a 50 per cent, decrease, 
and was found by titration to contain 3 per cent, oleic acid. The chemically 
equivalent amount of baryta was added and the neutral oil again tested; 
this also gave a 50 per cent, decrease in interfacial tension when 
N/1000 NaOH was substituted for distilled water. Lastly, this neutral 
oil was neutralised to phenol red with baryta in dilute alcohol, and 
removed by extraction with ether. On titration, this sample showed acids 
to be practically quite absent. Yet substantially the same decrease of 
50 per cent, was found in the interfacial tension. We cannot, therefore, 
explain the discrepancy between our results and Donnan’s, although we 
spared no pains in order to do so. It would seem, therefore, that some 
other explanation must be advanced for Donnan’s result than the one that 
he gives. We have discovered incidentally that our specimens of olive oil 
behave in a similar way to Donnans purified specimens when they have 
been saturated with CO a gas. 

Summary of Section 3. 

From the results of this section, we conclude that the decrease in interf&cial 
tension between fatty substances in benzene solution and aqueous buffer 
solutions, depends in part upon: (a) the concentrations of fatty substance; 
(h) the hydrogen-ion concentration of the aqueous phase. 

An apparent exception to this was found in the case of oleic acid, whioh 
showed a greater decrease of interfacial tension against a phosphate buffer 
solution than against a borate buffer solution of the same jpH. Evidence is 
brought forward in support of the view that this was caused by the presence 
of acid impurities in the oleic acid 

Doiman's results for the interfacial tension of purified olive oil against 
N/1000 soda could not be confirmed. 

Iu'the next section, consideration is given to the question of whether other 
chemical groups than those studied show interfacial tension differences 
dependent upon hydrogen-ion concentration. 
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Section 4.— Relation between Chemical Constitution and Change of 
Interfacial Tension upon Passing from an Acid to an Alkaline 
Buffered Solution. 

Table XI gives the in ter facial tensions (and the densities used in the 
calculation) of a number of pure substances against acid and alkaline buffered 
phosphate solutions. Care has been taken to make the readings as comparable 
as possible. 


Table XI.—Substance dropped through Aqueous Fhase. 


Substances,* 

Concentration 

of 

buffer. 

D«*n hi tv. 

Temperature. 

1 nterfaeial 
dyuea pe 
again 

Acid 
buffered 
phosphate 
Holution 
Vu 5*6. 

tension in 
r sq. cm., 

Ht an 

Alkaline 

buffered 

phosphate 

solution 

Ph 7 *4. 




°C. 



(1) Benzene . 

1 

0 ‘8787 

20 *2 

33 *4 

33 *4 

(2) Toluene . 

1 

0 *8680 

18 *2 

34*3 

34*4 

(3) Octane . 

1 

0 -7060 

17*5 

44*6 

43 7 

(4) Oetylene .. 


0 7226 

16*7 

23*1 

28 -9 

(5) Caprylio acid ... 

i 

0*9118 

17 *0 

7*81 

6*64 

(6) Octyl alcohol .., 

i ; 

0’8290 

ltt *3 

8 *69 

8*76 

(7) Hexane. 

i 

0 *0601 

18*0 

60 *97 

49 * S3 

(8) Cyclohexane ,.. 

i i 

0 *779 

10 ‘3 | 

44*76 ! 

45 *74 

(9) Cyclokexanol ... 

I I 

0*946 

18*0 1 

8 *81 i 

3*86 

(10) Oleic acid. 

i i 

0 *898 

10 *1 

12*6 1 

1*45 

(11) Bicinoleic. 

A i 

0 *9538 

17 *0 

6 *86 

4*41 

(12) Triolein . 

j 

0*915 

16*3 

20 *4 

12*1 


JFo<*.-—The same tip was used throughout the experiments of Tables V, VT, VII, XI. 
# Pure specimens supplied by Mr. Hardy. 


[nterfaeial tension is seen to depend upon two factors; firstly, chemical 
constitution, this factor causes the difference between the interfacial tension 
of such bodies as octane (45), and octyl alcohol (8), previously described by 
Hardy ( ! 2); scoondly, in certain cases only, upon the reaction of the aqueous 
phase. 

Harkins, Davies, aud Clark (13) have shown that the interfacial tension 
between purified benzene, or toluene and water, is not affected by the reaction 
of the latter. Table XI shows this to be true (between the limits of pH 
investigated) of all the substances tried, with the exception of fatty acids and 
triolein; we have previously shown that tripalmitin in benzene solution 
behaves similarly. The only substances, therefore, showing change of inter- 
faoial tension with change of jpH, are those which contain the chemically 
reactive ionisable group — COOH, free or in combination with glycerine. 
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Section 5.— Explanation ok the Fall in Interfacial Tension between 
Oils and Alkaline Aqueous Fluids. 

In the preceding sections we have shown that interfacial tension depends 
upon^?H when a fatty acid, or triglyceride, is present at the interface. This 
is clearly not the only factor which can affect interfacial tension. For 
instance, Clowes showed, in the paper previously referred to, that the 
relative proportion of Na and Oa in the aqueous phase would profoundly 
affect interfacial conditions. We have also found that the interfacial tension 
of oleic acid against distilled water of varying reaction (produced by traces of 
COa) does not vary., It therefore appears that a small amount of alkalino 
substance is needed to produce the effects studied. 

We have come to the conclusion that the following extension of current 
views correlates the facts in an orderly manner. 

The fall in interfacial tension, which occurs when distilled water in contact 
with an oil, or fatty acid, is replaced by an alkaline fluid, is due actually to 
the interfacial formation of soap (salt of fatty acids). Further, the amount of 
this soap present interfacially, under any given set of circumstances, is 
determined by the reaction of the aqueous phase. 

The following summarised evidence is in agreement with the view;— 

(A) That the condition required for a fall in interfacial tension is that 
there must be in the system both a base (such as Na, K, or NH 3 ) and a fatty 
acid or oil. 


Phase. 

I.T. 

Thus 1 Benxene —NaOH .... 

High. 

2 Benzene + NH S water. 


8 Ben who — oleic acid in water . 


4 Olein— water . 


6 Oleic acid.water .,. J 

fl 

6 Olein.NaOH solution .....| 

Low. 

7 Olein...NHy solution ....j 


S Olein.NajOO., or borate phosphate, etc. 

” 

i >* 

9 Benxene .Nucleate.. 

1 „ 

10 Na oleate in olein water... 


11 Benxene + NH S .Oloio acid in water . 

i 

1 

{ 


(It should be pointed out that the solution of oleic acid in water was 
obtained by dissolving 1 c.c. oleic acid in 1 c.e. alcohol and adding to 8 c,c. 
water, and filtering.) 

(B) That even when both fatty acid or oil ahd base are present, the inter- 
facial tension remains high if either of the chemically reactive phases cannot 
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reach the interface owing to the formation of a more stable or leas soluble 


unpound elsewhere. 

Thus 12 Olein. 


. I.T. high. 

But 13 Olein . 


. I.T. low. 

14 Olein. 

. NH.OH . 

I.T. low. 

So also 

15 Olein . 

. Na0H + 0a01 a . 

. I.T. high. 


because calcium oleate is not readily dispersed in water (see Clowes). 

Similarly, 

16 Lead Oleato in Benzene ... NaOH . I.T. high. 

But remove lead by changing it to the sulphide, and I.T. immediately falls 
thus— 

17 Load Oleate in Benzene ... NtiOH + NaaS ... I.T. low. 

(G) That even if a soap is present and is able to reach the interface, the 
interfacial tension does not fall if a substance producing elsewhere a more 
stable or less soluble compound with the soap be present. 

Thus 18 Benzene .. Na Oleate solution. I.T. low. 

But 19 Benzene + 2 per cent. HA Na Oleate solution I.T. high. 

Similarly, 

20 Na Oleate in Olein-HC1 . I.T. high. 

The above experiments seem to us to establish the view that the fall in 
interfacial tension is brought about when both base and fatty acid (or 
glyceride) are able to interact near the interface. Provided that enough base 
be present, the reaction of the aqueous phase determines how much soap will 
be formed in the interface. The interfacial tension is determined by the 
amount of such soap formed. 

D'iscussion. 

(a) Though we have confined ourselves to a comparatively narrow range of 
reaction, it seems clear that hydrogen-ion concentration plays a large part in 
the type of interfacial change which we have been studying. There seem to 
be reasonable grounds for thinking that at the interface the — COOH groups 
of fatty acids are oriented towards the water (Hardy (12), Langmuir (14), 
Harkins (13), Adam (15)). The effect of P n is therefore operative upon the 
oriented — COOH group, an unusable group, or in Hardy’s terms, a group 
permitting of the “opening up of internal molecular fields/’ Associated 
with this, we have the fact (Langmuir and Adam) that a fatly acid occupies 
a 16 per cent, larger* area upon the surface of acid solutions than upon 
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alkaline ones. A transition from one volume to another occurs abruptly at 
about P \t = 5*0. It is tempting to think that this is in some way associated 
with the ionisation of the — COOH group. The gradual change in interfacial 
tension which occurs as the aqueous phase becomes more alkaline quite 
probably results in a gradual substitution of Na for H in COOH (i.e., the 
formation of Na oleate at the interface) with a consequent change in inter¬ 
facial tension. But considerable further experimentation is needed both to 
prove this and to determine the nature of the gradual change in the structure 
of the interface as the reaction of the aqueous phase becomes more alkaline. 
This change in the case of the fatty acid eventually resolves itself into 
complete aqueous solution as a soap at a Pjj of 8 0 approximately. A corre¬ 
lation of these facts with problems of the iso-electric point of amphoteric 
and protein-like substances would be of interest. 

(b) In a consideration of the mechanism by which change in Pu of the 
aqueous phase produces effects upon the —COOH group at the interface,it is 
well to remember that Haber and Klemensiewicz (16) showed that, in the case 
of the benzene-water system, there may be differences of potential of as much 
as 1 volt produced at the interface by a small change of concentration from 
base to acid near the neutral point. This electrical change is likely to be an 
expression of a re-orientation of water molecules at the interface. In the 
absence of a reactive group it may be that these electrical changes appear 
instead of changes in interfacial tension. 

We feel that the view that we have put forward explains some of the effects 
observed by Shorter and Ellingworth (17). These observers found that the 
addition of alkali to soap solutions decreased the observed interfacial tension 
between these solutions and benzene. This is correlated with the well known 
effect of alkalies in assisting the emulsifying action of soap solutions. In our 
view, the effect of the added alkali is due to the decrease in, the H-ion con¬ 
centration of the solution. 

One physiological application requires comment. Harkins, Davies, and 
Clark concluded from their experiments upon the benzene-water interface, 
that the changes in interfacial tension produced by acid and alkali were not 
sufficient to account for muscular motion. In criticism, it must be pointed 
out that, theoretically, all that is needed to obtain the necessary type of 
interfacial change is a series of —COOH groups arranged bo that they can 
react to changes of hydrogen-ion concentration. Such — OOOH groups might 
well be part of the protein structure of the contractile mechanism of the 
muscle. Whether changes of a sufficient order of magnitude oould lie 
produced would depend largely upon the dimensions and structure of the 
system. 
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Stmvutry. 

1. A comparison of the capillary height, drop-weight, and a modified ripple 
method of measuring interfacial tension, shows that the drop-weight method 
is valid for comparing the interfacial tensions of oils, or fatty acids, against 
aqueous solutions of varying reactions. 

2, Using the drop-weight method the following observations have been 
made:— 

The decrease in interfacial tension between fatty substances in benzene 
solution and aqueous " buffered ” solutions depends upon— 

(a) The concentration of fatty substance. 

(i) The presence of a small amount of r< available n monovalent alkali iu 
the aqueous phase, ie., alkali not in combination with strong acid. 

(c) The hydrogen-ion concentration at the interface. 

For a series of pure substances, it is found that the changes in interfacial 
tension produced by changes in reaction of the aqueous phase (i.e., decrease in 
interfacial tension with increase of alkalinity) occur only with the substances 
wbioh have the —COOH group, free or in combination, as glyceride. 

A hypothesis is developed to correlate the above conclusions. 

We are indebted to Mr. N. K, Adam for pure specimens of fatty acids and 
triglycerides. 

(The expenses of this research have been defrayed in part by a grant from 
the Government Grant Committee of the Royal Society.) 
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The 27-Day Period (Interval) in Terrestrial Magnetism. 

By C. Chree, Sc.D, LL.I)., F.R.S. 

(Received April 10, 1922.) 

§ 1. The so-called 27-day period has been considered by me in several 
previous papers.* In these there were at my disposal homogeneous resultB 
from only a short period of years, while data were wanted from a long 
period to enable an adequate comparison to be made of magnetic and solar 
phenomena. 

With the aid of a grant from the Government Grant Committee, the daily 
ranges in the Kew declination curves have now been measured back to 1858, 
when registration commenced. Use is now made of all the data up to 1900. 
Owing to the magnetograph being out of action, 1874 had to be omitted, 
leaving a total of 42 years. Subsequent to 1900 train and tram disturbances 
introduced some uncertainty. For the present purpose this would not have 
been serious prior to 1916. Declination ranges had, however, not been 
measured between 1900 ancj 1910, and the labour available seemed better 
devoted to other purposes, in view of the existence of the international 
” character ” figures published at De Bilt from 1906 onwards. For the 
present investigation these supply ideal material. I have used some of this 
material before, but data from a number of additional years have since 
become available, and it seemed desirable to contrast the international data 
from the 15 years 1906-1920 with the 42 years' Kew declination data. 

I propose to consider (1) how the phenomena vary from year to year, 
(2) how they vary with the season of the year. In either oase the inter¬ 
national data are considered first, as their representative character cannot be 
questioned. They are based on independent estimates of disturbance, made 
at a number of stations in different parts of the world. Comparatively few 
of the stations, it is true, are in the southern hemisphere, but it has been 
found that, even in the Antarctic, days of much and little disturbance accord 
wonderfully well with the international figures.! 

The international scheme consists in each station allotting to each day a 
“ character ” figure (0 = quiet, 1 = moderately disturbed, 2 * highly disturbed). 
The international “ character ” iB the mean of the figures allotted. It is given 
to the nearest 0*1, so that 0*0 and 2*0 represent the extremes. 

* * Phil. Trans./ A, vol. 212, p, 76, and voL 213, p. 245 5 ‘Proc. Physical Society of 
London/ voi 27, p. 198; ‘Journ. Inst. Electrical Engineers/ vol 54, p. 419; * Trans. 
Inst. Mining Engineers,' vol. 55, p, 245. 

t M British Antarctic Expedition, 1910-1913 **; * Terrestrial Magnetism/ pp. 134, et uq. 
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Five days a month have been selected at D e Bilt since 1906 as representa¬ 
tive quiet days, and of late years five other days have been selected as 
representative disturbed days. For the earlier years I made the choice of 
disturbed days myself, selecting in each month the five of largest international 
" character/’ In quiet times the international quiet days have mostly 
characters 0*0, 0*1, and 0*2, but 0*4 or even 0 5 is met with occasionally in 
disturbed years. The “ character ” figures 1*9 and 2*0 do occur, but they are 
very rare. The ‘‘characters ” of the great majority of the selected disturbed 
days exceed 1*0, but 0*9 and 0’8, or even 0*7, are occasionally encountered. 

The primary object of the international soheme is to discriminate between 
the days of a single month. If the scale at a particular station were 
absolutely invariable, the result would be that in very quiet months nearly 
every day would get a 0, while in very disturbed months 0's would hardly 
exist. The objections to this lead the observer, consciously or unconsciously, 
to vary his standard, and whether a particular day is assigned a 1 or a 0 
partly depends on whether it occurs in a quiet or a disturbed month. The 
same cause is operative everywhere, with the result that the mean “ character ” 
figure for a month or a year has no exact quantitative significance. The 
period 1906-20 has included some very quiet and some very disturbed years, 
yet the mean annual ‘‘character” figure has varied only from 0*455 in 1912 
to 0*751 in 193 8 ; and three years, 1909,1915, and 1920, which were certainly 
not equally disturbed, had the identical figure, 0*620. 

The size of the absolute daily range of declination (i.e., westerly extreme— 
easterly extreme, irrespective of times of occurrence) is not determined solely 
by the amount of disturbance. Even the range of the diurnal inequality 
derived from the five quietest days of the month varies much with the season 
of the year and with sunspot frequency. The maximum generally occurs 
during the hours when declination is normally above its mean, and the 
minimum similarly in hours when declination is normally below its mean. 
Thus the size of the absolute range is partly determined—on quiet days 
mainly determined—by the amplitude of the regular diurnal variation. 
Consequently a considerably different degree of disturbance may be associated 
with the same absolute D range in different months, precisely as happens 
with the “ character ” figure. 

Consideration of the above phenomena led to the use of the difference 
from the mean monthly value as the disturbance criterion both for 
“ characters ” and ranges. 

§ 2. Taking n to denote a representative day—whether quiet or disturbed 
—in the month, the method adopted for exploring the 27-day period consists 
in entering in columns headed n— 2 , ft—1, ft, ft+1, and ft+ 2 the valueB of 

2 b 2 
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the “character” or range for the representative day and the two days 
immediately preceding and following it. Taking the representative disturbed 
days, and supposing N of them, we sum the N entries in each of the five 
oolumns and take their means. The excesses of these means over the mean 
from all days represent the “primary pulse” of disturbance. In another 
series of columns headed n + 25 to 71 + 30 are entered the “characters” or 
ranges for days from 25 to 30 days later than the representative days. The 
excesses of the means from the IT entries in each of these six columns over 
the corresponding all-day mean constitute the “ secondary pulse.” 

The representative quiet days (or days of least range) are dealt with exactly 
in the same way. In their case the primary and secondary pulses show 
deficiencies below the all-day means. 

The pulses associated with the disturbed days (or days of largest range) are 
described as “ positive,” those associated with the quiet days (or days of least 
range) are described as “ negative.” 

For the primary pulse, whether positive or negative, the accepted all-day 
mean is that for the month or year to which the days in column n belong. 
For the secondary pulse in the yearly results a mean has been derived from 
the 12 months commencing with February of the current year. For the 
secondary pulse in the monthly tables the mean for the following month has 
been used. For instance, the data for 1906 in Table I represent in columns 
n—2 to ti+ 2 the excess over 0*647, the mean for 1906, but in columns w+25 
to 71+30 the excess over 0*667, the mean from the 12 months February, 1906, 
to January, 1907. Similarly, the data for June in Table XII represent in 
columns n—2 to ti+2 the deficiency from 14*68', the mean range from all 
days of the 42 Junes, but in columns ti + 25 to ti + 30 the deficiency from 
14*85', the mean range from all days of the 42 Julys. 

The average month contains 30 days, so there is not a full month between, 
for example, day n and day n + 27, It did not, however, seem worth while 
attempting to allow for this. Another objection is that in the case of some 
months, notably January, there is a rather rapid rise (or fail) of range during 
the month and the following month. We may expect the selected days of 
small range to tend to come early, and those of large range to tend to come 
late in January, with a corresponding difference in the times of occurrence 
in February of the secondary pulse days. The all-day mean values employed 
would thus tend to be somewhat too large for the primary and secondary 
negative pulses, and too small for the primary and secondary positive pulses. 
The selected January days did, as a matter of fact, show the phenomenon, 
but not to the extent feared, the mean dates of the selected days of small 
and large range being respectively 13*1 and 16*5. 
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Some stations participating in the international scheme have dropped out 
and new ones have come in, and there have been many changes in personnel 
Some stations again have intentionally changed their standard. Thus varia¬ 
tions must have occurred in the international standard, quite apart from the 
psychological cause mentioned above, but the exact nature of these changes 
would be very difficult to ascertain. 

Even the D ranges have experienced a small progressive change of standard. 
The disturbing force required to produce a given change of D varies directly 
as H (horizontal force component), and H at Kew increased from 0*175 in 
1858 to 0*184 in 1900. Thus a change of 10*0' in I) in 1900 represented 
fully more disturbance than a change of 10*5' in 1858. 

§ 3. Tables I, II and IK give the mean annual results from 1906-20, 
derived from the international “ character ” figures. Table I deals with the 
primary and secondary positive pulses derived from the selected disturbed 
days (five a month) and associated days. The figures represent excesses over 
the corresponding all day mean, except in the case of a minus sign, when 
there was a deficiency. The column headed S/P gives the ratio of the 
largest excess in the secondary pulse to the amplitude of the primary pulse 
in column n; the figure for 1908 for instance is dorived from 0*210/0*664 
The column headed S'/P' gives the ratio of the largest sum from three 
adjacent columns in the secondary pulse to the sum of the entries in 
columns n-l, n, and n + 1; in 1908, for instance, the figure is derived 
from (0*210 + 0*207 + 0*162) h- (0*330 + 0*664 + 0*399). 

Table II deals in a parallel fashion with the negative pulses, derived from 
the international quiet days and associated days. When, as usual, no sign 
is attached, the quiet or associated day’s “character” was less than the 
all day mean value to the amount stated, but when a plus sign is 
attached it was in excess. The significance of S/P and S'/P' is the same 
as in Table I. 

Table III gives the difference pulses, primary and secondary, obtained by 
subtracting the sum of the “ characters ” for the quiet and associated d$ys 
from the corresponding sum for the disturbed and associated days, and taking 
the mean of the differences. A minus sign means that the “character” 
figure from the representative disturbed or associated day was less than that 
from the representative quiet or associated day. 

The figures in the columns n — 2 to n 4- 30 in Table III might have been 
derived by adding corresponding figures in Tables I and II, but they were 
derived independently as a check. A difference of one in the last decimal 
place arises occasionally from purely arithmetical causes. The entries under 
S/P and S'/P' in Table III are derived from the pulses in that Table itself. 
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The last five lines in Tables I, II and III represent mean values from the 
whole 15 years, and four groups of years A, B, C, D, representing respectively 
large area of sunspots, small area of sunspots, high spot latitude and low spot 
latitude. Particulars are given presently. 

A feature in the primary pulses calls first for remark. In Table I a 
minus sign occurs in 10 years in column 2 and only once in column n-f-2, 
and the entry in column n + 1 exceeds that in column n — 1 in all but one 
year. In Table II, on the other hand, the plus sign occurs in column n 4* 2 
in 8 years, without occurring once in column n — 2, and the entry in 
column n — 1 is always (numerically) greater than that in column n + L 
The positive and negative primary pulses are thus both markedly unsym- 
metricaL 

The C.G. of the primary positive pulse falls in the interval between 
columns n and n + 1, and the C.G. of the primary negative pulse in the 
interval between columns n and n — 1. The exact physical significance of 
the phenomenon could be arrived at only by dealing with periods shorter 
than 24 hours, but the general explanation is as follows: 

The day immediately following a laige disturbance is seldom quiet, while 
the day preceding it is not infrequently quiet. In fact, one is sometimes 
tempted to think that a special calm has preceded the storm. Again—in 
Europe at least—large disturbance is much more common in (Greenwich) 
night hours than in the day hours, and the most disturbed hours precede 
midnight. The forenoon hours of a highly disturbed day are often quiet, at 
least at Kew. For the study of disturbance much could be said in favour 
of* a " day 11 starting at Greenwich noon. It is a natural if not a certain 
inference from the phenomena that we may regard the centre of disturbance 
in the positive pulse as later in time, and the centre of quiet conditions in the 
negative pulse as earlier in time than noon of the representative day. The 
difference primary pulse in Table III, on the other hand, is very nearly 
symmetrical with regard to column n. 

We shall first consider only the results for all years combined in Tables I, 
II and III. Each Table shows a conspicuous secondary pulse, the entry in 
column n+27 being decidedly the largest. The C.G. of the secondary pulse 
in Table I comes very sensibly on the up side of n+27 (t.&, between columns 
n+ 27 and n + 28) ; while in Table II it comes on the down side. In Table III 
it is slightly on the up side. The interval between the C.G.s of the primary 
and secondary pulses seems the same or very nearly the same in the three 
oases, and seems to slightly exceed 27 days. 

Absolutely considered, the amplitude of the secondary negative pulse is less 
than that of the secondary positive pulse, but relative to the amplitude 
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of the primary pulse it is at least as large. The similarity of the values of 
S/P and of S'/P' in Tables I and II seems hardly compatible with the 
suggestion which has been made that the 27-day period apparent in the 
quiet aud associated days merely represents the fact that since highly 
disturbed days tend to be 27-day followers of highly disturbed days, 
all days other than disturbed days must have less than their fair share 
of such followers. Further evidence of the inadequacy of this explanation 
has been obtained by examining into the actual sequence of q and d (quiet and 
disturbed) days from 1906 to 1920. Omitting January, 1906, as no data were 
available for the previous month, we have a total of 895 selected days of 
either type. The q and d days each number practically a sixth of the total 
number of days. Thus the 27-day precursor of 895 average days should be a 
d day in 149 cases, and a q day in 149 cases. The totals actually observed 
were: d preceding d 257 oases, q preceding q 234 cases, d preceding q 98 
oases and q preceding d 85 oases. If it were a matter of pure chance, the four 
sequences just specified should each occur ten times in 12 months. The d 
after d and q after q sequences exceeded expectation, the former in 14 the 
latter in 12 years. Only 1 year in either case gave a frequency less than ten. 
The d after q and q after d sequences fell short of expectation, the former in 
14 the latter in 13 years, only 1 year in either case giving a frequency greater 
than ten. 

In a sense it may be true that the 27-day period in quiet conditions is 
partly due to the scarcity of disturbed days among the 27-day followers of 
quiet days; but in the same way, and to approximately the same extent, the 
27-day period in disturbed conditions is due to the scarcity of quiet day* 
amongst the 27-day followers of disturbed days. 

§ 4. Before discussing Tables I, II and III further, it will economise spaoe 
to consider the general results derivable from Tables IV to VII, which refer 
to the Kew D ranges. 

Some defects in the material first call for mention. The limits of registra¬ 
tion were exceeded in a few days during magnetio storms. In such cases the 
value answering to the edge of the sheet was accepted, in place of the missing 
maximum or minimum. This entailed of course an under-estimate of the 
range. In most cases the under-estimate was probably small, and any effect on 
the mean ranges on which the Tables depend must have been trifling. On 
some days of apparently ordinary character there was a serious loss of trace, 
and a few days’ trace was totally looking. Such days, of course, had to be 
omitted. In a few cases days that would naturally have been selected 
disturbed or quiet days were omitted from the selected days because of the 
loss of trace on days which were 27 or 28 days later. Even % comparatively 
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Table IV .—Positive Pulses. Kew Declination Banges. 


y«r, 

Sunapofc 

frequency. 

Primary pulse. 

Seoondary pulse. 

n-2. 

ft — 1. 

ft. 

H + l. 

j n + 2. 

i 

n+ 25. 

n + 26. 

ft+ 27. 

ft+ 28. 

• 4 29. 

! ft + 80, 

1 

1868 

64-8 

-o'-10 

4*16 

ia'-75 

4 ‘61 

-0'-37 

— 0*23 

1*46 

2-40 

2*02 

0**80 

_ 0**28 

1860 

93 *8 

3-50 

6*43 

16*68 

7-78 

2*26 

-0*82 

1 *00 

2*26 

0*28 

0 ‘22 

0*94 

1860 

96 -7 

1*47 

6*68 

14*68 

3-87 

0*87 

0-72 

0-82 

0*07 

-0*06 

-0*72 

-0*04 

1861 

77 '2 

-0*06 

6-68 

14*61 

6*08 

2*20 

1 *08 

8*20 

2*28 

1*09 

0*87 

1 *04 

1862 

50*1 

-0-24 

4*66 

16 *82 

4*59 

-0-80 

2-89 

1*27 

1*08 

—0 *08 

-1 *ii 

1 *17 

1863 

44 *0 

-0-73 

2*63 

12 *68 

6*11 

1*87 

-0*33 

1*01 

8*38 

2*56 

1 *79 

1 *00 

1864 

47 *0 

1-07 

6-78 

14*14 

6*84 

2*04 

1*43 

8-69 

3*86 

3*66 

8 *74 

1 *76 

1866 

30 *6 

0*40 

5-72 

16 *06 

0*18 

1*59 

-0*50 

3*10 

5*00 

6*07 

1 *03 

0*10 

1866 

10*3 

-1 *18 

8*84 

12 *78 

4*66 

0*39 

-0*18 

0*82 

1*16 

1-87 

2*03 

0 ‘20 

iser 

7*3 

1*47 

3-27 

11*38 

6*20 

1*73 

2*18 

8*36 

8*82 

3*24 

8*00 

1 *75 

1868 

87 *8 

-0*02 

8*86 

12 -79 

3*80 

0*43 

0*51 

2*12 

3 18 

2*18 

0*16 

1 *57 

1869 

73 *9 

-0-70 

6*92 

15*68 

5*23 

0-07 

0*26 

-0*79 

0*94 

2*61 

0*81 

—0*16 

1870 

139*1 

0*10 

7-23 

16*94 

4*83 

— 0 '28 

0*95 

0*92 

0*01 

1 -89 

8*77 

2*54 

1871 

111 *2 

-0*79 

2-77 

18-50 

3*42 

-0*54 

-0*86 

2*09 

-0*26 

-0 *08 

-0*98 

-6*10 

1872 

101 *7 

-0*26 

7*46 

10 *35 

5-69 

1*62 

-0*22 

2*22 

1-78 

2*69 

2*82 

0*60 

1878 

66 *8 

-1-47 

2*94 

11*66 

2*35 

0*61 

-0*38 

-0*49 

-0*12 

j 1*62 

1*09 

-1*76 

1876 

17 *1 

-0-97 

1 *61 

7*96 

2*61 

0*35 

0*40 

0*78 

0*66 

1-85 

0*11 

-0*76 

3876 

11*8 

-0*86 

2-02 

8*21 

2*41 

-0*00 

0*24 

-0*02 

0*81 

1 0*94 

0*72 

-0*06 

1877 

12*8 

-0-87 

2*81 

7-74 

2*62 

0*19 

0*04’ 

2*22 

1*00 

0*90 

-0*82 

-0*87 

1878 

8*4 

-0*41 

2*24 

0 18 

1 *99 

—0 *20 

-0 *64 

0-36 

1 *16 

0*62 

-0*67 

-0*09 

1879 

0 *0 

0-87 

1 *36 

6*09 

1*87 

0*44 

0*25 

0*85 

1 *43 

1 -29 

0*79 

-0*28 

1880 

32 *8 

0*71 

2*27 

8*26 

2*67 

0*09 

0-47 

0-90 

1*20 

1-24 

0*10 

-0*31 

1881 

64*3 

-0-67 

2*62 

7*38 

1 *93 

-0*06 

0-07 

0*40 

1*29 

0-00 

0*70 

1 *00 

1882 

69 '7 

-0*96 

5*29 

16 ‘55 

2*70 

-0*16 

-1*71 

-0*29 | 

0*56 

-0*68 

-0*60 

0 *11 

1888 

63*7 

-1*00 

8*89 

11 *62 | 

3*27 

1*14 

-0*14 

-0*11 ) 

1*04 

0*20 

1*57 

0*82 

1884 

68 *6 

-0*23 

8*61 

9:14 

8*07 

-0 *90 

-1*04 

0*19 1 

0*94 

0*08 

-0*80 

0*41 

1886 

62 *2 

0*17 

2*24 

9*66 

2*71 

0*06 

0*32 

0*49 

1*01 

1*37 

1 *38 

0*71 

1886 

26 *4 

1 *01 

4*26 

12*12 

3*87 

1*07 

0*08 

2*37 

4*27 

6*00 

2*17 

1*86 

1887 

18*1 

0*75 

8*45 

9*13 

4*38 

1*61 

-0*63 

1*46 

2*88 

8*73 

2*34 

0*95 

1888 

6*8 

-0*02 

8*55 

9*61 

2*70 

-0*19 

0*00 

2*37 

3 34 

2 24 

0*28 

-0*86 

1889 

0*8 

-1*03 

1*31 

7*88 

1 *9L 

0*81 

-0*41 

0*62 

3*14 i 

1*92 1 

0*26 

-0*70 

1890 

7*1 

0*82 

1*78 

6*06 

1*76 

0*21 

-0*09 

0*09 

0 *02 ; 

0*46 f 

0*70 

I *16 

1891 

86 *6 

0*64 

8*26 

9*88 

8*74 

2*00 

-0*10 

1*00 

1*49 | 

2*70 

1*71 

0*47 

1892 

78 *0 

-1*54 

6*80 

17*04 

5*20 

0*60 

-1*34 

-1*82 

1*41 

1 *29 

0*63 

-2*08 

1893 

84*9 

-0 16 

2*66 

8*05 

2;88 

0*66 

-0*12 

0*29 

0*80 

1 *61 

0*79 

0*60 

1804 

78*0 

-0*91 

3*74 

16*29 

6*31 

0*91 

-1 *27 

0 02 

-0*05 

0*60 

1*21 

2*70 

1896 

64*0 

0*01 

2*85 

10*14 

8*62 

1*53 

-0 *79 

0*58 

8*11 

2*31 i 

2*79 

1*70 

1896 

41 *8 

0*66 

4*16 

11*60 

5*87 

2*66 

1*76 

2*88 

8*60 

3*84 

2*90 

0*56 

1807 

26*2 

-1*87 

2*08 

9'21 

2*24 

-0*02 

-0*28 

l *13 | 

i *6i ; 

1*25 

-0*82 

0*98 

1898 

20*7 

0*18 

4*04 

10*09 

3*53 

0*39 

0*05 

0*73 ; 

2 *62 ! 

2*74 

2*74 

0*68 

1899 

12*1 

-0*88 

2*68 

8*56 

2*67 1 

0*86 

0*51 

2*42 

2 *20 j 

1*41 ! 

0*05 

-0*15 

1900 

9*6 

-0*22 

i 

1*44 

6*22 

0*00 

-0*17 

0*31 

1*01 j 

0*30 ! 

-0*02 ! 

M 

-0*10 

0*71 

Me&n . 

-0-18 

8-75 

11-34 J 

3*68 j 

f 

0*01 

0*10 

1*13 

1-70 

1-72 

0*90 

0*45 


small loss of trace near the normal time of maximum or minimum disqualified 
a day for being a selected quiet day. A gap in the secondary pulse columns 
other than n +27 and m+28 was filled by interpolation from the ranges of 
the adjacent days. While it is ouly proper to mention these facts, it should 
be added that the defective days were so few that the exact procedure adopted 
could hardly matter. 
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. The 27-Day 


Table V.—Negative PulBes. Kew Declination Ranges. 


Year. 


Primary pulse. 




Negative pul«e. 



*-2. 


». 

»+l. 

n + 2.. 

* + 26. 

n + 26. 

a+ 27. 

a + 28. 

» + 29. 

« + 80. 

1858 

, 

1 *46 

4*08 

7*16 

/ 

8*78 

, 

+ 0*64 

1 *43 

1*80 

2*29 

2*88 

2-01 

+ 0*46 

1856 

2*88 

4*44 

7*88 

3*48 

1 *93 

1 *23 

+ 0*59 

+ 0*06 

0*88 

1-92 

1 *61 

1860 

0-17 

3*02 

7-66 

2-72 

0*92 

+ 0*99 

+ 1*20 

+ 0 '71 

+ 0-98 

0*77 

4 0-17 

3861 

2*49 

4*14 

7-18 

2 *23 

+ 0*85 

0*96 

+ 0*20 

0-63 

+ 0*45 

+ 2*02 

+ 0-74 

! 1862 

+ 0*08 

8*50 

8*40 

1*87 

+ 1-67 

1*27 

2-18 

1 *08 

48-20 

+ 0*60 

+ 0*90 

1868 

2-66 

4*12 

8*08 

2 14 

+ 0*78 

1 -08 

3 *43 

3 *85 

1*98 

1*40 

+ 0*17 

1864 

2*55 

4*26 

8*68 

4*06 

1*18 

0 48 

2'60 

8 '00 

1 *16 

0*26 

+ 1 *00 

1865 

8-60 

6*76 

9*28 

1*47 

+ 2*06 

1*89 

2 *19, 

8 09 

2*80 

1*20 

+ 0*89 

I860 

2*40 

8*12 

7 98 

8*78 

+ 0-78 

2*21 

2*00 

2'46 

0*97 

1*29 

1 *10 

1867 

1*60 

8 16 

0*02 

2-66 

0-61 

1*80 

1 *62 

2*81 

0-46 

+ 0*48 

40-00 

1868 

1*86 

2*75 

7*00 

3*12 

l) *68 

0*82 

8*89 

2-39 

2-88 

2*40 

0*74 

1800 

0*16 

4-86 

8*14 

4*76 

1 -67 

+ 1*84 

1*18 

4'28 

8*70 

2-87 

1*74 

1870 

1*18 

2*62 

7-98 

2*35 

1-07 

+ 0*42 

0*06 

0-57 

0-86 

1*10 

1 *02 

1871 

0*31 

2*66 

7 56 

2*23 

+ 0-92 

1*86 

2*64 

+ 0 '30 

+ 0*42 

+ 0*54 

+ 0*20 

1872 

1*92 

4-47 

8*60 

2*66 

+ 1-28 

+ 1 *05 

2*14 

3*86 

8*08 

+ 0*42 

+ 2*66 

1878 

+ 0*67 

1 *72 

5*91 

0*83 

+ 3*62 

0*03 

0-18 

1-97 

1*47 

0*78 

+ 1*00 

1876 

0*92 

2*25 

4*56 

1*60 

+ 0-85 

1 * 10 

1 13 

0*69 

0-86 

4 0-34 

+ 1 *60 

1876 

0*60 

1*93 

4*16 

1 *36 

0*80 

0*76 

0*04 

+ 1 *09 

0*28 

0*60 

0*48 

1877 

0*71 

1 *89 

3*97 

0*96 

+ 0 '89 

+ 0*21 

0*60 

0*48 

4 0-27 

+ 0*26 

+ 0*19 

1878 

1*14 

1-78 

8*58 

1*60 

0*24 

0*04 

0*81 

1-07 

0-48 

0*20 

+ 0*19 

1870 

0*99 

1*25 

S 13 

1*13 

! 0*80 

0-51 

0*74 

1 16 

0*87 

0*11 

0*57 

1880 

+ 0*06 

1*06 

4*38 

1*66 

, 1*14 

1*19 

1*62 

0-40 

0*82 

0*81 

0*12 

1861 

+ 1*17 

1*71 

4*77 

2*12 

0*80 

0*12 

0*16 

1*29 

+ 0*60 

+1 *84 

+ 1*86 

1882 

+ 0*46 

2*86 

7*28 

2*44 

! +1 76 

1*29 

0*16 

! + 0 *42 

0*29 

2 26 

+ 1*68 

1888 

1*02 

2*16 

6*44 

1*87 

+ 0*08 

+ 0*79 

1*67 

! 1*76 

1*77 

+ 0 *87 ! 

+ 0*94 

1884 

0*62 

1*87 

6*00 

1*80 

0*49 

0*22 

1*12 

1 '68 

0*79 

1*14 

0*82 

1885 

0*20 

2*82 

6*18 

1 *64 

o-io 

0*47 

0*02 

0*80 

+ 0*72 

+ 0*08 

0*82 

1886 

0*62 

2*77 

6*48 

1*66 

0*11 

+ 0*88 

0*89 

2*10 

1 *30 

1*26 

+ 0*60 

1887 

0*74 

2*88 

6*87 

2*80 

0 *14 

0*64 

1*19 

1*41 

1*21 j 

1*08 

+ 0*08 

1888 

1*64 

2*90 

6*80 

1*26 

0*14 

1*42 

2*21 

1*48 

1 16 

+ 0*26 

+ 1*17 

1880 

0*74 

2*00 

4*62 

1*16 

+ 0*26 

0*65 

1*13 

1*26 

0*68 

+ 0*82 

+ 0*62 

1890 

0*48 

1*40 

8*78 

0*79 

+ 0*26 

0*46 

0*12 

0*66 

0*28 

0*87 

0*64 

1891 

1*44 

2*26 

6*49 

1*88 

+ 0*79 

0*80 

1*48 

0*29 

0*77 

+ 0*27 

+ 1*43 

1892 ; 

+ 1*78 

8*91 

7*60 

8*68 

0-88 

+ 0*42 

+ 0*06 

+ 0*89 

+ 0*21 

1*08 

2*98 

1898 | 

0*62 

2*19 

6*88 

2*01 

+ 0*79 

1*78 

♦1*40 

1*00 

0*86 

0*68 

0*00 

1894 , 

1*81 

8*28 

6*60 

2*83 

0*26 

+ 1*22 

1 *37 

2*40 

0 17 

2*67 

2*77 

1896 ; 

0*46 

2*81 

6*29 

1*80 

+ 0*86 

0*96 

1 *64 

1*88 

0*98 

0*88 

0*36 

1896 

1*80 

8*18 

6*11 

1*60 

0*48 

1*04 

2 25 

2*91 

2*05 

1*44 

0*01 

1897 

0*64 

2*68 

6*14 

1*31 

0*24 

+ 0*04 

1*48 

0 “84 

0*80 

+ 1*29 

0*07 

1896 

1*96 

2*58 

5*28 

2*60 

1*00 

2 00 

1*86 

2*59 

0*98 

0*69 

0*44 

1896 

1*12 

2*07 

4*72 

: l *92 

0*48 

1*80 

0*96 

1 *86 

1*08 

1*04 

+ 0*44 

1900 

+ 0*06 

1*17 

8*87 

1*22 

0 *84 

+ 0*61 

+ 0*60 

+ 0*17 

+ 0*64 

0*82 

0*28 

I Uws... 

1 

0*96 

2-76 

6-18 j 

2*12 

+ 0-08 


1*07 

1*82 

0 75 

0*61 

40-04 


Table IV gives the positive pulses derived from the 5 days of largest range 
in each month and associated days; a minus sign signifies that the mean range 
from the disturbed or associated days fell short of the mean range from 
all days. Table V gives the negative pulses derived from the 5 days of least 
range in each month and associated days; a plus sign signifies that the mean 
Tange from all days was exceeded. Table VI gives the difference pulses 
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Table VI.—Difference Pulses. Kew Declination Eanges. 


Year. 

Primary pulse. 

Secondary pulse. 

B 



n + 1. 

ft+ 2. 

n + 25. 

n + 20. 

(i + 27. 

» + 28. 

ft+ 29. 

it+ 30. 

1858 

, 

1-86 

8'24 

20-92 

8*24 

-1*01 

1 *20 

3 ‘25 

4*75 

4 "88 

2'31 

-0-68 

1850 

6 *83 

10 -86 

24-66 

n*2i 

4*19 

0*92 

0 '41 

2*10 

0*67 

2*14 

2*46 

I860 

1 '64 

9'56 

22 '36 

6-59 

1 *29 

-0*27 

-0*88 

-0 *05 

-0-99 

0*05 

-0*21 . 

1861 

2 '44 

10 *67 

21 *69 

7*26 

1 *84 

2*04 

8'00 

2'81 

1 *24 

-1*65 

0 *31 

1862 

*0*81 

8*16 

24'21 

6-46 

-2-87 

8-86 

8 *45 

2 16 

-3*84 

-1 *61 

0*26 

1868 

1 *96 

6*75 

20 '06 

7-26 

0-64 

0-76 

2 ‘45 

4*73 

4*54 

8 ‘19 

0 89 

1864 

8 61 

10 *05 

22 *07 

9 88 

3*18 

1 -86 

0*20 

6*85 

4*73 

4*00 

0*76 

1865 

4*00 

11*47 

26 *34 

7*60 

-0*47 

0*89 

6'86 

8*10 

8*86 

2*83 

-0'78 

1868 

1 -27 

6*96 

20-76 

8'84 

-0*84 

2*03 

2-81 

8*02 

2*84 

8*32 

1 *30 

1867 

3*07 

6-48 

17 *40 

7*76 

2*24 

3 '48 

4*98 

fi 08 

8-69 

2*52 

1 '66 

1868 

1 *38 

6*60 

19-85 

6*42 

0 ‘96 

1*38 

5*51 

5 *67 

5*00 

2*03 

2 '31 

1860 

— 0 *54 

10-29 

23-77 

9*99 

1*75 

-1*57 

0 *33 

5 22 

6*81 

3*18 

1*68 

1870 

1 '23 

9-76 

23 *91 

7-18 

0 '85 

0*53 

0*98 

0'58 

2*74 

4-87 

3-56 

1871 

-0*48 

5-48 

21*12 

5*65 

-1 *46 

1 *49 

4*64 

-0*66 

-0 60 

-1 '53 

-0*29 

1872 

1 *66 

11 08 

24 *95 

8*85 

0 '88 

-1 *27 

4‘80 

5*08 

6-78 

1 *90 

-2'00 

1878 

-2-04 

4*06 

17 46 

2*68 

-3*01 

-0 *36 

-0*30 

1*88 

2'99 

1*87 

-2-76 

1876 

—0 *04 

8-76 

12 *61 

4*11 

o-oo 

1 *50 

1 *90 

1 *23 

2-71 

-0-28 

-2*32 

1876 

-0‘25 

4*66 

12-37 

8-76 

-0*30 

1 *00 

-0*58 

-0-28 

1 22 

1*22 

0*42 

1877 

—0*17 

4*20 

11 ‘71 

8-57 

-0*49 

-0 16 

2-82 

2*09 

0*02 

-0*68 

-1 06 

1878 

0-78 

3*97 

9-70 

3*49 

0*05 

— 0 ’61 

0 '06 

2 *22 

1 *01 

— 0 *28 

-0*28 

1879 

1*36 

2*61 

8*22 

2*60 

1*24 

0-76 

1 '59 

2'60 

2*16 

0'90 

0*34 

1880 

0*66 

8*83 

12-69 

4*18 

1*23 

1 -06 

2*42 

1 '66 

1 ‘65 

0*47 

“0*20 

1881 

-1*74 

4*28 

12*15 

4*06 

0*24 

0*79 

0-54 

2*58 

0 *00 

“1*13 

-0*29 

1882 

-1-40 

7*67 

23 *83 

5*14 

-I *91 

-0*42 

“0*14 

0*12 

— 0 ‘28 

1*75 

-1*43 

1888 

-0*04 

6-06 

17*97 

6*13 

1 11 

-0*98 

1'56 

2*70 

1 '96 

0*70 

-0*11 

1884 

0-40 

5*47 

14 14 

4*86 

-0 *41 

-0*82 

1 *81 

2*52 

1 '47 

0*84 

0*72 

1885 

0*44 

4*56 

14 *74 

4'36 

0*76 

0*60 

0 '51 

1 '81 

0*05 

1 *30 

1*52 

1886 

1*62 

7*02 

18*60 

6*63 

1*19 

-0*76 

8*26 

0-37 

0*29 

3 42 

0*85 

1887 

1*50 

6*28 

14 *50 

6*63 

1*65 

-0*09 

2 65 

3*79 

4*04 

3'42 

0*87 

1888 

1*62 

6*44 

14 *92 

3*96 

-0*05 

1 '42 

4*58 

4*83 

3*40 

-0*03 

-2*02 

1889 

-0*29 

3*86 

12 *50 

i 8*06 

0*65 

0 *24 

1 *65 

4*40 

2-55 

-0*07 

“1*82 

1860 

0*76 

8*13 

9*43 

2*54 

'-0*05 

0*87 

0*81 

1*29 

0*69 

l *14 

1*79 

1891 

2*08 

5*61 

15 *82 

6*02 

i 1*21 

0*71 

3*08 

1 *78 

3*47 

1 *48 

-0*96 

1892 

-8*27 

10 '21 

24*70 

8*88 

1*48 

— 1 '75 

-1*08 

1*02 

1-08 

1 *01 

0*90 

1803 

0*88 

4*76 

18 *98 

4*89 

-0*23 

1*60 

1*69 

1*80 

1*97 

1*46 

0*50 

1894 

0*40 

6*97 

21 *95 

7*64 

L *17 

-2'49 

1*19 

2*36 

0'76 

3*88 

5*45 

1895 

0*47 

4*67 

16 '48 

5*31 

1*18 

0*16 

2 10 

4*94 

3*80 

3*18 

2'05 

1896 

2*46 

7*82 

17*77 

7*88 

8*09 

2'81 

5*12 

0*51 

5*89 

4*84 

1 *16 

1897 

-0*88 

5*80 

14*85 

8'55 

-0*88 

-0*82 

2*50 

1*95 

1*01 

-1*01 

1*00 

1898 

2*14 

7*17 

15 '07 

6*18 

1*99 

2'66 

2*09 

5*22 

8*07 

3*88 

1 *12 

1899 

0*79 

4*75 

18*29 

4*49 

1*83 

1*82 

8*87 

4*11 

2*49 

1*09 

-0'59 

1900 

-0*27 

2*61 

8*60 

1*88 

0*17 

-0*20 

0*51 

0*13 

-0'56 

0*22 

0*94 

Mean 

0*88 

6*52 

17 *47 

5*80 

0*58 

0*63 

2-20 

3'08 

2-47 

t '47 

0*41 

(4» yw.) 










1 



representing the mean excess in range of the days of large range or associated 
days over the days of small range or associated days; a minus sign implies 
that the mean range from the days associated with the days of largest range 
was the smaller. 

It will be noticed that the majority of the entries in column «—2 of 
Table IV have the minus sign, and that a plus sign occurs with nearly half 
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the entries in column n 4* 2 of Table V. There are, however, an appreciable 
number of minus signs in column n + 2 of Table IV, and of plus signs in 
column n — 2 of Table V. Thus, while there is asymmetry similar to that in 
Tables I and II, it is less marked. 

Sometimes a range exceeding the mean for the month was observed in a 
decidedly quiet day, and in one or two exceptionally quiet months the selected 
days of largest range included a day of this character. But the very large 
majority of the selected days of largest range were amongst the most disturbed 
days of the month. A small range might mean that disturbing forces were 
present, but happened to oppose the ordinary diurnal variation. This may 
have occurred in a few cases, but the selected days of least range undoubtedly 
represented in all months a much quieter set of conditions than the average day. 

The mean results from the whole 42 years are given in the last lines of 
Tables IV, V, and VI. All show a well developed secondary pulse, the entry 
in column n + 27 being the largest. In Table IV the excess of the entry in 
column ti + 27 over that in column n + 28 is small. Also the primary pulse 
is nearly symmetrical about column n , much more nearly so than the primary 
pulse in Table I; thus the period suggested is very decidedly in excess of 
27 days. The negative pulses in Table V show a close parallelism to those in 
Table II, and suggest a period of very nearly 27 days. In Table VI the crest 
of the primary difference pulse seems slightly in advance of column n, and 
the crest of the secondary difference pulse slightly later than column n + 27, 
so that a period slightly in excess of 27 days is indicated. 

§5. Before considering individual years, it is desirable to consider the 
results for the four groups of years in Tables I, II, III, and VII. The groups 
of years A, B, C, D were made up as follows, the first set of data in each case 
referring to the earlier period 1858-1900, the second to the later period 
1906-1920. 

For the information in the last column I am indebted to the Astronomer 
Boyal, and to a paper by Mr. E. W. Maunder* 

There is a close relationship, at least approximately linear, between the 
range of the regular diurnal inequality of D (or other magnetic element) and 
sunspot frequency, the range being much larger in years of many than in 
years of few sunspots. The relationship of disturbance to sunspot frequency 
is less definite. Sunspot minimum is usually a very quiet time. Some years 
of great sunspot development are not specially disturbed, but most years of 
large sunspot frequency are more disturbed than the average year. Thus we 
should expect the amplitudes of the primary pulses to be above the average 
in the groups A, and below the average in groups B, and this is what we 

♦ A. S. Notices,’ vol. 74, p. 112. 
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Group. 

Number 

of 

years. 

Individual years. 

Sunspot data. 

Wolfar’s 

freqdenoy. 

Mean 

equatorial 

distance. 

r 

14 

1859, '00, ’01, '09, 70, 71, 72, '82, '88, ’84, 

84 ‘2 

0 

15-0 

A \ 


’92, ’98, ’94, ’95 



1 

5 

1900, '07, '17, '18, '19. 

72-8 

P 

r 

l 

12 

1866, ’67, 76, 77, 78, 79, ’87, '88, ’89, ’90, 

9-3 

11 '5 

b \ 


’99, 1900 



1 

4 

1911/12,’13, 14. 

61 

14 *9 

r 

IS 

1858, ’59, ’60, ’68, ’69, 70, 79, ’80, ’81, ’82, 

58 7 

19 7 

0 \ 


’90, ’91, *92 



1 

3 

1918,14, 15. 

19 *5 

21*3 


10 

1865, ’06, 77, 78, '87, ’88, '97, '98, '99,1900 ... 

16 7 

8*8 

v i 

6 

1908, '09, '10, '11, '12. 

241 

9*0 


actually observe in Tables I, II, and III, and to a more marked extent in 
Table VII. But it is very different with the secondary pulses. In spite of 
the diminished amplitude of the primary positive pulse in sunspot minimum 
years, the amplitude of the secondary positive pulse in Tables I and VII is 
much larger for group B than for group A years. The same is true of the 
•difference pulses in Tables III and VII. Absolutely considered, the amplitude 
of the secondary negative pulse is much the same for group A and group B 
years in Tables II and VII, but the values of S/P and S'/P' are much larger 
for the sunspot minimum groups. The groups C and D of high and low spot 
latitude years employed in Tables I, II, and III differ little in mean surifepot 
frequency, and the primary pulses reflect this approach to equality. The 
amplitude of the secondary pulse is decidedly larger for the D group in all 
three Tables, and the values of S/P and S'/P' for this group are also decidedly 
the larger in Tables I and III. 

In Table VII the C group had a much higher mean sunspot frequency than 
the D group, and this is reflected in the higher amplitude of the primary 
pulses of the former group. But in spite of this the secondary pulses 
associated with the D group are all much the larger. The values of S/P, in 
fact, for both the positive and difference pulses, are twice as large for the D 
as for the C group. 

In view of the much larger number of yean it is based on, we should 
naturally assign more weight to Table VII than to Tables I, II, and III, and 
hence conclude that low sunspot frequency and a low latitude of spots both 
oonduce to the development of the 27-day period. 
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§ 6, The primary object in forming groups C and D was to see whether 
the interval between the crests of the primary and secondary pulses differed 
sensibly in years of high and low sunspot latitude. Mr. and Mrs. Maunder* 
give two tables for the synodic periods of sunspots in zones of different 
latitudes. The second Table, confined to recurrent spots, gives values very 
sensibly greater, especially for low latitudes, than the first Table, which 
includes short-lived spots. The recurrent spot data seem clearly those 
appropriate in the present case. From these we should infer synodic periods 
of 26*9, 27’2, and 27*3 days respectively for solar latitudes of 9°, 20°, and 21°. 
Thus the synodic period should be from 0*3 to 0*4 days longer for the group C 
than the group T> years. The question is whether any such difference occurs 
in the interval between the crests of the primary and secondary pulses of 
magnetic “ character,” or range, in groups C and D ? 

There is a slight suggestion of a difference in the direction indicated in the 
case of the negative pulses in Table II, but Table I points the other way, the 
excess in the entry in column n -f 28 over that for column n + 26 being 
largest in the D group. In Table III, the C.G. of the secondary pulse seems 
a shade later in the D than in the C group, but the same is true of the 
primary pulse. There is no clear variation in the interval, and certainly no 
suggestion of a difference as large as 0*4 day. 

In Table VII, the interval between the crests of the primary and secondary 
positive pulses seems as nearly as possible the same for groups C and 1). The 
secondary negative pulse for group 0 has a nearly flat top. If there is a 
single maximum, it would seem to fall decidedly later than in the D group ; 
but this is compensated to some extent by the earlier occurrence of the 
primary crest in the latter group. In the case of the difference pulses the 
interval between the crests does seem sensibly longer for the C group, and 
the difference in length might be as large as 03 day. But, however this may 
be, it seems clear that the interval for the D group is in excess of 27 days, 
and not less. 

In considering this question importance attaches to a result emphasised by 
Mr. and Mrs. Maunder, viz., that whilst the synodic period increases steadily 
with the latitude, when we take mean figures from a large number of spots, a 
considerable range of period is observed in spots having the same latitude. 
If only a moderate percentage of all the spots were effective for disturbing 
the earth’s magnetic field, it might happen, at least in an individual year, that 
the synodic period of those effective differed very sensibly from the 

period appropriate to the mean spot latitude of the year. This in fact would 
be more than a possibility if the percentage of spots that are effective 
* 4 R. A. S. Notices/ vol 66 , p. 813. 
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increased as the latitude diminished. In that event the synodic period of the 
average effective spot would naturally be shorter than the mean spot latitude 
of the year. 

In view of the interest which this question possesses in connection with 
theories which suppose sunspots *to be the actual sources of electrical 
discharges causing magnetic storms,* it seemed worth while to consider the 
apparent variations in the position of the maximum of the secondary pulse in 
individual years. We must expect a considerable accidental element, so that 
what we have to consider is whether the majority of the years in which the 
period is specially long or specially short have any common sunspot 
characteristic. As the primary difference pulse is the most symmetrical, and 
the secondary difference pulse is that least exposed to accidental features, 
attention is confined to it. 

Considering Tables VI and III we find the interval to be 28 days or more 
in the years 1858, '65, ’69, 70, 72, 73, 75, 76, ’82, ’87, ’91, '92, '93, '94,1909 
and 1914, and 26 days or less in 1861, *62, 71, 77, ’80, *97, 1908 and 1917. 

There does not seem any approach to a common characteristic in either 
group. Both contain years of many and years of few spots, and also years of 
high and years of low latitude. 

§ 7. The years in which the 27-day period is best displayed include 1858, 
*63, ’64, *65, ’67, ’68, ’69, 72, ’86, ’87, *88, ’89, ’95, ’96, ’98, ’99, 1910, 'll, ’18, 
'15 and '20. These are mostly years when spot latitudes were low, but there 
are notable exceptions to this including 1858,1868,1869 and 1913. Amongst 
the earlier group of years 1865 is pre-eminent, and amongst the later years 
1911. 

The years in which the 27-day period is least apparent include 1860, 71, 
76, ’82, ’85, ’90, ’92, 1900, ’07, ’09,14 and 16. 

The failure of the secondary negative pulse in 1860 was mainly due to the 
fact that the 27-day followers of three of the days of least range in July 
belonged to a series of seven consecutive days of large disturbance. In 1882 
the largest range of the year (2° 18 0') occurred on a day which was a 27-day 
follower of one of the selected days of least range, and the next highest range 
(2° 12*2’) occurred on a 28-day follower. These were amongst the largest 
ranges of the 42 years. But for their w chance ” occurrence, the year 1882 
would have exhibited a normal negative pulse. An “accident” of this kind 

* Since the preparation of this paper was completed a paper has appeared in the 
1 B. A. S. ^Notices * (vol. 82, p. 170), by the Bev. A. L. Corfcie, who claims to have found 
a close agreement between the synodic periods of sunspots in different latitudes and 
the “repetition” periods derived from certain magnetic storms which he associates 
with the sunspots. His synodic periods seem decidedly in excess of those given by 
Mr. and Mrs. Maunder for the same latitudes. 
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is much more fatal to the secondary pulse than is the corresponding “ accident M 
of days of small range being followers of dayB of large range. These 
“accidents ” may, however, be less fortuitous than we should naturally suppose. 
At all events, it will be seen that years in which the negative secondary 
pulse was badly developed showed also as a rule poorly developed positive 
secondary pulses. 

§ 8. For the consideration of the annual variation in the 27-day period, a 
knowledge is desirable of the mean “ character,” figures, and mean ranges, for 
the 12 months, derived from all the years combined. These are as follows:— 



** Character/' 
1906-1920. 

I), range. 
1868-1900. 

January . 

0 018 

12 J 07 

February . 

0 -679 

14*63 

March . 

0-709 

16*40 

April . 

0*623 

16*87 

May . 

0-682 

14*93 

June. 

1 0 *563 

14 *68 

Ju iy.. 

0 *561 

14 *85 

August . 

0 *669 

16*12 

September. 

1 0 *698 

10 *28 

October . 

0 *695 

15 *92 

November . 

0 *602 

13*41 

December. 

0*690 

10 *93 


In both cases there is a double oscillation, with maxima towards the 
equinoxes and minima near the solstices. The chief difference is that June 
shows the lowest " character,” December the lowest range. But the absolute 
range, as stated above, is partly determined by the regular diurnal variation, 
and the amplitude of the diurnal inequality is much larger at Kew (a northern 
station) in June than in December. The character of an individual month, 
as regards disturbance, cannot, of course, be safely deduced from the five most 
disturbed days. Table VIII represents, however, mean results from the 
selected disturbed days of 15 years. Tlius one would expect a fairly close 
parallelism between the annual variation in the amplitude of the primary 
pulse in Table VIII, and the variation shown above in the meah " character ” 
figures for the 12 months. In both cases, when the months are arranged 
according to amplitude, the equinoctial months March, September, and 
October, come at the top, and June at the foot. The order of the intermediate 
months differs considerably in the two oases, but the differences between the 
figures for August, May, April, July, and January, in Table VIII, are so small 
that the precise order in which these months occur possesses little significance. 
The chief difference is as regards February, on the one hand, and November 
and December on the other. February would seem to be a month when 

2 o 2 

















386 


Dr. C. Chree. The 2 7'Day 

disturbances are numerous but few outstanding, while November and 
December are months in which the largest disturbances overshadow the others. 

The amplitudes of the primary negative pulse in Table IX, and of the 
primary difference pulse in Table X, show at least as close a parallelism in 
their annual variation to the mean ” character ” figures as does the amplitude 
of the positive pulse, July falling to the second lowest place, and November 
and December coming nearer the foot. 

If the months were arranged according to the amplitude of the primary 
D pulse, their order would be precisely the same in Tables XI and XIII. 
October, November, February, and March, coming at the top, in the order 
stated, and August, May, July, and June, coming at the bottom. The order 
in Table XII would be only slightly different. 

The annual variation in the amplitude of the primary difference pulses in 
Tables X and XIII shows a very regular progression. In both cases, too, we 
have a minimum in June and a maximum in October. Table XIII differs 
from Table X chiefly in that November and February come more to the front, 
while September and March retire. 

All the months in Tables VIII, IX, XI, and XII show distinct secondary 
pulses; the 27-day period is clearly existent in all months of the year. 
The incidence of the crest of the secondary pulse seems, however, rather 
irregular, especially that of the negative pulse. This phenomenon, especially 
in the case of the D range, is probably, in part, an indirect consequence of the 
considerable amplitude of the annual range. Take, for instance, the D range 
phenomena associated with the January primary pulses. The range is 
naturally rising during the occurrence of the secondary pulses. For absolute 
accuracy the normal range should rise gradually from column n + 25 to 
column n + 30, while the mean value for February has been used in all these 
columns. The natural consequence of this would he a gradual algebraical 
increase from column n + 25 to column n + 30 of the positive pulse, and a 
corresponding numerical fall in the negative pulse. This, it will be seen, is 
what the negative pulse actually shows, though this may not be the only cause 
of the phenomenon. The difference pulses should be free from this defect, and 
they are, in faot, much more regular. The maximum in the secondary pulse 
appears in oolumn n. + 27 in 9 months out of the 12 in both Tables X and XIII. 
In Table X the maximum is found twice in oolumn n + 26, and once in 
column n + 28. In Table XIII it occurs thrice in column n + 26. The 
exceptions occur in only one case in the same month, January, and the excess 
of the entry in column n + 28, over that in cdlumn n + 27 in the January 
figures in Table X, is trifling. There is thus no real indication of a seasonal 
variation in the length of the period. 



Table VTII.—Positive Pulses. International “ Character ” Figures. Annual Variation. 
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Table X.—Difference Pulses. International “ Character ” Figures. Annua Variation. 
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Table XIL—Negative Pulses. Kew D Ranges. Annual Variation. 
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In both Tables X and XIII the amplitude is large in the secondary pulses 
associated with February, March, and September, and low in those associated 
with June and July. The secondary pulse, of course, occurs nearly a month 
later than the primary pulse with which it is associated. The annual variation 
in the amplitude of the secondary puke is most regular in Table XIII, where 
it follows, on the whole, the variation in the primary pulse. 

The values of S/P and S'/P' —quantities having the same significance as 
in the earlier Tables—are slightly less for summer than the other seasons 
in Table XIII. If the southern hemisphere were as strongly represented as 
the northern in the international lists, there should be no sensible difference 
between summer and winter in Table X, and as a matter of fact high and low 
values of S/P and S'/P' occur rather promiscuously in that Table. 

The variation in the position of the earth relative to the sun during its 
annual path has a marked effect on the amount of magnetic disturbance 
existing on the earth, but it seems to have little if any effect on the develop¬ 
ment of the 27-day period. 

§ 9. In all terrestrial latitudes, so far as is known, the amplitude of the 
regular diurnal magnetic variation rises and falls with sunspot frequency. 
Again, it has been found that at least in high terrestrial latitudes the 
amplitude of the regular diurnal variation and the intensity of disturbance 
rise and fall together. It is thus natural to suppose that the increased 
amplitude of the regular diurnal variation in years of many sunspots is due 
to a solar radiation of the same type as the solar radiation causing magnetic 
disturbance or a very similar type. The difference very likely is merely in 
the regularity of the solar discharge. In years of many sunspots the large 
daily magnetic range is not a spasmodic feature. Small ranges, such as we 
meet with near sunspot minimum, simply do not exist. Consequently the 
solar dischai-ge which influences the regular diurnal variation must be 
constantly operative. There is thus really nothing remarkable in the 
conclusion to which the present investigation points, viz., that it is not a 
question between magnetic storms and magnetic calms, but simply of disturb¬ 
ance above and below the average irregularity of solar discharge). 

On the restricted view that magnetic storms are unique events, due to 
electrical discharges confined to sunspot areas, the existence of a 27-day 
period is an obvious corollary. But the existence of such a period does not by 
itself justify the conclusion that sunspots are the only sources, or even the 
principal sources, of the solar discharge. We should clearly still get a 27-day 
period if the whole solar surface were discharging, provided the discharge 
reaching the earth &t any given instant came from a comparatively narrow 
zone, and the intensity were a function of the solar longitude which did not 
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vary two rapidly with the time. The period would naturally bo less variable 
than if the radiation emanated only from isolated sunspots, but it might vary 
considerably if the latitude of most intense radiation varied. 

Sunspots may be sources of specially vigorous solar discharges, or they may 
simply be symptoms that the sun is at the moment or recently has been 
specially active. Even in the quieteBt of years, and in the absence of visible 
sunspots, we have variations in the daily D range, and also at least minor 
disturbances; and, as the present investigation has conclusively shown, the 
27-day period may bo nob merely recognisable but actually prominent in such 
a year. In fact 1913, with the lowest sunspot frequency since 1858, had the 
27-day period particularly well developed. 

It remains to express my indebtedness to the Government Grant Committee 
for the funds which rendered possible the measurement of the Kew declina¬ 
tion ranges from 1858 to 1889. I have also to thank the Astronomer Royal 
for valuable information about sunspots and for useful references. 


On Doubly-Resonated Hot - Wire Microphones . 

By E. T. Paris, M.Sc., Fellow of University College, London. 

(Communicated by Prof. H. L. Callendar, F.R.S. Received March 30, 1922.) 

§ 1. Introduction ,—In the selective hot-wire microphone* a Helmholtz 
resonator is used for the detection of sound-waves of definite pitch. The 
resonator responds to the particular note to which it is tuned, and its response 
is measured by the change in resistance of an electrically heated platinum- 
wire grid mounted in the “ neck ” of the resonator. 

The magnitude of the response depends iu the usual manner on the tuning 
and damping of the receiving system, and therefore in order to obtain great 
sensitivity the damping must be small and consequently the resonance must be 
eharp. For some purposes, however, sharp resonance may be a disadvantage— 
as, for example, when the source of sound is liable to small variations in pitch, 
or when allowance must be made for the Doppler effect—while at the same 
time it may be desired to retain a high degree of sensitivity. Even in cases 
where Very sharp tuning is permissible, the only effective means of increasing 
the acoustical sensitivity is by reducing the neck of the resonator, and since 

* W, S. Tucker and E, T. Pari*, * Phil Tran*.,' A, vol 221, pp. 389-430 (1921). 
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this tends to expose the hot-wire grid to chance currents of air, accurate 
observation becomes difficult except under very favourable conditions. To 
tneet such difficulties as these, it has been found convenient to use doubly- 
resonated microphones in which the hot-wire grid is placed in a short neck 
between two resonators, only one of which communicates directly with the 
outside air. In this way it is possible to increase the range of response, and 
at the same time to obtain greater sensitivity than is practicable with a 
singly-resonated microphone. 

This combination of a double resonator with the hot-wire grid, to form a 
very sensitive microphone, is due to Prof. H. L. Callendar, who carried out 
experiments early in 1918 to show how the component resonators could be 
arranged in order to secure a high degree of sensitivity together with a wide 
range of response. 

In Prof. Calendar's experiments the neck of the singly-resonated microphone 
was inserted into a small hole at the closed end of a resonator of the 11 stopped 
pipe " variety. This arrangement was found to be very effective. About the 
same time, experiments along similar lines were being conducted by Major 
W. S, Tucker, RE., who was then in charge of the Acoustical Research 
Section of the Munitions Inventions Department. In Major Tucker's 
experiments the neck of a Helmholtz resonator was inserted into a small hole 
at the narrow end of a conical trumpet. This arrangement also formed a 
double resonator which differed from that used by Prof. Callendar in that the 
outer resonator was a cone instead of a parallel pipe. 

Since the time when these experiments were performed, 1 the author, 
working with Major Tucker—first in the Munitions Inventions Department 
and later at the Signals Experimental Establishment, Woolwich—has had 
occasion to carry out a number of experiments with double resonators, and to 
study their properties by means of the hot-wire microphone. It is the 
purpose of the present paper to give an account of these investigations. 

Reference may be made here to a very sensitive instrument constructed by 
Prof. C. Y. Boys* in 1890, consisting of a double resonator fitted with a 
Rayleigh disc. In this instrument, according to Rayleigh— 

“.the sensitiveness is exalted to an extraordinary degree. This is 
effected .... partly by the adoption of double resonance. The large 
resonator is a heavy brass tube of about 10 cm. diameter, olosed at one 
end, and of such a length as to resound to e'. The mirror [Rayleigh's 
disc] is hung in a short lateral tube forming a communication between 
the large resonator and a small glass bulb of suitable capacity. The 


* * Nature,* vol. 42, p, 604 (1890). 
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external vibrations may be regarded as magnified first by the large 
resonator and then again by the small one, so that the mirror is affected 
by powerful alternating currents of air. The selection of pitch is so 
definite that there is hardly any response to sounds which are a semi-tone 
too high or too low/'* 

Thus the double resonator used by Boys consisted of an outer resonator of 
the “stopped pipe” variety, communicating near the closed end with a 
Helmholtz resonator, as in Prof. Callendar’s experiments. The properties of 
this type of double resonator—which for the convenience of reference will be 
called the “ Boys double resonator ”—are discussed in §§ 2-6 of the present 
paper. It may be noted here, in regard- to the statement as to the definite¬ 
ness of the pitch selected by Boys’ resonator, that in general all such 
resonators have two natural tones. Under certain conditions, howeveiy when 
the interval between the tones is large, the response may be much stronger 
to one tone than to the other. When this is the case, the resonator is often 
remarkably sensitive to the stronger tone, while the weaker one might even 
escape detection. The double resonator constructed by Boys appears to have 
been of this kind. 

The present paper deals with the properties of two kinds of double 
resonator, namely, the Boys resonator (§§ 2-6), and a type which will be 
called the “Helmholtz double resonator” (§§7-10). The latter consists of 
inner and outer resonators communicating through a narrow tube or neck as 
in the Boys resonator, but both the components are of the Helmholtz pattern. 
The theory of this double resonator received attention from the late Lord 
Rayleigh. 

In the experimental investigation of the behaviour of these resonators, the 
microphone grid was placed in the short neck joining the inner and outer 
resonators. The grid formed one arm of a Wheatstone bridge, and the 
response of the resonator was measured by the deflection of a galvanometer. 
The deflection was, in all cases, very closely proportional to the average fall 
in resistance of the microphone grid. It is knownf that this fall in resistance 
is proportional to the energy of the vibratory motion of the air surrounding 
the grid, provided that the amplitude of the motion is not too great. 

§ 2. Theory of the Boys Double Resonator .—This type of double resonato r 
consists essentially of two parts:— 

(i) A resonator of the “ stopped-pipe ” variety, and 

(ii) A resonator of the Helmholtz pattern. 

* * Theory of Sound/ 2nd ed., vol. 2, p. 46. 
t Tucker and Pane, loc, dt.> p. 410. 
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These are combined by inserting the neck of the Helmholtz resonator into 
a small hole in the stopped end of the pipe resonator. The arrangement is 
shown (iiagramrnafcically in fig. 1, where P is the pipe resonator and Q the 



Fig. I, 


Helmholtz resonator, communication between the two taking place through 
the short neck c , in which also is placed the hot-wire grid. 

Such an arrangement has two resonant tones, which may be near together, 
or far apart, according to the relative dimensions of the various parts of the 
resonator. A formula will first be obtained which gives the frequencies of 
the resonant tones in terms of the cross-sectional area of the pipe, the hydro- 
dynamical “ conductance ” of the communicating passage e, and the natural 
frequencies of the pipe and Helmholtz resonators. The method of investiga¬ 
tion follows Rayleigh a treatment of the theory of resonance in pipes and 
other cavities.* 

Let l be the length of the pipe resonator and « the “ end correction,” so 
that in the absence of the Helmholtz resonator the pipe would respond to 
wave-lengths given by 

as /+a ssl'(m ss 1,3, 5, etc.). 

If the pipe is circular in section a is approximately 0 8 of the radius. In 
what follows we shall confine our attention to the case when m = 1. Thus 
the fundamental note of the pipe is 

ni as \ x ja = U r ja (1) 

where a is the velocity of sound. 

Let Q be the volume of the Helmholtz resonator and c the “ conductance ” 
of the neck, then the number of vibrations per second in the fundamental 
resonance pitch is given by Rayleigh's formula 

ns = (a/2rr) %/ (c/Q). (2) 

Let the mouth of the pipe lie in the plane # — 0 (fig. 1), and the axis of 
the pipe be parallel to the axis of sc. Then, if dissipation is left out of account, 


* * Theory of Sound,' vol 2, Chap. XYL 
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the velocity-potehtial inside the pipe may be written (as in the usual 
approximate theory of resonance in pipes), 

4> as sin k{x—u) e mt , (3)> 

where k = a>/a. 

Near the stopped end of the pipe the motion must ultimately depart from 
the plane form represented by (3). Let — L be the greatest (negative) valuo 
of x for which the motion is still plane, and let be the value of <f> when 
x =s —L. In the region, small compared with the wave-length, between the 
plane section of the pipe at — L and the interior of the Helmholtz 
resonator, the motion will be approximately that of an incompressible fluid. 
Thus, if dq/dt is the rate of transfer of fluid from the pipe into the Helmholtz 
resonator, we have, equating the flux through the pipe at x = — L to the flux 
in the neck, 

a (d^/3b) x «~ r , = dq/dt 

where a is the cross-sectional area of the pipe, 
potential inside the Helmholtz resonator, we have 

dq/dt = ^(<#>-l-'H 


(4) 

Also, if is the velocity- 


and ^ jy dt 

so that the equation of motion of the air in the neck is- 

<l2. + 0 ,s q = c d J^. 


cIt 8 


dt 


(5) 

( 6 > 

(7) 


where a* 2*r%. The equation to determine the resonance frequencies is 
obtained by elimination of q between (4) and (7). Thus, since dq/dt and 
both vary as c mt , we obtain 




to 4 


From (3) 
where L' 


( 8 > 

(9) 


L + «. 
whence from (7) 


<£- l = —sin kh' . e mt , 

Also 

(d<f> m - 1 . = k cob W . e““ ( , (10) 

dq/dt as c7.' cos &I/ . e‘“*. (11) 

By substitution from (9) and (11) in (8), the equation to determine the 
resonant tones i8 found to be 

<rk(l— oosH/ = —esinM/, 

UmXL' (12> 


or 
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For comparison with experiment it is convenient to replace k> o>, and m> 
by their equivalents in terms of n and n the vibrations per second in the 
respective notes. Also the length 1/ may be replaced by V> the “ reduced 
length" of the pipe. 

Since h = a>ja = 2 Trnja, and V == as aJ4nu equation (12) becomes 

tan (13) 

2?u ac \ n a / 

The vibrations per second in the resonant tones are given by the roots of 
(13), and are most conveniently found by a graphical method. For this 
purpose it is only necessary to plot the curves given by 

y s= tan (7ra/2%) (14) 

and y=-~ w ( 1“^) 05) 

An example is given in § 4. 

§ 3. Experimental Method .—By means of the hot - wire microphone, 
equation (13) can easily be tested experimentally. In the experiment about 
to be described, the outer (pipe) resonator was made from two glazed 
earthenware pipes,* each of length 60 cm. and internal diameter 15 cm. 
These were cemented together to make one pipe 120 cm. long. A wooden 
“ plunger ” was fixed into this pipe at a distance of 104 om. from one end. 
The plunger consisted of a wooden disc (P, fig; 2), 2'5 cm. thick and 14 cm. 
in diameter, from the middle of which was cut a circular hole 9 cm. in 
diameter. On the under surface of the wood was screwed a disc of brass (B) 
about 12 cm. in diameter. This brass disc carried at its centre a nipple (N) 
which was internally threaded, and into which the neck of the Helmholtz 
resonator was screwed, as shown in fig. 2. Between the braes plate and the 
wood was placed a washer of sheet rubber (R), which overlapped the wood 
and ensured a tight fit when the plunger was pushed into the pipe. The 
Helmholtz resonator consisted of a container (Q, fig. 2), made from brass 
tubing (internal diameter 6 - 4 cm.), into which was fitted a wooden piston (W), 
so that the volume, and therefore note, could be varied over a considerable 
range. 

The microphone grid (M), and its holder, were of the same pattern as those 
used is previous experiments, and both are fully described in a paper to whioh 
reference has already been made.f The method of plotting resonanoe curves 
is also described in the same paper, and it is unnecessary to give more than a 

* These pipes were used as a matter of convenience. A rectangular wooden box, 
open at one end, gives equally good resulte. 
t Tucker and Paris, toe. cit., pp. 391-393. 



897 


Hot - Wire Microphones . 

brief summary here. All observations were made out-of-doors, the resonator 
being placed at a distance of about 2 metres from the source of sound and 
supported on three wooden feet, so that the 
pipe stood vertically with the open end down¬ 
wards and about 30 cm. above the ground. 

The microphone grid formed one arm of a 
Wheatstone bridge, and the deflections of the 
galvanometer (a microamnSeter with suitable 
series and shunt resistances) were used to 
measure the response of the resonator. The 
microphone grids carried a maximum heating 
current of 28 miUiamp6res, and had a " hot *' 
resistance of 350 ohms. 

The source of sound was a siren of the 
Seebeck pattern, consisting of a brass siren disc 
mounted on the shaft of an electric motor. 

The disc was pierced with a ring of 15 holes, 
each 1*25 cxn. in diameter, and spaced so that 
the distance from the centre of one hole to 
the centre of the next (measured along the 
circumference of the circle on which the 
centres of the holes lie), was 2*5 cm. The blast 
of air was supplied from a gas-compressor, the Fiq. 2. 

delivery pipe at the siren having the same 

diameter as the holes in the disc. It has been shown by Milne and Fowler* 
that when the holes are spaced in this manner (that is, when the distance 
from centre to centre is twice the diameter of a hole), the purity of the note 
given by the Seebeck siren is comparable with that of the “ pure tone siren ” 
designed by these authors. Some preliminary experiments showed that the 
theoretical conclusions are well borne out in practice, there being but little 
difference in quality between the tone of the Seebeck siren described above, 
and that of a 12-hole “ pure tone siren ” constructed as shown in Milne and 
Fowler’s fig. 5. 

The speed of the motor, which could be regulated over a wide range by 
means of rheostats, was recorded by an Elliott speed-counter connected with 
the motor by flexible shafting. 

§ 4. Qra/phical Solution, Comparison of Calculated and Observed Frequencies, 
—In order to calculate the resonant frequencies of the double resonator, it is 
necessary to know the values of m, n 3 , a and e. To find a pair of 
* ‘Roy. Soc. Proc./ A, vol. 98, pp. 414-427 (1921), 
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stethoaoopes were connected by rubber tubing to the nipple N (fig. 2), and 
the speed of the siren necessary , to give maximum resonance was determined- 
by listening. 

It was found that n\ was 78 vibrations per second at 19° C. From this the 
curve corresponding to equation (14), viz., 

y as tan (wn/2«i) 

can be plotted, as in fig. 3. 

The frequency n.t of the Helmholtz resonator could be raised or lowered by 



moving the wooden piston W (fig. 2). In a preliminary experiment the 
frequency of the resonator corresponding to various positions of W was 
determined, and a scale of frequencies marked on it. The range of the scale 
was from 63 to 87 vibrations per second. 

During this preliminary experiment the Helmholtz resonator was removed 
from the pipe and a brass flange similar to the plate B (fig. 2) screwed on to 
the neck, so that the conductance had the same value as when the resonator 
was in position. 




399 


Hot - Wire Microphones . 

Since the pipe was 15*2 cm. in diameter, we have 

er as 182 cms a . 

To find c the microphone holder (with the flanged neck) was fitted to a 
container of known volume and the pitch determined experimentally. The 
value of c was then calculated from the formula (2) of § 2. The value found 
was 0*117 cm. From these values of a and c f we get 

2tr<rfac = 0*286, 

where a is the velocity of sound in air at 19° C. (the temperature at which 
the experiments were performed). So that (16) becomes 

y= -0-286. (l-2j). 

For comparison with the experimental results, the values 70, 78 and 87, 
were given to and the corresponding curves plotted as in fig. 3. The 
resonance frequencies of the double resonator are easily read off from the 
figure. 

The experimental resonance curves (fig. 4) were obtained in the manner 
already described. Readings of the galvanometer deflection and the speed of 
the siren motor were taken as nearly as possible simultaneously. In fig. 4 
the deflections are plotted against the siren note for six different values of w a . 
When the maximum deflection occurred between two readings of the speed 
counter, it is indicated by a short horizontal line in the figure. 

A comparison of figs. 3 and 4 shows that there is very good agreement 



VOL Cl.—A. 
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between the observed and calculated resonance frequencies. Some values of 
Ni and N* taken from jig. 3 with the corresponding values as found by 
experiment, are given in the following Table:— 


Table I. 


«** 

CatauUtod. 

Obterted. 

N>. 

N. 

i 

N,. 

70 

m 

64 

86 

65 

78 

87 * 

89 

88 

69 

87 

- 

73 

93 

78 


§ 5. The Tuning, of ike Component Resonators .—The double resonator shows 
the usual characteristics of a coupled system, the components of which have 
the frequencies »i and n a . Thus, if the pitch of the pipe is kept constant 
while the pitch of the Helmholtz resonator is slowly raised (by reducing the 
volume Q) from some value well below n i, then, whatever the value of »», the 
two resonant tones are suoh that the lower one (N») is always below both «i 
and n a , while the upper one (Ni) is always above them. There is one value 
of n% whioh make the difference Nj — N a a minimum. Let 2v<r(ac be fixed, bo 
’ that the question is solely one of tuning the component resonators. If Ni and 
Nj were determined by the intersection of a straight line such as 

y m constant x («—»*) 

with a tangent curve, the difference between Ni and N» would be a minimum 
when «j = ni. Now, in the region with which we are concerned, the curve 
corresponding to equation (16) does not depart very greatly from a straight 
line. In fact (16) may be written 

(1C 71 

= —(»-»») ( 16 ) 

ac 

approximately, so that the condition for Ni and Nj to be nearest together is 
na be ni. This conclusion is confirmed by the result of the experiment already 
described. It was found that the minimum difference between Ni and Ni 
was 18} vibrations per second and occurred when n a was between 77 and 78. 
The minimum interval Ni/N #1 however, ooourred when wj was above 78. 

It may aUo be noted that the tilt of the curve (16) is given by the factor 
4 va/ac, and for a given value of n* it is this factor that determines the 
coupling of the system and the relative positions of Nj and N». If it is large 
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Nj and N* are close together, while i! it is small they are for apart. To 
illustrate this point, the results of a second experiment may be quoted, in 
which the pipe resonator had an internal diameter of 23 cm. and the conduct¬ 
ance of the neck joining the two resonators was 0*153 cm. This gave, at the 
temperature of the experiment 

2t rcr/ac z s 0*491 

instead of 0*286 as in the first experiment. The length of the pipe resonator 
was 100*3 cm., and it responded to a note of 79 vibrations per second. The 
effect of the increased ratio <r/c on the curve corresponding to (15) is shown 
by the broken line in fig. 3 which is worked out for the case when = 80. 
The intersection with the tangent curve gives 

Ni a= 86* vibrations per second. 

»• « 72 

while the observed values were 

N z = 86$ vibrations per second. 

Na« 73* 

The calculated values should be rather low since the tangent ourve is 
plotted for n x se 78 instead of 79, so that the close agreement between 
observed and calculated values is to some extent fortuitous. 

Further observations showed that the minimum difference Ni—N 3 was 
13 vibrations per second and the minimum interval Nx/N 3 was 1*18. Both 
these minima occurred when n 3 was between 77 and 80, but their positions 
were not determined more exactly than this. 

§ 6. The Form of the Resonance Curves. —Fig. 4 shows how the form of the 
resonance ourves varies with the tuning of the component resonators. Let 
Di and D a represent the deflection of the galvanometer (approximately 
proportional to the energy of the vibration) when n =» Nx, n as Na 
respectively. Both Dx and Da varied in a well defined manner when (m being 
constant) the pitch of the inner resonator is changed by altering its 
volume. When n* was either far above or far below n% t D* and Da were 
relatively small, but passed through maximum values when %% was near to «i. 
The growth of D x is clearly shown, a maximum occurring when = 87 The 
readings, however, do not extend far enough to show the passage of Da 
through a maximum, but it occurred approximately when n* was 87. It was 
also found that Dx and Da were equal when n* was about 77, and that, as far 
as the experiment showed, Di was always greater or less than Dj according as 
na was less than or greater than 77. 

In the second experiment, in which a pipe 23 cm, in diameter was used 

2 D 2 
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(ni sr 79, 2ir<r/a^ « 0*491), the resonance curves had the same general 
character. The maximum value of Di occurred when %% was 73, and of D» 
when n% = 89, while Di and D* were equal when %% was 79. 

The application of the foregoing results to the construction of a doubly- 
resonated microphone which will respond to a given range of frequencies 
presents no difficulty. The response will necessarily be unequal since—unless 
the damping is very large—the resonance curve will always show two 
maxima. In order to reduce the inequality to a minimum, the component 
resonators should be tuned so that Di « D* The minimum deflection occur¬ 
ring between n sc and naNs then depends only on the damping and on 
the ratio <rjc. For example, a microphone was constructed to respond to 
notes between 67 and 84 vibrations per second. The outer resonator was 
23 cm. in diameter and responded to a note of 74 vibrations per second. The 
conductance of the neck joining the two resonators was 0*13 cm., so that 
2mrjac was 0*69. When the inner resonator was tuned to 73 vibrations per 
second, the resonance curve showed two equal maxima at 70 and 82, while at 
no point between 67 and 84 was the deflection less than 40 per cent, of the 
maximum value. 

§ 7. Theory of the Helmholtz Double Resonator .—This type of double 
resonator is shown diagrammatically in fig. 6. It consists of a Helmholtz 
* resonator (ci, Qi) to which is attached a second 

Helmholtz resonator (c a , Q*) so that Qi and Q a 
communicate through while Qi communicates 
with the outeide air through ci. The whole 
resonator is supposed to be small compared with 
the wave-lengths of the notes to which it 
resounds. When a double resonator is used to 
obtain increased sensitivity to a particular tone, 
the Helmholtz double resonator is generally preferable to one of the Boys 
pattern. 

The theory of such resonators has been given by Rayleigh,* who obtained, 
by Lagrange's method, an expression from which the natural pitches can be 
calculated if c h c$, Q*, and Q*are known.f Alternatively, the some* result may 
be obtained as follows:— 

Let <f>, fa, and fa represent the velocity-potentials outside the resonator, 
inside Q* and inside Q? respectively. Then, if qi denotes the transfer of fluid 

* ‘Theory of Sound/ vol. 2, p. 190; 'Phil. Trans./ A, vol. 161, pp. 77-118(1870); 
‘Phil. Mag./ voL 36, pp. 231-234 (1918); ‘Scientific Papers,’ vol. 1, Art. 5, and vol 6, 
Art. 432. 

t More exactly, it is only necessary to know the ratios 0 ,/Qj, Cj/Q* and «,/c s or QJQ»- 
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through ci into Qi, and qa denotes the transfer through from Qi to Qj, we 
have 

-^i), ^7 = c 3 (ijri—yff»), 


dt 


^ = * a = a»f 


(17) 

(18) 


where a is the velocity of sound in the gas in the apertures c x and c* The 
equations of motion, obtained by elimination of y/n and from (17) and 
(18) are 

-si 

(i9> 


*+*■<&-*&-° j 


To find the natural tones (without allowance for dissipation) let d^fdtss: 0, 
and assume that $ x and <i% both vary as € imt , We thus obtain 


■‘-«v l^ps+g-)+a* 


ClCj 


QiQa 


0, 


( 20 ) 


Qi Qa 1 

whioh is the equation given by Rayleigh* 

This result may be shown in a more convenient form. 

Let c a = fxcx, a> = 2tto, «,* = a*Ci/ 4w*Qi, and = a%/ 4w*Q a . 

Then (20) may be written 

» 4 —»* {(/i + l)»i*+» a *}+»i*n a * = 0. (21)t 

It is also convenient to write « M a = n a *+ fxn^, and it is easily seen that 
is the natural frequency of j a when ei = 0; that is, when all communication 
with the outer air is suppressed. If Nj* and N a 3 are the roots of (21) 
regarded as a quadratic in »*, we have 


N a *J 


i (wi*+»M*)±i {(»i*+V)*-Wna 8 }». 


( 22 ) 


Equation (22) allows us to oaloulate the frequencies of the resonant tones 
for given values of (i, m, and n%. There is, however, a graphical method of 
finding Ni and N a whioh is worth attention on aocount of the analogy with 
the case of the Boys resonator. Equation (21) may be written 

( 2 ») 


n _ ci A, 

1—(n*/ni s ) cj \ »*/ 


A comparison with equation (13) of § 2 shows that both (13) and (23) have 
the form 

/ ( n, n x ) m — Kn (1 ~(n* a /n*)). 

* ‘Theory of Sound,’ vol. 2, p. 191 (Equation (12)). 
t Rayleigh, * ScL Papers/ vol, 6, p. 550. 
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For the Boys resonator, 

f(n t 7i{) as tan (7m/2%)n 
K * 2 t nr/ac y 

While (23) shows that for the double Helmholtz resonator 

n 

(n‘ J /?ii a ) 


f(n } m) = J- 

K ass dj Ca 


(24) 


(25) 


In both cases the value of y changes from positive to negative infinity as 
n passes through the value When n\ and n% are given, the coupling and 
relative position of the resonant tones is determined by the parameter K. If 
K is large, Ni and will be close together, whereas if it is small they will 
be far apart. 

The actual values of Nj and U# in the Helmholtz double resonator can be 
determined graphically by finding the intersections of the curves 

n 


and 


1 — (n 9 fni*) 

A. (i—(«,*/«•*)). 


(26) 

(27) 


It may be observed that the equations of motion (10) are of the usual 
type for undamped force-ooupled systems with two degrees of freedom. 
They may be written* 

+ to+ yitoi'qt - 


+ <o»qi + 7*°vfy *= 0 


(28) 


where 71 *— 1 , 7 * = — /a»i a /®V i = 

The coefficient of coupling is y/( 717 *) or (»»*/»„) y/V The analogous electrioal 
circuit consists of two inductances (Li and L») and two capacities (Ci and 0*) 

L, L, 



coupled, as shown in fig. 6. In this analogy the electrical inductances cone* 
spend to the reciprocals of the hydrodynajnical “conductances” in the 
* Of. M. Wien,' Annalen der Phy.ik,' toI. 81, p. 185 (1897). 
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acoustical circuit, while the electrioal capacities correspond to the volumes of 
the acoustical resonators.* The coefficient of coupling in the electrical 
circuit is ^{(^/(Ci-fCs)}, whence, by analogy, the corresponding quantity in 
the acoustical circuit is v/tQ^AQi + Qa)} or vV 

§ 8. Graphical Solution. Comparison with Experiments .—The following 
experiment illustrates the formulae of the preceding section. The general 
procedure was the same os that given in § 3. The outer resonator (c u Qi) 
was made from a pipe 23 cm. in diameter (internal),! at one end of which 
was fixed a disc of wood, 2*5 cm. thick, and with a circular hole, 6*4 cm. in 
diameter, cut from the centre. A “ plunger,” similar to that shown in fig. 2 
and carrying a Helmholtz resonator (c a , Q s ), whose volume could be varied at 



* If the neck c t (fig. 6), instead of communicating with the outside air, is made to lead 
into a third enclosed volume, we obtain a coupled acoustical system which has been 
investigated by Hahnemann and Hecht, * Physikalische Zeitschrift/ vol. 22, p. 367 
(1921). An electrical analogue is described which is of a similar kind to that given 
above for the Helmholtz double resonator. 

+ A rectangular wooden box serves equally well. 
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will, was placed in the pipe at a distance of 49‘5 em. from the wooden disc. 
The microphone grid and its holder were of the same pattern as in the first 
experiment, and the pitoh of the outer resonator was found to be 78 vibra¬ 
tions per second at 19° C. The curve corresponding to (26), with «i = 78, is 
plotted in fig. 7. 

The conductances of the two orifices were— 

C! = 4 42 cms., c s = 0117 om., 

so that cj/cj =* 37 *8. 

The curves corresponding to (27) were worked out in three cases and are 
shown in fig. 7. 

The experimentally obtained resonance curves are reproduced in fig. 8. In 
order to show the growth of the maxima at the resonance frequencies, the 



Vibrations per second 
Fio. 8. 

curves are given for six values of n», ranging from 60 to 91J. Some observed 
values of Ni and Nj, corresponding to values taken from fig. 7, are shown in 
the following Table. 

Table II. 



Calculated. 

Observed. 

N,. 

n 5 . 

N, 

Nj. 

66 

81 

68* • 

80* 

63* 

79 

86 

72 

84 

72 

Mi 

93 

76 

93 

74 


§ 9. Conditions for the Difference (or Interval) between the Resonant Tones to 
be a Minimum .—The general behaviour of the Helmholtz double resonator 
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when the tuning of the components is altered, is similar to that of the Boys 
resonator described in § 5. The question, however, as to how the component 
resonators should be tuned in order to make either Ni — N s or Ni/Ns a 
minimum, oan be answered more definitely than in the case of the last-named 
resonator. Thus the condition for Ni — N» to be a minimum when ,n% is 
oonstant and %\ is varied, or vice versa, oan be found from 

(d/dni, 3/&»s)(Ni—Ns) = 0. 

On substituting the appropriate values of Ni and N 3 from (22) it is found: 
(i) that when is oonstant (N t — Ns) is a minimum when « 3 = n ; ; and (ii) 
that when n% is constant (Ni — Ns) is a minimum when n, = w 3 /(l + /*). 

By putting « 3 = n\ in (22) it is found that the values of Nj and Ns when 
(Nj — Ns) is a minimum, n\ being constant, are 

Ns = ^2 ^ i: \/(t* [m + 4]) }*. (29) 

The values of Ni and Ns in the corresponding oase when n 3 is constant and 
Wi is varied, can be obtained from (29) by writing n$/x/(l+fi) in place 
of Wi. 

These results can be confirmed by reference to the experiment already 
described. In this experiment 

ni m constant = 78, 
fj. = 1/37-8 = 0-0265. 

According to the above, (Ni — Ns) should therefore be a minimum when 
«a is 78, and the value of this minimum should be 84 - 6 — 71-9 = 12-7. The 
values found in the experiment were 78-5 and 12. 

If fi is given, the interval Ni/N 3 is a function of the interval »i/«* only. 
Let p = ot/»i. Then for Ni/Ns to be a minimum we must havo 

(d/dp) (Ni/Na) = 0, 

from which, by means of (22), it is found that the required condition is 

P SB «*/»! = (1 +/*). (30) 

From (80) and (22) it appears that the minimum value of Ni/Na is 



If ni m 78 and y. = 0-0265, as in the experiment described above, it is found 
from (30) and (31) that 

«» ss 79, [Ni—N,] = 1-18. 

The values found by experiment were 79 and 1-17. 

$ 10. Form of the Resonance Curvet and Sensitivity,—The form of the resonance 
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curves depends on the coupling (measured by ( nifn m )\/m ), and damping of the 
component resonators. In the case of the singly resonated microphone, the 
dissipation of energy can be represented in the equation of motion by a term 
proportional to the instantaneous current of air in the neck of the resonator. 0 
Similarly, the dissipation of energy in the double resonator can be represented 
by terms proportional to the currents in the apertures ci and c 2 . When these 
terms are introduced, the equations of motion become 


dt J Ut p 

lW +2ha -c = 0 


(32) 


where F is the pressure amplitude due to the source (supposing the mouth 
of the resonator to be closed), p is the density of the air, and A, and A* are 
due to the operation of viscous forces in the apertures C\ and r a , and to the 
escape of acoustical energy into the surrounding air. The proportions in 
which these causes contribute to A, and A* depend on the exact size and shape 
of the apertures concerned, but whatever they may be, A, and A a will be 
functions of the frequency of the vibrations. 

The equations (32) have the usual well-known solutions^ - In the present 
case we are concerned only with the energy of the forced vibration in the 


second aperture, which is proportional to 


dga 

dt 


and it is easily shown 


from (32) that 


d<li ! a _ _ wVh 4 yP/p 

dt j [{(wi*— w*)(® M a — — 4AiAa® a } a 

+ 4* a {A, (« M a - ® a ) + A,(wi 8 -®*)} a ] 


(33) 


Approximate numerical values for A, and A, can be found by assuming that 
they are constant for the range of frequencies contained in the resonance 
curve. Thus A, can be found by plotting the resonance curve of the inner 
resonator by itself, and when A, is known, an approximate value for h% oan 
be obtained from (38), by finding what value will produce the best agreement 
between the observed and calculated resonance curves. For example, in the 
experiment described in §8, it was found in this way that approximate values 
were Ai a* 4 and A, = 20. 

It has previously been pointed out,} that in narrow apertures (such as c, in 
the foregoing experiment) the dissipation due to the diffusion of aooustical 
energy into the surrounding air contributes only a negligibly small amount 

* Tucker and Faria, loc. oit., pp, 398-389. 

+ See M. Wien, loc. ci#.» p. 181. 

} Tucker and Paria, loc. cit., p. 899. 
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to the damping factor. The ease of a wide aperture, such as ci, however, is 
somewhat different. This aperture had a diameter of 6*4 cm., and a 
conductance of 4’4 cm. The damping factor, if viscosity were left out of 
account, would be (supposing the opening to be flanged), or 23 if 

o)/2tt sb 75 vibrations per second. Thus the escape of energy from the 
resonator accounts for more than half of the experimentally determined 
value of hi. 

By making use of these approximate values of Aj and h 9 , it can be shown 
from (33) that a doubly-resonated microphone of the type described may be 
more than one hundred times as sensitive (to one of its resonant tones) as a 
suitably tuned singly-resonated microphone with an aperture similar to that 
of the inner resonator. This remarkable increase in sensitivity is in accordance 
with experience. 

It was pointed out by Rayleigh* that, for great sensitivity, the inner 
resonator must be small compared with the outer one. In Rayleigh’s 
investigation (which takes no account of dissipation) it is shown that if n\ 
and n a are equal, and if Q a is small compared with Qi, then the ratio of the 
maximum velocity in the second aperture to that in the first is given by 

Vs/V! = (Qi/Q*)**. (34) 

According to this result, V a could be made to exceed Vi to any extent 
simply by making Q» small enough. It is more satisfactory, however, to 
make use of (33), by means of which the values of V a can be compared under 
different circumstances without reference to Vj. Moreover, it is found in 
practice that the effect of dissipation is by no means negligible, for when Q a 
is diminished it is necessary also to reduce c$ (the conductance of the second 
aperture) in order that the ratio c%\ Qs, and hence « a , may be maintained at 
its former value. This can be done either by increasing the length of the 
opening or by reducing its cross-sectional area. In either case, the damping 
factor ht will be increased, and this, as shown by (33), tends to neutralise the 
advantage gained by the reduction in Q a . The effect of viscosity becomes 
important when the second aperture is made very small, and for thw reason 
there is probably no advantage in making the cross-section (supposed circular) 
much less than 3 or 4 mm. in diameter. 

In hot-wire microphones, the extent to which the cross-section of the 
second aperture oan be advantageously reduoed is limited by the size of the 
grid. The smallest openings that have been used by the author were 3 mm. 
in diameter (internal) and between 2 and 3 mm. long. These were used in 
double resonators constructed to respond to notes of 250 vibrations per second 

* 'Phil. Msg.,’ vol. 86, pp. 831-834 (1918) j * Sci, Papers,’ vol. «, pp. 549-681. 
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and upwards. Besides being very sensitive, these microphones had the 
additional advantage that the hot-wire grid was well screened from draughts 
and wind. 

In the case of larger apertures, the increase in sensitivity obtained by a 
reduction of the cross-sectional area is very marked. Thus, in a certain 
experiment, the second aperture was merely the circular hole in the mioa 
plate whioh is used to carry the grid, while the “ grid " itself was a single 
strand of wire fastened across the opening. The inner and outer resonators 
were each tuned to 108 vibrations per second. In the first part of the 
experiment, the diameter of the aperture was 1 cm., and this was reduced in 
the second part to 0*5 cm. The effect of this reduction was to increase the 
response (measured in ohms change per centimetre of wire exposed) to five 
times its first value at the higher note, and three times at the lower note. 
Precautions were taken to ensure that the amplitude of the sound affecting 
the microphone was the same in each case, and that the enhanced effect was 
due to an increase in the acoustical, as distinct from the electrical sensitivity. 

§ 11. Summary .—The paper records the result of investigations into the 
properties of double resonators whioh can be used with hot-wire microphones 
in order to increase sensitivity, and also, if desired, to widen the range of 
response. Two types of resonator are dealt with, namely:— 

(i) The “ Boys double resonator,'” consisting of a “ stopped pipe '* in series 
with a Helmholtz resonator. The theory is given and experiments are 
described which illustrate the results obtained. 

(ii) The “ Helmholtz double resonator/' consisting of two Helmholtz 
resonators in series. Bayleigh's theory is extended and experiments are 
described, the results of which show a satisfactory agreement with the 
theoretical formulae. The form of the resonance curves is discussed, and the 
conditions affecting the sensitivity. 

§ 12. Conclusion ,—The greater part of the work described in this paper was 
done at the Signals Experimental Establishment, Woolwich, and is now 
published by permission of the War Office. 

The author is indebted to Major W. S. Tucker for rauoh useful advice and 
assistance. 
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The Thermal Stresses in Solid and in Hollow Circular Cylinder* 

concentrically Heated. 

By Charles H. Lees, D.Sc., ER.S. 

(Received May 2, 1922.) 

1. The large differences of temperature which exist between the inside and 
outside of the heating or firing tunnels used in pottery and other works, and 
between the inner and outer portions of the concrete or masonry pillars 
supporting the floors of a building in which a fire occurs, make the thermaL 
stresses approach the breaking strength of the materials and they are crushed 
or torn asunder. The same may be said to a less degree of chimney stacks, 
and of the walls of the cylinders of internal combustion engines. 

In oi'der to prevent this, it is necessary to design the structure so as to 
withstand the stresses which will be produced by the differences of tempera¬ 
ture to which they will be subjected. The calculation of these stresses has 
only been carried out for a hollow cylinder of constant elasticity and heat 
conductivity, with the temperature throughout it following the steady 
logarithmic law and the material expanding according to the linear law.* 

It is proposed to treat the problem in a more general way in the present 
communication, and to show that for any temperature distribution, with any 
law of expansion, the stresses may be found by a simple graphical method 
so long as the variation of the elastic constants with temperature may be 
neglected. 

Determination of the Stresses, 

2. Let a hollow circular cylinder, of internal radius r x and external radius r s , 

and considerable length, originally at constant temperature, and not subjected 

to any pressure, have its temperature raised so that 

the temperature of each point of a cylindrical 

surface of radius r within it is raised to 6, where 0 

is a function of r. Let the cylinder then be subjected 

to a uniform pressure, Hi, at its inner, a uniform' 

pressure, Ra, at its outer curved surface, and a 

uniform pressure, X, at each of its end surfaces. To 

find the mechanical and thermal stresses at each n an< * ; 

sectional areas, $ x and « 2 . 

point of the material of the cylinder. 

In the first instance we note that a uniform rise of temperature would 
produce a uniform expansion of the cylinder, and no stresses would result 
* See R. Lorenz, * Zeitsck Verein Deutsch. Ing.,* vol. 51, p. 743 (1907). 
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from such an expansion. We therefore divide the final temperature, 8 , into 
two parts: first, a uniform temperature, 9, to which the cylinder would have 
to be heated to give the same expansion of the whole shell as that produced 
by the actual temperature, 8 ; second, the excess, 6', of the actual tempera¬ 
ture over this uniform temperature. 

Thus 8 = 9+8'. 

Whatever the character of the law of expansion of the material of the 
shell with rise of temperature, we may write v 0 ss%(l4-«#) where v 0 is the 
volume of an element at 0° C. and v 0 at 0° C., and * 0 is the increase of volume 
of 1 c.c. when raised from 0° C. to 0° (1 Hence if a is the mean expansion for 
the whole shell and the excess at a point where the temperature is 0 over 
the mean expansion, we have * 0 » 8+* 0 \ 

Next we notice that, although the pressures on the end surfaces are 
uniform the pressures in plaues parallel to them cease to be uniform, owing 
to the variation of 0' with n In planes at distances from the end surfaces 
greater than the thickness of the cylinder these pressures become indepen¬ 
dent of the positions of the planes. 

In the middle length of the cylinder points initially in a plane perpen¬ 
dicular to the axis of the cylinder at x are still in a plane perpendicular 
to the axis and at x+x' after the expansion, and the initial distance, dx 
apart of two such planes becomes fdx)dx after expansion, and is 

independent of r. The same statement would hold for the whole length of 
the cylinder, provided the end surfaces were kept plane by pressures or 
tractions applied in a suitable way over them. 

Under these circumstances the only stresses acting on an elementary 
portion of the material bounded by two planes perpendicular to the axis at 
distance % and x + dx from some fixed plane, by two cylindrical surfaces of radii 
r and r + dr , and two planes through the axis making angles 0 and 
with some fixed axial plane, are the equal axial pressures, X, acting on the 
.surfaces perpendicular to the axis, the radial pressures, E and B-MR, on the 
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inner and outer cylindrical surfaces respectively, and the equal tangential 
pressures, T, acting on the axial surfaces at right angles to those surfaces 
(fig. 2). If the displacement outwards of a point originally r from the axis 
is r\ the stress-strain equations for the elementary portion of the material are 

^_R + ff(T + X)}==^-W, (2-1) 

} |_T +ff(R + X)} = £-*«/, (2.2) 

l j-X+«r(R+T)} (2.3) 


where e is Youngs modulus, cr Poisson’s ratio for the material, and dx f jdx i8 
independent of r and x and may be written a T . 

The stress equilibrium equation is 

T = R + A (2.4) 


Multiplying (2.3) through by <r and adding to (2.2) we get 

~ ^-T + crH + <r 3 (R + T)j- * £ +<ra x -l^ . a,'. 
Subtracting (2.2) from (2.1) we get 

!±£(T-R) = 

e dr r 

Substituting for T—R from (2.4) this gives 

1 + g d\{ _ ,Y\ 

e dr dr\rj 

and - ~*"£ R ■* -—(-a constant. 

e r 


(2.5) 


( 2 . 6 ) 


Differentiating (2.5) with respect to r, assuming that the variations of 
e and o- with the radius are negligible and suhtraoting the result from (2.6) 
we get 

t dr A dr 

Integrating this gives us 

T + R»i+A', (2.7) 

3 1—<r 

where A' is a constant of integration. 

Substituting for T from (2.4) we get 

2R + rS»i r l-V + A / . 

dr 3 1— <r 



414 Dr. C. H. Lees. The Thermal Stresses in Solid and in 


Multiplying through by r and integrating we have 

r*R = B'+A' ^+g ~; J «/ . rdr. 

The form of this equation suggests the expression of the stresses in terms 
of s the area of the circle of radius r instead of r. The equation beoomes 

Rs = As + B + g jV . da, (2.8) 

where A s= and B = 7 rB'. 


Hence and Ha, the pressures on the inside and outside surfaces 
respectively, satisfy the equations 


KiSj — As* + B -f* g | ds f 


B 3 S 3 — A 53 + B + ~ ^^ j* a q 


ds. 


Hence 


Rs- 


ds 


1 € f* 

s—Ki.s*i ss A ( 5 —^i)*f g Y—a * J a<,/ 

and Bj t sj *= A ($ 2 — «i) since f \ e ' ds = 0. 

On elimination of A these give 

_ RgSg—RiSi ^ (Bi — Bg) 8i#2 1 1 t E' 

~~ s 9 —si s*—si s 6 1-<r s' 


(2.9) 


where 


E' = P a,' . ds m r («,-*) ds = E*~S(s-«i) = E.—E* ^1, 
J#, J«) *9 — *1 


Es being the value of E* at the outer surface. 

Or if u be written for 1 j& throughout the coefficients 

R ss Bi^a ^ Bi Bg 1 1 g E' 

ux~u$ u\—u* e 6 1—ct s' 

.rp 

Equation (2.4) becomes T =a B + 2s^- hence 

j _ Rg»i—Ri^s Ri—Ra 1^1 g In* R'\ 

U 1 —U 2 ili — nu! 6 1 —<r\ s/ 

On substituting for R and T in equation (2.3) we get 

X = -eo, + 2<r + 1 -±~ 2V. 

«i—«* o 1 —«r 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 
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On substituting for R, T, and X in equation (2.2) we get 

t m J . a L m l±Z | -(1-2*) + . I 1 -*«,+! 

r 2 8 € L 8J ol-<r $ 

(2.13) 

The fractional increase of length a x in the axial direction and the part Xi 
of X which is independent of r and x may be given any arbitrary values so 

long as their sum X 3 -f ea x is kept equal to 2<r 

U\ — w a 

Thus if the increase of length a x is taken zero Xj = 2a li3 i while if 

Xi is taken zero a x = 2<r . 

U\ — «a 

Whatever value is assigned to a x it only affects the expressions for the 
mechanical portions of the stresses and displacements, the terms for the 
thermal stresses and displacements are unaffected. They depend on E' and 
dFJjds as a/ only. 

The mean pressure ^(R-f-T + X) at the point r is given by* 

5 < K+T+X > -1 ' + “>^fp-3“- + 6- 


the shear stress in the plane T, X is given by 

1 /v rp\_ 1—2* , 1 Ej—Ra 1 € ^ . 1 e 

3 6 Ui—ui 3 u\~~u*j s 6 6 1 — a 


and in the plane R, T by 

1 <x> _*r\ _ 2 Ri —Ra 1 1 « 

3^ X) ~ 3 w,-ua * * 6 1-* 
and in the plane R, X by 

1 ^_y\ 1 — 2* RjWi*—Rjttjj ( 1 Ri — R^ 

3 (R-X) = -g- 1 — + 3 —- ■ 


2 / 2 E' \ 
~3 ** + 3 s /’ 


«* 

$ o 


1 E' 

3 «’ 

(2.15) 

(2.16) 


_i_ ^ /IE 2 A /a i h\ 

+ 6 1=7(5““*} (217) 


The terms involving the internal and external pressures are identical with 
those given by Lam4 in his Lemons and quoted by Love.* 

If the cylinder is solid, the constant of integration B in equation (2.8) 
becomes sero. On making this change in the calculations giving the stresses 

it is found that the term in the expression for each stress reduces 

«l —Wj 

to R**—the pressure on the outside surface—the term involving R t -Rj 


* Love, * Theory of Elasticity2nd edit., p. Ml (1906). 

2 X 


VOL. 01.—A. 
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disappears, that involving a t remains, while the terms giving the thermal part 

f * 

x$ . ds and — at 
o * 


s as 0 becomes 


dW 
ds /o 


that is %b at the centre, ao that the thermal radial 


pressure does not become zero at the centre, but the shear stress in the R, T 
plane does. 


Graphical Constructions for the Stresses and Displacements . 

3. The foregoing expressions for the stresses and displacements lead to the 
following methods of representing and determining both graphically. 


A. The Stresses Due to the Pressures on the Inner and* Outer Surfaces. 

Set off along the axis of abscissae, fig 3, the reciprocals OUj se ui and OH* = u% 
of the areas and s a of the circles bounding the normal section of the 
cylinder. At U a erect the ordinate UjJta, equal on some convenient scale to 
the pressure R 3 bn the outside surface. Join the end R* of this ordinate to 
the point Ui, and produce to cut the axis of pressure in S®. Through So 
draw a straight line parallel to the axis of abscissae, and let it cut the ordinates 
through U a and Ui in S* and Si. Set off above Si a length SiR lt equal to Ri 
the pressure on the inner surface, join the end of this ordinate to S 3 , and 
produce to cut the axis of pressure in So'. 

Then OS is R s . . - l S 0 S 0 ' u Ri . —, hence OS 0 ' = that 

til — ^2 % — 'W* 

is the constant term in the expressions for the stresses. 

It - Rn 

To get the term involving ~~~~~ u > erect at Ui, fig. 4, the ordinate 

UiA — Ri — Rj, join the end of it to the point U a and draw through O a 
straight line OB parallel to this join. The ordinate US at any point U ia 
then = 2l=5s . u. 

«1—W3 




Fig. 4. 


Fig. 8.-0113 ™ OU, u Xy OS 0 ' the mean pressure (tension) determined by 
U 2 R» UjRgSo, BAS!, and ^ 838 ®. 

Fio. 4.—The variable stress ITS determined from V x X R, - R* U S A and OSB. 
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The mechanical stresses are then given as follows : 

K = OSo' + US, (3.1) 

T = OSo'—US, (3.2) 

X = -w x + 2<r. OS 0 ', (3.3) 

- = 1 + ff {—(1 — 2<r) OSo' + US} — ira„ (3.4) 

r € 

the mean pressure 

l (E + T + X) = | (1 + <r) OS 0 '-1 a x , (3.5) 

the shear stresses 

\ (X—T) = -~Z- OSo' + \ US - 5 a x , (3.6) 

| (R—T) = ~ US, (3.7) 

and l (R—X) = - OS«' US + 1 a* (3.8) 

o o o 6 


B. Stresses Due to the Excess of the Dilatation at a Point over the Mean 

Dilatation . 

Set off as absciss® OAi 0A a the areas si and s 3 of the inner and outer 
boundaries of the section of the cylinder. As ordinates take the temperature 6 
of each narrow ring of internal area s, and draw the curve of temperature 
distribution throughout the section, fig. 5. 

For each temperature estimate from tables of dilatation of the material, the 
dilatation a * of 1 c.c. of each part of the section, and with * 9 as ordinates, draw 
the curve of dilatation per cubic centimetre D to correspond to the 
temperature curve. 


3 > 



Fig. 6 . Fig. 6 . Fig. 7. 

Fig. 5. —OAi 4 , OA # ** 6 the curve of temperature, and a, that of dilatation. 

Fig. 8 . —The expansion curve E, OAj -» *i, OA s 

Fig. 7.™~A 1 E / A #i the excess expansion curve ; OC parallel to the tangent at P ; 
ADC a convenient ordinate. 


2 e 2 
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Find the total expansion E of the shells within the radius r, if they had 
expanded independently of each other, that is, find the area enclosed between 
the axis of area, the curve D, the ordinate through Ai and that through s for 
different values of s up to s 3 , and plot the values obtained as ordinates against 
the areas as absciss®. Join the end of the curve at Ej with its starting point 
at Ai, fig. 6. 

The excess of the ordinate of the curve at any point over the ordinate of 
the join is the ordinate of the excess expansion curve E' required, fig. 7, the 
scale of ordinates being for convenience increased. 

' Join P a point on the curve to the origin 0. Through 0 draw OB parallel 
to the tangent to the E' curve at P and at A, corresponding to area s, a 
convenient multiple of 10, erect a perpendicular to the area axis cutting OB 
in C and OP in D t . 

Then the thermal stresses are given as follows: 


R *Brb AD/0A * 

(3.1') 

T»g (2AO—AI))/OA, 

(3.2') 

y 1 C n AC 

x = 6iT^ 2 or 

(3.3') 

f __ 1 1 -f cr AD 
r 6 1 —cr 0 A’ 

(3.4') 

the;mean pressure 


|(R+T + X)-J I ±j.j.gg. 

(3.5') 

the shear stresses 


1 /y w\ 1 * 1 AD 1 /p fj.\ 1 * 

5 <x - T) “6W-5oa' 5 (R_i) -5i— 

2 AD -AC 
*3 OA ’ 


(3.6' & T) 

, 1 v 1 e 1 AD—2 AC 

and _ (R _ X) = ._.. ^ . 

(3*8') 


It will be noted that for the thermal stresses R + T m X at any point, and 
.since at the surfaces RsO.TeX&t them both. 


Numerical Evaluation or Stresses in Practical Cases. 

4 . In applying the foregoing theory to praotioal problems it seems desirable 
to select in the first instance oases of a comparatively simple type in which 
the stresses due to mechanical causes are small. Two such cases are (1) that 
•of a long pottery kiln, a seotiou of which is kept at the firing temperature 
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either permanently or alternately with its neighbours, and (2) that of a 
circular pillar of concrete or of masonry supporting the ceiling of a warehouse 
in which a fire occurs. 


Case (1) a long Pottery Kiln or Fumme. 

5. The distribution of temperature throughout a cylinder concentrically 
heated and of length sufficient to make the effect of the ends negligible is 
determined by the equation 


de 

cp di 



(5.1) 


If, in the first instance, we take the density p } the specific heat c and the 
heat conductivity k as constant, and the temperature distribution throughout 
the wall of the furnace as steady, 0 \ being the temperature of the inner 
surface at r h that of the outer surface at n t we have 

6 — 9* _ log rg—log r _ log fr—log s 
# 1—02 logr 3 —logn log s>j —log #i* 

For simplicity we tnay take the dilatation a* proportional to the rise of 
temperature, that is a B = <z0. The expansion E of the rings between 
8 i and s, if each expands independently of its neighbours, is given by 

E = | a ( 6 — 62 ) d$, and may be found either by graphic integration of the 

curve of temperature or directly from the equation 


E sas oc(0i —#a) --- {S (log - log s )—$1 (log 8 * - log Si) + s—}, (5.3) 

log ^2 —log 


and plotted as in fig. 8, where the temperature and the coefficient of a( 0 \~9*) 
in E are shown for a cylinder when $\ — 0*75*a. In that oase the temperature 
curve is nearly linear. 

The total expansion of the area of section of the kiln wall is given by the 
ordinate at A* of the E curve, fig. 8, and has the value 


Ea as 


% ( 01 — 02 ) 
log s */*1 




The excess expansion E' » E—E* -—— is represented by the excess of the 

82 — 8 \ 


ordinate of the E curve over that of the join of the two ends of that curve in 
fig, 8 and is given by 




log 8 *- logs 
log 53 -log si 


h 


±Zl\ 

8%-Si) 


(5.4) 
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The excess of the dilatation at any point over the mean dilatation for the 
whole wall is represented by the slope of the E' curve, and is given by 

off - ** = + 

as L log log^ # 2 —sj 

On drawing the lines OP, OB and the vertical ADC, corresponding to fig. 7, 



Fio. 8 . —Temperature, expansion and stress curves for a hollow cylinder heated within. 


or on substituting the values found above in the expressions for the thermal 
stresses and displacements, we get 

■ i=s •■ n ■- id -<*-*■> (S55S;-5^ }• w 

Thus the radial pressure is zero at the inner surfaoe, rises to a maximum 




155}. 
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at the section s = or s = s a and becomes zero at the 

*»—*1 (s»/*i)~l 

outer surface. If the outer temperature 0 S is higher than the inner 8\ these 
pressures become tensions. 

In the same way the circumferential pressure T is given by 


T 


1 e 2 AC—AD 
6 1—<r OA 


1 e 
6 l —a 


a ( 8\ — 8a) 




Thus the circumferential pressure is 


( 6 . 6 ) 




2 s* 


61 — (r" VVA V4/ \s a —log 8 3 —log Si ^ 
at the inner surface r Xt becomes zero slightly within the ring of sectional area 

(*i + »*)/2, and is—« — a (0i—^s) «T — --\, that is a tension 

6 1 — cr L *«—«i log« a —log«iJ 

at the outer surface r 3 * 

The longitudinal pressure X is given by 

x -1rb' 2 5I - s rb* (ft -« 2 <"> 

It changes from i a (0i— 6%) 2 / ——-:—?—T at the inner surface 

6 1 —<r 1*3—Si log s 3 fs J 

to zero at the surface — i ^ and Incomes 


9 3 e \s x 


a (ft-*,) 2 {=—L_-S-A 

Uog*iM *2—«iJ 




6 1 — <r 

at the outer surface. 

The thermal displacement other than that due to the mean rise of 
temperature is given by 

’•Vl* / -lI-f<rAD 
r 2 8 6 1— <r OA 

Thus the excess thermal displacement is zero at the two surfaces and has 

ita maxim™ xataa {log « «>. 

Mrfaoei 


*> «a/«i—1 

To this displacement must be added that due to the mean rise of 
temperature whioh is given by ^ * | * | a (0i—0$) 


* The vetoes of the tangential and axial etreeeee at the two earfaces are identical 
with those given by B. Lorenz, foe. oit. 
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If 

The coefficients of i —— , a (ft—ft) in the expressions for the stresses 

are shown in fig. 8 as functions of s for the case m 0*75If 
ft — ft = 1000° C., the coefficient of cubical expansion of the material 

a as 12x10“*, Foung's modulus e * 10 n and Poisson's ratio <r *= i, the 

o 

value of ^ — a (ft— ft) is 3 x 10 8 dynes per sq. cm. The tensile strength 

of fire brick is of the order 2xl0 7 dynes per square centimetre (300 lbs. 
per square inch). The tensions T and X in the outer portion of the wall 
are, therefore, capable of producing cracks in the material which will be 
radial, and, since at the outer surface T and X are equal, will extend in the 
longitudinal as often as in the transverse direction. 

6. If the temperature throughout the section is not steady but variable, the 
number of possible distributions is infinite, but of these cases two are worth 
investigating as of practical value (A) when the kiln or furnace initially at 
ft has its inner surface raised at a given instant to ft, and (B) when a kiln or 
furnace has been in operation with its inner surface at ft and its outer at ft 
for a considerable time, and at a given time has the temperature of its 
inner surface reduced to ft. 

A. The kiln is brought into service. 

For the first few minutes the only change of temperature is that close to 
the inner surface. The mean temperature is scarcely changed from ft. the 
E' curve has very small ordinates but 6* has approximately the value ft — ft 
close to the inner surface. 

Hence at this stage, close to the inner surface, K the radial pressure and 
r f jr the radial displacement are very small, but T the tangential and X the 
longitudinal pressures are both very nearly double what they finally become 
in the steady state, that is near the inner surface they both have initially 
the value 

11=5 <*■-*>• 

and decrease to half that value as the temperature distribution approaches 
that of the steady state. 

B. The kiln is put out of service. 

For the first few minutes the only change of temperature will be at the 
inner surface. The mean temperature of the section is soatoely changed and 
the S' curve has only a very small negative ordinate near its sero value at 
the inner surface. The approximate value of &' at the inner surface is 
changed from to 
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Thus R the radial pressure and r' jr the radial displacement are very small 
close to the inner surface; but T the tangential pressure and X the 

longitudinal pressure change from the approximate value (ft—ft) to. 

1 eu 

—£ --(ft — ft), that is from pressures to equal tensions. 

o 1 or 

We have seen that, for a furnace with a difference of temperature 
of 1000° C. l>etween inside and outside surfaces of the walls, composed 
of material v^ith a coefficient of cubical expansion u = 12 x 10“**, a 
Young's modulus e of 10 11 and a Poisson’s ratio <r of the value of 

1 €0t 

— --(ft —ft) is 1*5 x 10 8 dynes per square centimetre (2250 lb, per square 

12 1 — <7 

inch), while the tensile strength of the material of the walls is of the order oi 
2 x 10 7 dynes per square centimetre (300 lb. per square inch), and that of the 
mortar about one-fifth of this. The sudden cooling of the interior of a 
furnace such as that described above will therefore subject the interior of 
the wall to tensile stresses in both longitudinal and tangential directions- 
much above the tensile strength of the material, and radial cracks will be 
produced at the inner surface, which, since the stresses are equal in the two- 
directions, will run indiscriminately longitudinally and tangentially. 

Through the kindness of Sir Robert Hadfield, I have been able to inspect 
the walls of furnaces which have been in use for various periods at the 
Hecla Works, Sheffield, and I find that the above results are confirmed by 
experience. 

Case 2.—A Concrete or Masonry Pillar subjected to Fire. 

7. A circular pillar of radius a, initially at a uniform temperature 0°, has 
its outer surface suddenly raised to ft. 

Assuming that the physical constants of the material of the pillar may be 
taken as uniform throughout the material, the distribution of tempera¬ 
ture throughout the centre length of the pillar at any subsequent time will 
be given by the equation 

3ft 4 10/ 3ft\ 

Jt m 7pr^r VTr} 

The solution of which under the conditions laid down is 

e~e a -20, i *-**«*»■«. 

fi Pm <h (Pm) 

where J« (0) is the Bessel function of zero order, J, ($) that of the first 
order, and the £’s are the roots of the equation J 0 (/9).« 0. 

* Compare Byerley, * Fourier Series and Spherical Harmonics, 1 p, 38ft, 


(7.1> 

(7.2) 
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For a disc of the pillar initially 1 cm. thick cut perpendicular to the axis 
•we therefore have 

E - JW.» = W. 


Hence at r m a 


E. * 2ir*d a 


E' — E-Ea . - t m 4*r*0 a %e-V<*M»*. 


74 f 1 - J i^» r / g ) _J3«1 
&* l &,r/* * J, (i8,)i - 


Hence the stresses are given by the equations 
R as l _1_ . * ? . ... *. . ad c £t-*1‘< > W<Wt 

61-/? 3 1-<r a 


1 f 1 Ji (/3» r /«) $» 1 


T SB 1 i ( 2 _ass ------ada’S.e-Vof^o^ 

6 1 —<r\ 2mdr trr>! 3 1-«r ° 




X = i —!.... 2 ■■ . . = - -J— a 0„ £*-*/<*<(«-/<»*< 

61 -r lirrdr 3 1-<r 


' J# (a“ r )}’ (7,6) 

and the expansion by the equation 

the last term representing the expansion due to the mean rise of temperature. 

It will be noticed that T+R m X.that is, the stress in the axial direction at 
a point is equal to the sum of the radial and tangential stresses at the point. 

8. These expressions are convenient solutions of the problem when t, the 
time which has elapsed since the outer surface of the pillar was first heated, 
is sufficiently large to reduoe each series to its first term, but, in general, the 
series converge very slowly, and many terms must be taken before an 
accurate numerical result is obtained. 

As it is in the earlier stages of the heating, before the temperature near 
the middle of the pillar has commenced to rise, that the thermal stresses 
appear to produoe their greatest effect, it is desirable to attempt to represent 
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the temperature distribution for small values of t by a simpler expression, 
whioh will reproduoe the principal characteristics of the actual case. 

We have found 


Now 


Substituting we find 
E' = 4 wetiite-HKH** 

and ou substituting s/s a for r^/a? 

-*)l*a- A (0»/ W (»**-*) / *»- ■ 


( 8 . 1 ) 


E' = -a<9 0 *. 2«-*A* • «-/->** . 


The form of this expression suggests the assumption that at any time 

during the early stages of the heating process the value of E may be taken 
0 1 

as approximating to —-■ . s (- J where n has a value which decreases as t 


increases. Then 


E' 


a.8n 


n +1 


Hi)’} 


( 8 . 2 ) 


*'=;ri{ 1 -<” + 1 ) (i)’}’ 

and the values of the stresses and displacements are readily seen to be 


r 

r 


1 € txd a 

~6 l-<r ’ n + 1 

u-(- s n, 

(8.3) 

l W S 

1 e ad a 

6 l~cr * 1 

{l-(2»+ 1 >(£)’}. 

(8.4) 

« • a$a 

6 1— <r * w + 1 

{ 2 _ 2 (. + i)(i)’}, 

(8.5) 

1 8* 1 1+ff OL&a f"e 

5, ir-«.*iv" ( +l, WJ i.+i' 

(8.6) 


the last term giving r'/r for the mean rise of temperature 6. 

Thus the mean temperature 9 increases as n decreases. 

The radial stress B is zero at the surface, is a tension within, which 

1 € 

increases in value rapidly towards its maximum value—g at the 
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centre and has nearly that value for a considerable distance from thtf*centre 
if n is large. 

The tangential stress T has the value ^ --* —2w and is a pressure 

° 61—o n+1 

at the surface, decreases to zero at the section /- ) = - becomes a tension 

\sj 2it + l 

1 € 

and has the value — - --,- —V at the centre, attaining nearly that value 

61-o n+1 

at a considerable distance from the centre if n is large. 

1 e a0 

The axial stress X has the value ~ -, —^ . 2 n and is a pressure at the 

6 1-o ?t+l * 

surface, decreases to zero at the section (-£ Y* as ■ becomes a tension and 

'8 a / ^+1 

has the value — -—— . . 2 at the centre, attaining nearly that value 

6l-o n+1 , 

at a considerable distance from the centre if n is large. 

The displacement term r' jr has the value —— (~ + ~ ~~ ) at the surface 

and the displacement r decreases to zero at the centre. 

The curves of fig. 9 give the coefficients of i j—— . —^ in the expressions 

for the stresses for the case n = 8. The curve for the axial stress X shows 
also the distribution of temperature above and below the mean temperature,. 

and with the coefficient i that part of the expression for the 

6 1 —c n + 1 

displacement term r' jr which depends on the variation of the temperature 
from the mean temperature. 

During the early stages of the heating, the longitudinal tension X in the 
central portion of the section is double the radial tension R and the 
tangential tension T. If the pillar is not subject to other mechanical 
stresses, and the magnitude of these thermal stresses approaches the tensile 
strength of the material, cracks in planes perpendicular to the axis of the 
cylinder will be more frequent in the central portions than cracks in other 
directions. 

As, however, the tensile strength of most materials is less at high 
, than at low temperatures, it is possible that the radial tension, which 
persists, but with diminished magnitude in the outer and hotter layers near- 
the surface, where the tangential and longitudinal stresses have become 
pressures, may still be large enough in these layers to exceed the tensile 
strength of. the material. In any layers in whioh this is the case, oraclm will 
be formed, parallel to the outer surface of the cylinder. rr 
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The tangential tension T, like the radial tension E, is half the longitudinal 
tension X in the central portions of the section, but becomes zero, and then a 



Via. 9-—Temperature, expansion and stress curves for circular pillar, heated outside, 

in case n = 8. 

pressure in the outer portions, where K is still a tension. Hence the tendency 
for craoks parallel to the axis to form during the heating process is less than 
for craoks perpendicular to the axis in the central portions, and less than for 
craoks parallel to the outer surface in the outer portions. 

A Seated Solid Cylinder ha» its Surface Suddenly Cooled. 

9, In this case the stresses and displacements are identical in magnitudes 
•with those determined for the heating of the cylinder, but the sign of each is 
changed, a pressure becoming a tension and a tension a pressure. Iu fig. 9 
we may oonsider the signs of the ordinates reversed. At the stage of the 
oooling shown, whioh we may regard as representative for the earlier stages, 
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the greatest tensile stress is the tangential one, T, which, except just at the 
surface, is slightly larger than the axial tensile stress X, and decreases 
rapidly in magnitude as we approach the centre. While T and X are both 
tensions, the radial pressure K is positive—that is a pressure. During 
cooling, we see, then, that there will be a slightly greater tendency for T to 
form cracks running parallel to the axis than for X to form cracks running 
round the cylinder. 

There will be no tendency for E to form cracks running parallel to the 
outer surface of the cylinder. 

In comparing the stresses produced on cooling with those due to heating, 
it must not be assumed in general that the contraction on cooling is 
identical with the dilatation on heating. As a rule, building materials 
expand more on first being heated than they do at any subsequent heating, 
and after each heating contract on cooling by a less amount than they 
expanded. Each heating and cooling results in a permanent increase of 
volume, which decreases in magnitude with each successive change.* In 
such cases it is therefore necessary to use the general theory of Section 2. 

10. It is difficult to find experimental observations with which to compare 
the above deductions. The only tests of cylinders subjected to fire without 
mechanical loading appear to be those of W. A, Hull of the Bureau of 
Standards,f which were carried out on cylinders of clay, concretes, gypsums 
and mortars 8 inches in diameter and 16 inches long, heated in a gas furnace 
for 3| hours to 927° C, (1700° F.). These cylinders are too short to justify 
the neglect of the effect of the end surfaces, but the temperatures are of the 
order of those used in the numerical work of this paper. Mr. Hull draws na 
general conclusions as to the tendency of the cracks, but the illustrations 
show a tendency for the major cracks to run in planes perpendicular to 
the axis. 

For longer vertical cylinders under mechanical stress due to a load carried 
by the cylinder, the observations of HullJ appear to be the only ones 
available for comparison. These columns were 12 or 18 inches in diameter 
8 feet 9 inches long, of various materials, and were heated for 4 hours in a gas 
furnaoe to 1100° C. while under load. Both plain and reinforced concrete 
columns were tested. 

In this case in addition to the longitudinal thermal stress X there was the 

. * See Day, Sosraan and Hostetter, * Amer. Jour. Sci,/ vol. 37, p. 1 (1914) ; and Mellor 
and Campbell, 1 Trans. Ceramic Soc.,’ vol, 15, p. 80 (1915), and references given by them. 

t W, A. Hull, “Heat Insulating Properties of Materials,” ‘Proceedings of the 
American Society for Testing Materials,’ Philadelphia, June, 1917- 

l See W. A. Hull, w Fire Tests of Concrete Columns,” 4 Proceedings of the American 
Concrete Institute,* vol. 15, p. 1 (1918). 
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stress due to the load which, in the case of the plain concrete columns, was of 
the order of 800 lbs. per square inch. 

According to the curves of temperature distribution given by Hull, the 
curves of fig. 9 correspond approximately to the state half an hour after the 
heating commenced. With the constants for concrete taken as x = 4 x 10"**,. 

e = 1 x 10 11 , <r bs 1/3, the value of the coefficient 7 of the equa~ 

tions (8.4, etc.) and of the ordinates of the curves of fig, 9 is 1*2 x 10 8 dynes 
per square centimetre (1800 lbs, per square inch). Thus in the central 
portion of the section of the column the thermal stresses Rand Tare tensions 
of 1*2 x 10 8 dynes per square centimetre and X a tension of double that 
amount. The latter has to be diminished by the pressure due to the load and 
we get a resultant tension of about 2800 lbs. per square inch, which is greater 
than the radial and tangential tensions. There will, therefore, be a greater 
tendency for cracks to form perpendicular to the axis in the central parts of 
a column than in other directions. In the outer portion of the section the 
tangential stress T becomes a pressure before the radial R, and neither are 
affected by the loading. In these portions R is more likely to form cracks 
parallel to the outer surface than T is to form cracks parallel to the axis. 
The positions of the cracks due to R will be determined by the decrease of 
the tensile strength of the concrete as the temperature rises. The curves of 
fig. 9 show that froms/s 0 = 0 6 to 0*8 while R 0601*68308 little the temperature 
increases considerably and the tensile strength therefore decreases. 

HulTs observations and photographs all indi 6 ate that the materials crack 
along a surface about 1 J to 2 inches within the outer surface ( s/$ at 0 * 6 ), and 
that the outer shell may, or may not, fall away. The existence of these 
cracks within columns which have been subjected to fire, but which appear 
on the surface uninjured, has been known for some time * 

As the tensile strength of concrete, at ordinary temperatures, is of the order 
1 x 10 s dynes per square centimetre (1,500 lbs. per square inch), it is seen 
that the thermal stresses in the heated oolumns, at the stage of the heating 
represented by fig. 9 , are sufficient to account for the cracks produced. 

As the heating continues the tensions in the central portion of the section 
at first increase, while the area subjected to them decreases. When the 
temperature at the centre begins to rise the stresses decrease. 

Where the column is reinforced with vertical rods, with or without 

* See F. J. T. Stewart, ‘Report on Edison WorkB Fire/ Scientific and Industrial 
Research Department, British Fire Prevention Committee's Red Book No. 204, p. 28 
(1016) ; and A. J. and T. D. Mylrea, * Report on Quaker Oats Works Fire/ British Fire 
Prevention Committee's Red Book No. 226, p. 60 (1918). 
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horizontal binders, the crack produced follows the rods or binders, indicating 
that the tensile strength of attachment of metal to concrete is less than that 
of the concrete itself at the temperature attained. 

So soon as the outer shell is detached from the inner portion it has to 
-carry its share of the load without lateral support from the inside, it 
therefore buckles like an overloaded hollow column and eventually spalls off. 

During the cooling process which, in Huira experiments, was a gradual one, 
and began long before the column had wholly acquired the higher temperature, 
vertical cracks, starting at the outside surfaoe and extending inwards, would 
be* most likely to form. The tendency would be the greater the more 
rapid the cooling, but leiis than it would be if the whole column had acquired 
the higher temperature before cooling. The photographs of the columns, after 
the tests given by Hull, nearly all show these vertical cracks,* but there is no 
indication as to whether they were produced during the cooling or not. 

So far as the experimental evidence available goes it appears to support the 
theoretical deductions of this paper, but it is desirable that the thermal 
stresses should be computed either graphically or otherwise in all cases in 
which the necessary observations are available, in order to determine to what 
-extent the explanation of the behaviour of furnace walls and columns here 
offered is adequate, 

* W. A. Hull, ‘Tests of Concrete Column*, ’ p. 15. An important contribution to our 
knowledge of the effects of fire and water on loaded columns ha* just been made by 
Messrs. Ingberg, Griffin, Robinson and Wilson. See 1 Bureau of Standard* Technological 
Paper No. 184 * (1921). 
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On Errors arising in the Measurement of Unsymmetrical 
Spectrum Lines . 

By T. R. Merton, D.Sc., F.R.S., Professor of Spectroscopy in the University 
of Oxford, and D. N, Harrison, Scholar of Balliol College, Oxford. 

(Received June 2, 1922.) 

It is generally recognised that one of the most serious sources of error in 
relative determinations of the wave-lengths of spectrum lines by micrometric 
measurements of the positions of the lines on photographic plates lies in the 
mechanical and other displacements, which result in errors in the super¬ 
position or juxtaposition of the sj>ectrum under investigation and the 
standard spectrum, the wave-lengths of which are supposed to be known. 
Thus, if a spectrum to be measured is photographed on a plate and an iron 
arc spectrum is then photographed in juxtaposition, an error may arise, either 
from some flexure or mechanical displacement between the two exposures or 
from a gradual change of temperature of the dispersing prism or grating, 
resulting in a continuous drift of the spectrum across the plate. Even when 
the utmost care is taken to avoid these displacements by rigid design of the 
spectrograph and proper control of temperature, it is hardly ever possible to 
eliminate them entirely, and it is necessary to follow some procedure which 
will reduce the errors arising from them to a minimum. 

A method which is commonly used is to expose the comparison spectrum 
in two parts. For example, a comparison spectrum with one-half the total 
exposure required may be taken first; the spectrum to be measured is then 
exposed for an appropriate time, and finally the second half-exposure of the 
comparison spectrum is superposed on the first. Images of the comparison 
lines (and in the case of a long exposure of the lines to be measured) would 
be somewhat broadened, but it might at first seem that the maxima of the 
lines in the two spectra would be in correct juxtaposition, supposing that 
there has been a constant drift of the spectrum across the plate owing to a 
gradual change of temperature. St. John and Babcock,* in a study of the 
pole effect in the iron arc, used a system of reflecting prisms to project on the 
slit simultaneously the light from the neighbourhood of the pole in juxta¬ 
position with that from the centre of the arc, the intensities being equalised 
by means of a rotating sector, which occulted for an appropriate period the 
. more intense light from the neighbourhood of the pole. 

It might at first appear that in the case in which a source emitted both 

* 1 Aatrophya. Jouro./ vol. 42, p, 231 (1915). 
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standard lines and the lines under investigation the errors due to displace¬ 
ments would be entirely innocuous. It is unfortunate that this is true only 
for the special case in which the lines of both spectra are symmetrical, and it 
is by no means certain that this condition is ever fulfilled, excepting in the 
case of the spectra of gases contained in vacuum tubes at low pressures and 
excited by uncondensed discharges, where the sole cause of broadening is 
known to be that due to the motions of the radiating particles in the line of 
sight operating in accordance with Doppler’s principle. Although it is 
obvious that errors must arise in the case in which the lines are not 
symmetrical, their importance does not appear to have been recognised fully. 

As an illustration of the extreme case we may consider (fig. 1) two 
symmetrical lines with maxima at a , a, and between them a completely 
unsymiuetrical line with maximum at the ordinates representing the intensity 



Fig. I. 


and the abscissae the wave-length settle. If during an exposure the lines drift 
across the photographic plate with uniform velocity, so that at the end of the 
exposure their true maxima lie at ai, a\ t and it is clear that on the photo¬ 
graphic plate the maxima will appear to be at a 9 , and bu and if a , a, are 
used as standards for determining the wave-length of b, the wave-length bo 
found will be in error by as much as one-half of the total shift. It is 
assumed that in the measurement of spectrograms the cross-wires of the 
microscope are set on the blackest part of the line, but a discussion of the 
extent to which’ this is reached in practice is beyond the scope of the present 
note. 

The above example is given merely to illustrate the principles on which 
the errors arise, and although the displacements which occur in practice must 
be of so varied a character that it is not possible to discuss them in detail, it 
is of interest to consider the case of a uniform displacement, and it will be 
shown that the errors can be expressed in a general form which is independent 
of the intensity distribution. In a previous investigation* the limitation 
which the resolving power of the spectroscope imposes on the accuracy of 
wave-length determinations of unsymmetrical lines lias been considered, and 
it was found convenient to represent the intensity distribution of lines by the 
* Nicholson and Merton, * Roy. Soc, Proc./ A, vol. 96, p. 261 (1920). 
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law I as the asymmetry being reproduced by adopting different values 
of k on the two sides of the maximum. It is convenient to define as the 
* index of symmetry,” I, the ratio of the “ half-widths ” #i, x$, on either side 
of the maximum, these being the values of x whioh make I equal to i, the 
value of I at the maximum being taken as unity. 

In fig. 2 the unsymmetrical line having a maximum at 0 is supposed to 
move with uniform velocity during an exposure, until at the end of the 



Fig. 2. 

exposure the maximum lies at A. The position of the maximum on the 
plate lies at the intersection of the two intensity-distribution curves at the 
beginning and end of the exposure. It can easily be shown that this result 
is perfectly general if the curves intersect, and is independent of their shape. 
The intensity at X is proportional to the area bounded by OBXiBiA and is 
smaller at any other point. Thus at P the intensity is proportional to the 
areas OBQP-f*PPiBjA, and is evidently less than the intensity at X by an 
amount proportional to the area XiPiQ. In the particular case in whioh the 
two values of X for each intensity are in a constant ratio, e.g, t if the curve 
is of the exponential form given above, the position of the maximum is given 
by OX/XA = x x /x %i and OX « OA/(l + x 9 fx{) = OA/(l +1/1). 

From this result it follows, for example, that if the index of asymmetry of 
such a line were equal to 5, an error of one-third of the displacement would 
result in the determination of its wave-length by comparison with two 
symmetrical lines on either side of it. 

One of the main causes of the broadening of spectrum lines is that due to the 
electrical resolution of the lines, caused by the electric field of neighbouring 
chained particles on the radiating atoms, and since in a number of cases the 
efiect of the electric field is to produce a simple displacement to one side, or 

2 F 2 
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a resolution into components on one side only, the index of asymmetry for 
such lines might be very great. In the case of a broadening due to this 
cause, the constancy of the ratio of the two values of x for any intensity 
follows from the proportionality which is usually found between the intensity 
of the electric field and the resolution of the lines. 

St, John and Babcock ( loc, cit .) in their investigation of the pole effect have 
made use of the ingenious device of inserting a bulb containing iodine at a 
low pressure between the iron arc and the spectrograph, and a number of 
lines were found to have one or more very narrow iodine absorption lines 
‘superposed on them. This procedure, however, does not automatically 
eliminate the errors arising from instrumental displacements, and it can be 
shown that if the emission line is unsymmetrical and a displacement occurs 
during the course of the exposure, the minimum of the absorption line, 
actually lying on one side of the emission maximum, may appear on the 
plate on the other side of the maximum. 

It seems that instrumental displacements can be rendered innocuous only 
in the case of spectra whose lines are known to be symmetrical, such as the 
spectra of gases at low pressures referred to above, and such spectra are, 
therefore, to be preferred as standards of wave-lengths, rather than arc 
spectra at atmospheric pressure, where it is known that many of the lines are 
unsymmetrical The asymmetry of the lines in arc spectra may depend on 
the density of the vapour in the arc, but in measurements of such lines 
displacements will have the effect that all the errors will be in the direction 
in which the lines show asymmetry. This may indeed be contributory to the 
fact that there are series of lines which cannot be represented satisfactorily 
by any of the formulee which are generally used to connect the individual 
members of spectrum series, for Royds* has shown that in some series the 
earlier members may show asymmetry in one direction whilst in the later 
members the direction of the asymmetry is reversed 

These considerations seem to be relevant in all cases where the detection 
and measurement of minute ohanges of wave-length are involved. It is to 
be regretted that at the present time we have very little precise information 
as to the distribution of intensity in broadened spectrum lines, but it is 
possible that micrometric measurements may be carried sometimes to a higher 
degree of precision that the rigidity and efficiency of temperature control of 
the spectrograph can justify. 


* 4 Astrophyi. Journ., 5 voi. 41, p, 154 (1016). 
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On the Une of Very Small Pitot-Tubes for Measuring Wind 

Velocity . 

By Muriel Barker, B.Sc., Newnham College, Cambridge. 

(Communicated by 6. I. Taylor, F.R.S. Received April 4, 1922.) 

Introduction . 

A recent paper by Stanton and Marshall* describes experiments made to 
determine the distribution of velocity close to the wall of a pipe through 
which air in a turbulent state is flowing. In order to measure the velocity of 
the air, Stanton used a very fine Pitot-tube placed in the pipe so that it faced 
the wind. 

There is plenty of evidence that Pitot-tubes used in ordinary aeronautical 
work do provide an accurate measure of wind speed, the excess of pressure 
inside the tube over that in the surrounding air being ipv 3 , where p is the 
density and v the velocity of the air. On the other hand, there are two 
factors which would lead one to expect that this law might not hold under 
the conditions which ooourred in Stanton’s experiment. 

In the first place, the wind velocity is varying very rapidly across the mouth 
of the Pitot-tube. If, therefore, the formula p = Jpv 3 be applied to determine 
v from the measured value of p, the exact position of the layer of fluid which 
would be flowing with velocity v, if it were undisturbed by the Pitot-tube, is 
a matter of doubt. 

In Stanton’s experiment this difficulty is accentuated, because, in order to 
obtain measurements very close to the wall, he uses a Pitot-tube which has 
only one side, the other being replaced by the wall itself. In such a tube, 
the “ v ” to be used in the formula p = might be expected to lie between 
zero and the velocity at the level of the outer wall of the Pitot-tube. This 
may be expressed by saying that the “ effective distance M of the Pitot-tube 
from the wall is less than the total opening of the one side of the Pitot-tube. 
The " effective distance” is defined as the distance from the wall at which the 
air moves with velocity \/{2p/p) t p being the pressure in the Pitot-tube. 

In the second place, when a very small tube is used, or when wind speed is 
very low, one might expect that p would be proportional to v rather than 
to v®. 

Stanton in his experiment gets over both these difficulties at once by first 
using his Pitot-tube in a pipe through which air is flowing in stream-line 

* ‘Roy. Soc. Proc./ A, vol. 97, p. 413 (1920). 
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motion. Under these conditions the distribution of velocity in the pipe is 
known. The Pitot-tube can therefore be calibrated. The calibration consists 
in determining the “ effective distance ” of the Pitot-tube from the wall for 
various openings. 

Stanton found that the “effective distance ” of his Pitot-tube from the wall 
was connected with the total opening by a linear relation. It was found, 
however, that the straight line which represents the results does not pass 
through the origin, so that there appears to be a finite “ effective distance ” 
corresponding with the zero velocity which is known to occur at the wall. 
This result might have been anticipated. 

It is possible to carry the matter further however. Suppose we assume that 
the pressure at the centre of Stanton’s one-sided Pitot-tube is the same as 
that at the nose of a sphere, of the same diameter as the opening of the Pitot- 
tube, when placed in a stream moving with a velocity equal to that at the 
centre of the Pitot opening. The velocity at the centre of the Pitot opening, 
assuming stream-line flow, is v , where 



where vo is the velocity at the centre of the pipe, a its radius, and 2d the 
breadth of the Pitot opening. 

On the assumption made above, the pressure p in the Pitot-tube would be, 


by Stokes’ law, 



( 2 ) 


from (1), p being the coefficient of viscosity. 

On this assumption, therefore, it will be seen that the pressure tends to a 
constant value dpvo/a when d tends to zero. The “effective distance,” which 
will be denoted by d\ corresponding with this pressure, is the distance from 
the wall at which the velocity is equal to \/(2pfp), Since the rate of shear 
close to the wall is 2 v Q /a t we have 

»h.»o« ,('= V(|g); < 3 > 


- In Stanton’s case the experiments were made with a pipe at three different 
velocities of % i.e., 1910,1140, and 740 om, per second. Using the values 
fifp ss 0148, a = 01345 cm., equation (3) gives the following values for d\ 
namely, 0 , 0039, 0'0051, and 0‘0063 cm. 

The results of Stanton’s calibration experiments are shown in fig. 1. In 
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this diagram the abscissa? represent the opening of the one-sided Pitot-tube 
while the ordinates represent the “effective distance/* It will be seen that, 
when the opening tends to zero, the “ effective distance ’* tends to 0*005 cm. 
approximately. This value lies within the range of the values oaloulated 
above. 

Stanton obtains one mean calibration curve from his three sets of results 



O mma. Of opening 02 of Pitot 0*3 O* 

Fig. 1. 

Diameter of pipe, 0*260 cm. Pitot-tubo No. 3. 


at, different velocities. Formula (3), however, indicates that d' is not 
independent of This might be expected from a consideration of the theory 
of dimensions. In fact, the points obtained by Stanton, when v 0 = 1910 and 
1140 cm, per second respectively, do lie on different lines as shown in fig. 1, 
and the points where these lines cut the y axis correspond very fairly to the 
ones calculated from Formula (3). 

It appears, therefore, that Stanton’s results are explicable, if it is assumed 
that the v 3 law breaks down for small Pitot-tubes, 

Investigation Undertaken in Present Palter. 

In view of the results discussed above, it seemed of interest to examine the 
pressure differences between a Pitot and static-tube when placed in a fluid 
moving with very low velocity. It seemed probable that, for values of the 
velocity less than a certain fixed value, the pressure differences would cease 
to vary as the square of the speed. The present investigation was under- 
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taken with a view to determining this region, and, should sufficiently accurate 
measurements be possible, to determining the relation between pressure 
difference and velocity in this region. 

A Pitot-tube of circular cross-section was mounted in the centre of a pipe 
through which water, in a state of stream-line motion, was flowing. A hole 
in the side of the pipe opposite the mouth of the Pitot-tube was connected to 
one side of a manometer and the Pitot to the other. The pressure differences 
registered by the manometer for various values of the mean velocity, down to 
as low a velocity as possible, were observed. 

Since the velocity at the centre of a pipe, through which water is flowing 
in stream-line motion, is equal to twice the velocity of mean flow, the 
velocity at the centre of the pipe was found by measuring the volume of 
water ejected from the pipe in a given time. 


Result h and Conclusions , 

As a result of the investigation, it is found that the law^ = holds 

down to a velocity at the centre of the pipe of 6 cm. per second, for 
values of rv/v> 30, where r is the radius of the Pitot-opening, v the 
kinematical viscosity of the fluid, and v the velocity of the fluid at the 
centre of the Pitot-opening. 

For values of v < 6 cm. per second, the pressure differences are greater 
than would be given by the above law, and we have a definite indication 
(see fig. 2) of a viscosity effect. 

It was surmised that this viscosity effect might show itself in the form of 
an additional pressure, comparable with that at the nose of a sphere of 
radius equal to that of the Pitot opening, when placed in a stream moving 
with a velocity equal to that at the centre of the pipe. If this pressure be 
denoted by p\ } we have, as before (see Introduction), 

Pl 2 r 

The results, in fact, give support to such a supposition. For, from the 
mean curve of fig. 2, we can determine the experimental values of the 
pressure differences for values of v < 6 cm. per second. Now, if we plot 
these experimental values against values of the pressure obtained from the 
formula 

V = ipv 3 +p 1 m 


the points aie found to lie on a straight line through the origin (see 
Table II and fig. 8). The aocuracy with which the points lie on this line is 
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V 2 cms/s*c A 6 8 *0 


Fig. 2. 

v ** velocity at centre of pipe =* twice mean velocity of outflow, 
y ~ pressure difference between Pitot and static tubes. 

Different symbols indicate different sets of readings (see Table I). 



Fig. 3. 

Ordinates mean of fig. 2. Abscissae from formula. 
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probably fortuitous, but a viscosity effect of the type suggested is dearly 
demonstrated. 

It is interesting to note that much of Stanton's work is carried out in a 


Table I. 


v = Telocity at centre of pipe ** twice mean Telocity of outflow. 
p — pressure difference between Pitot and static-tubes. 

(For use of symbol attached to each set of readings in Column T, soe fig. 2.) 


T. 

v cm. 

p dyneB 

p/p «*. 

T. 

v cm. 

p dynes 

piptp. 

per sec. 

per sq. cm. 

per sec. 

per sq. cm 

c 0. 




°C. 




13 

0*82 

0*58 

0*788 

14 ‘6 

2*42 

3*42 

0*686 


1*35 

1 19 

0-650 


2*65 

4*08 

0*636 


2*35 

3*43 

0*622 


8*62 

6*59 

0*680 


3-32 

5*41 

0*557 


S -67 

16-60 

0*618 


3*96 

8*44 

0*538 

□ 

10 *66 

68*80 

0*600 


5*24 

18*70 

0*600 





7-90 

11 14 

30 *76 

62 *10 

0*494 

0*600 

16 

0*84 

1*70 

0-63 

1-78 

0*760 

0*695 





1 *84 

1-98 

0*686 

14 

2*51 

3*56 

0*668 


2*44 

3*66 

0-696 


3*58 

7*25 

0*666 


2*40 

3*80 

0-646 


5*09 

18*19 

0*609 


2*61 

8*70 

0*687 


6*28 

19*65 

0*606 


3*32 

6*83 

0*675 


8*38 

86 *50 

0*605 


8*96 

8*80 

0*680 

o 

11*34 

64*90 

0*604 


4*74 

6*84 

11 *60 
20*30 

0*617 

0*606 





8*42 

86 *90 

0*606 

14 

1*68 

1*15 

0*680 


9*87 

49*80 

0 *604 


1 *96 

2 *175 

0*572 

X 

11 *11 

62 *00 

0*602 


2*45 

8 *625 

0*604 






4*07 

9 10 

0*649 


1*41 

2 05 

1 *19 
2*875 

0*698 

0 *686 

O 

11 *12 

62*00 

0*500 

16 






2*87 

4*48 

0*646 

14*2 

8*21 

5*41 

0*626 


8*60 

6*726 

0*520 


8*695 

7*62 

0*552 


4*44 

10 *01 

0*509 


6*15 

13*60 

0*514 

•f 

11*76 

68 *76 

0*496 

& 

10 *73 

58 *05 

0*608 



1 

1 

-- — 


Table II. 

■ Experimental values of p from mean curve of fig. 2. 
Theoretical values of p given by p = ^piP + ^pv/r. 



P 

P 

cm./sou. 

exper. 

theor. 

2 

2-35 

26 

3 

4-0 

5-4 

4 

8-4 

9-2 

5 

12-7 

140 

6 

18-0 

19*8 
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region for which rvfv < 30, where in this case 2 r is taken to be the breadth 
of the rectangular Pitot-tube, 

For example, taking No. 3 Pitot and the case when r = 0*0064 cm. and 
v ss 400 cm. per second, we have 

rvjv ass 20 approx. 

Description of the Experiment . 

A brass pipe, some 70 cm. long and 1*1 cm. diameter, was fitted with a 
small Pitot-tube whose cross-section was 0*1 cm. in diameter, and whose 
axis coincided as nearly as possible with the axis of the pipe. This tube was 
connected to one side of a Ohattock tilting gauge. Slightly behind the 
mouth of the Pitot-tube, a hole in the side of the pipe was connected to the 
other side of the gauge (see fig. 4). 

As water was the fluid flowing through the pipe and contained in 



the connecting tubes and upper halves of the manometer bulbs, brine could 
not be used as the heavy liquid in the manometer. Instead, nitro-ben^ne, 
of density 1*207, was used, and, as the difference in density between the 
two liquids in the manometer bulbs was now only 0*207, the sensitivity of 
the manometer was increased about five times, and was such that one 
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division of the circular scale represented a pressure difference between the 
two sides of O'00134 mm. of water. 

The pipe was provided with a smooth converging mouthpiece and placed 
in a trough of water, E, the level of which was kept constant by means of a 
circulating pump. The end of the pipe projected through the side of the 
trough, and was provided with a stop-cock, by means of which the flow 
could be regulated. The water from the pipe was received in a trough, A, 
from which it was withdrawn by means of a suction pump up a long tube, I), 
into a thin glass cylinder, B. As soon as the water in A fell below the 
mouth of the tube D, the pressure of the water that had been drawn up 
into B opened the steel ball-valve at C, and the water in B flowed back into 
the trough E. 

With this method of circulating the water, it was found that, though the 
temperature of the water in the trough varied from day to day, it remained 
reasonably constant over the period of 2-3 hours needed to take a set of 
readings. The water was allowed to circulate for some time before readings 
were taken, and a record of the temperature was kept. 

Preliminary Experiment. 

As a preliminary experiment, the pressure differences between the static- 
tube and a second static-tube nearer the mouth of the pipe were measured 
for different rates of mean flow, in order that the critical velocity for the 
pipe might be determined. 

In the tabulated results (see Table III) the pressures have been corrected 
for temperature in accordance with the laws of dynamical similarity. The 
results are illustrated in fig. 5. It will be seen that, for velocities at the 
centre of the pipe of less than 12 cm. per second, the velocity is pro¬ 
portional to the pressure differences, and hence stream-line motion exists in 
this region. The principal experiment was therefore carried out in this 
region. 

Principal Experiment . 

The Pitot-tube and the static-tube opposite its mouth were now connected 
to the two sides of the manometer, and a series of readings taken for 
velocities varying from 12 to 0*8 cm. per second. The water ejeoted 
from the pipe in a certain time, determined by a stop-watch, was weighed. 
In the manometer xised, one revolution of the wheel corresponded to a 
pressure difference of 0*0648 cm. of water. The circular scale on the wheel 
was divided into hundredths, and readings could be depended upon to 
one division. The difference of density between the two liquids in the 
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Fig. 6. 

v * velocity at centre of pipe *= twice mean velocity of outflow. 
p “ pressure difference for a length 18*6 cm. of pipe at 12° 0. 


manometer bulbs was 0*2072. Thus, given a reading h in revs, of the 
manometer wheel, the pressure p in dynes whs given by the formula 
p ss 0-2072 xyx 00648A = 13*17A. 
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Table III. 

« ** velocity at centre of*pipe twice mean velocity of outflow. 

p ** pressure difference for a length 18*5 cm, of pipe at 12° 0. (the pressures have been 
corrected for temperature), 






v cm, per see. 

p dynes per sq. cm. 

v cm. per aec, 

p dynes per aq. cm. 

1-87 

6*7 

16 -78 

65 ‘7 

3-22 

9*0 

18 *62 

64 1 

6'66 

19 -8 

20 10 

71 *6 

11*94 

36-4 

20*80 

09 *2 

16*16 

47-4 



16 *00 

62 *8 

2*30 

7*2 

19*12 

61 -6 

6-60 

17*1 

19*88 

64*1 

9*09 

29*9 

24-70 

84 *8 

12 *40 

38 *0 



17 *67 

60*1 

6*80 

17*9 

21 *06 

09 *4 

8*47 

26*6 

26*00 

84 ‘1 

Iff *70 

42*7 



19 *70 

64 *6 

0*69 

1*8 

21 *96 

72 * 6 

2*00 

6*8 

26*40 

87*8 

1 8*12 

9*76 



! 6 *85 

18 *1 

1*93 

' 6*76 

j 7*60 

28 *1 

0*00 

' 18*0 

1 9*24 

27*6 

9*80 

30*4 

11 *60 

86 *2 

13 *09 

48*5 

10 *84 

63 *1 

14*00 

48 ’3 

28 *62 

70 *6 


Discussion of the Remits. 

The results are tabulated in Table I and illustrated in fig. 2 above, 
where p/pv* is plotted against velocity, and we obtain a mean curve of the 
usual “ scale effect ” type. From the fact that, down to so low a velocity as 
6 cm. per second, the experimental points lie so consistently on the line 
p/piP = J, we see that the pressure difference between the Pitot and static- 
tubes used in the experiment does give a very accurate measure of the 
square of the velocity for values of v > 6 cm. per second. The results 
obtained for values of v < 6 cm. per second give a very definite indication of 
a viscosity effect on the relation between p and v in this region. 

It will be seen from Table I that, with decrease of v, the pressure 
differences registered by the manometer beoome exceedingly small. The 
degree of approximation obtained can be estimated from the distribution of 
the points in the figure. 

For different sets of readings, the temperature of the water varied from 
13° to 15 ° C., and this variation would be expected to influenoe the results 
in the region just mentioned. But the pressure differences were too small 
for any effect to be detected. 
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It saems probable that more accurate data for this purpose could be 
obtained by repeating the experiment, using, instead of water in the pipe, a 
liquid of, say, five times the density of water. Then, according to the laws 
of dynamical similarity, the viscosity effect should show itself over a range of 
velocities for which accurate results could be obtained. 

In conclusion, I should like to express my hearty thanks to Mr. G. I. 
Taylor, F.R.S., at whose suggestion the experiment was undertaken, and to 
whom I am indebted for much valuable help and advice during the course of 
the work. 


On the Susceptibility of Feebly Magnetic Bodies as Affected by 

Compression. 

By Ernest Wilson, M.Inst.C.E., M.I.E.E., Siemens Professor of 
Electrical Engineering in the University of London. 

{Communicated by Prof. J. W. Nicholson, F.R.S, Received February 9, 1922.) 

Introduction. 

This communication undertakes an investigation of the complex problem 
which is presented by the effects of mechanical stress upon the susceptibility, 
retentivity and other properties of magnetic substances. The present experi¬ 
ments are confined to compressive stress, and its effects u{K>n the suscepti¬ 
bility of certain rock specimens. It was felt that an investigation into this 
part of the subject might possibly throw some light upon the susceptibility 
of the earth's crust as affected by the enormous forces with which it has to 
contend, and their variations. It is unfortunate that, owing to the nature of 
rook specimens, the compressive stress has been limited to about 1200 kgnn. 
per square centimetre, but, nevertheless, some interesting results have been 
obtained, and these are recorded in the present paper. 

All the specimens are in the form of short bars about 4 cm. in length, 
whose cross-section is either square, being l cm. across each side, or 1 cm. in 
diameter; and, throughout the work, the compressive stress has been 
applied in the direction coinciding with the length of the bar. The 
susceptibility has been measured (a) in the direction of the stress and 
(6) at right angles thereto. 
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Susceptibility Measured in the Direction of Stress* 

The apparatus consisted of a horizontal wrought iron lever pivoted at one 
end; the effective length of the lever was 90 cm. The specimen to be 
tested was placed vertically in line with two stalloy plungers, whose cross- 
section was square and measured 1 cm. across each side. The horizontal 
distance between the centre line of the specimen and the fulcrum was 5 cm., 
and the compressive force acting on the speoimen, due to a weight hung 
from the end of the lever, was therefore increased 18 fold. In the calcula¬ 
tions due allowance was made for the weight of the lever itself. 

A stalloy yoke was used to magnetise the specimen, and consisted of 
nine stampings of ring-form; the thickness of each was 0*32 cm., the 
internal diameter was 7*62 cm., and the external diameter was 12*7 cm. 
Each stamping had an air-space 2 cm. wide, with its sides parallel to a 
diameter, and the plane of the stampings was at right angles to the lever. 
The three central stampings, with two additional thin ones to make up the 
required thickness of 1 cm., were cut in a direction at right angles to the 
parallel sides of the gap, to accommodate the plungers and test-piece. In 
order that the magnetic circuit should not be disturbed any more than 
possible, the plungers were screwed on to gunmetal pieces fixed respectively 
to the lever and base of the apparatus. By this method it was possible to 
vary the longitudinal compressive force, and to magnetise the specimen to 
varying degrees by the passage of an electric current through the mag¬ 
netising coil wound on the yoke. This coil consisted of four layers of copper 
wire 0 061 cm. in diameter (No. 23 S.W.G.), doubly insulated with cotton. 
The turns per layer were, from innermost to outermost, 131, 128, 118, 112, 
giving a total of 489, and experiment showed that the magnetising force H in 
the gap per ampere of magnetising current was very closely 352 C.G.S. units. 

A secondary circuit consisting of 120 turns of fine silk-covered copper wire 
of resistance 4 ohms, was wound on a square cardboard former whioh allowed 
of the insertion of the test-piece, and allowance was made for the non¬ 
magnetic space oocupied by the former. This coil was connected to a 
ballistic galvanometer, and a resistance box was included in the circuit. 
Defleotions were observed on reversal of the current in the magnetising coil: 
firstly, when the test-piece was in position; and, secondly, when the test-piece 
was replaced by a wooden core of the same dimensions. Allowing for the 
alteration in resistance, when necessary, the permeability p has been taken 
to be the ratio of the deflections. The volume-susceptibility K„ was then 
calculated from the formula p = 1 + 47rK„. 

Preliminary tests were made with a brass test-piece to discover if com- 
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pressive forces, equal to the maximum forces used in the experiments, had 
any effect upon the deflections. It was found that, on reversal of the same 
magnetising current, the ballistic deflections were uniufluenced by the 
application of the compressive stress. 

Longitudinal Susceptibility * 

The specimens of magnetite chosen for these experiments exhibit widely 
different characteristics, and the variations in their normal magnetic properties, 
as exhibited by crystallised, compact, or massive specimens and detached 
particles, have been already studied.* 

New York Stale: Density 4*86.—This variety of magnetite is very uniform, 
hard and compact, with no indication of cleavage planes. It has a bright, 
irregular fracture, with many glistening points. It is characterised by a high 
maximum susceptibility (1*64), which occurs at a relatively small value of the 
magnetic force (30'6), and in these respects comes next to the magnetite 
(Traversella) crystal. It has a small coercive force (16*8), and its permanent 
magnetisation is small. A specimen of this magnetite has been subjected to 
longitudinal compressive stress up to 1250 kgrm. per square centimetre, and 
the curves given in fig. I show the variation in volume susceptibility. Each 



* *Proc, Phy«. Soc./ vol, 31, Part V, August 15, p. 299 (1919). 
VOL. Cl,-—A. 






448 


Prof. E. Wilson. On the Susceptibility of 

curve corresponds to a given magnetic force H which is indicated in the 
diagram. The diminution in susceptibility, due to the increase in compressive 
stress, is very marked, its value Under a magnetic force ranging from 6*76 to 
30’6 C.G.S. units being halved in magnitude when the compressive stress was 
equal to 1250 kgrm. per square centimetre. It is noticeable that the 
gradient is less when a magnetic force of 203 is employed. On removal of 
the compressive force, the susceptibility returned to its initial value. The 
experiments do not show what would be the effect of further increase of the 
compressive force as the specimen was crushed on the application of 
1540 kgrm. per square centimetre. 

Hey Tor , Devon: Density 4*30.—This variety exhibits a great irregularity 
in the distribution of magnetite, and consists of minute crystals mixed with 
earthy material. The fracture has some sparkling points due to the small 
crystals, but otherwise it is dull and earthy. Its maximum susceptibility 
(0*90) is relatively high, coming next to the New York specimen, and it 
occurs at a higher value of the magnetic force (33-8). The curves in fig. 2 
for forces in the neighbourhood of those at which maximum susceptibility 
occurs, indicate a considerable diminution in susceptibility, as the compressive 
stress is increased up to about 600 kgrm. per square centimetre. Under a 
force H = 16 9, the susceptibility was, in fact, reduced 35 per cent, and from 
the trend of the curve, the reduction might have been greater than in the 
New York specimen for the same ultimate pressure. The application of 
075 kgrm. per square centimetre unfortunately crushed the specimen. When 
the magnetic force is either small (6*76) or large (338) the variation of 
susceptibility with pressure is reduced, but it is still considerable at the lower 
force. 

Penryn , Cornwall: Density 4*59.—This variety of magnetite is hard and 
strong, with dull fracture. It contains small inclusions of a red-brown softer 
substance, which were found to be mainly ferric oxide and ferrous carbonate, 
but otherwise compact. Its maximum susceptibility (0*51) oceui*s at a high 
value of the magnetic force (338) and is not very pronounced. It will be 
seen on inspecting fig. 1 that a compressive longitudinal force of 1000 kgrm. 
per square centimetre bas had little effect upon susceptibility when the 
magnetic force H varied from 68 to 338 C.G.S. units. f 

The method of test does not allow of an accurate determination of suscepti¬ 
bility at various temperatures, but in order to obtain some idea as to the effect 
of heating, a coil of platinum wire 0*05 cm, diameter, after being insulated with 
asbestos paper, was wound around the specimen. It served as a heating coil, 
and also as a secondary coil for use with the ballistic galvanometer. A 
platino-iridium junction placed close to the specimen indicated the surfaoe 
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temperature during a test made with variation of the compressive force. With 
a pressure of 961 kgrm. per square centimetre, and a magnetic force H = 338 



constantly applied, the magnetic induction B was halved in value as the 
indicated temperature increased from about 100° C. to 460° C. In the case 
of the New York specimen a similar heating test was carried out, and with a 
compressive stress equal to 1250 kgrm. per square centimetre the susceptibility 
was found to fall with increasing temperature when the magnetic force had 
the value 203, whereas it increased when the magnetic force had the 
value 30 - 6. This is in agreement with what happens in the case of iron. 
The maximum recorded temperature was about 350° C. in this case. 

Arkansas ; Density 474.—This kind of magnetite consists of a hard compact 
material with irregular cleavage planes, and almost vitreous fracture in some 
directions, whilst in others it exhibited a silky lustre. It has a well 
pronounoed maximum susceptibility (0*41), which oocurs at a force H of 

2 o 2 
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about 300 C.G.S. units. It will bo seen from the curves in fig. 2 that the 
gradient in the susceptibility, when plotted in terms of the compressive force, 
was small, though not so small as in the case of tho last variety, in which the 
maximum susceptibility was not so pronounced. As this magnetite has a high 
coercive force and great retentivity, experiments were made to discover what 
effect compressive stress might have upon these quantities. At about 
900 kgrm. per square centimetre the coercive force was 138 C.G.S. units, 
whereas it was 154 with no pressure. Similarly the retained magnetic 
induction was reduced from 1150 to 823 C.G.S. units on application of the 
above pressure. The maximum value of the magnetic force in this test was 
507 C.G.S. units. 

South Manchuria: Density 3*40.—This variety is essentially a schist with 
slaty cleavage, and has the lowest susceptibility (0T6) of any rock which can 
be termed a magnetite. The specimen broke down along a cleavage plane 
which was parallel to its length and to the direction of the stress when the 
kilogrammes per square centimetre exceeded about 900. The curves in fig. 2 
show that compressive stress up to about 900 kgrm. per square centimetre has 
little or no effect upon susceptibility, at magnetic forces ranging from 300 to 
500 C.G.S. units. 

Magnetite Calcite: Density 3*40.—This rock cannot strictly be classed as a 
true magnetite. It consists of very small crystals or crystalline .grains of 
magnetite in a matrix of calcite. The maximum susceptibility of the tested 
specimen has the value 0*23 when*the magnetic force is about 100, and as 
shown by the curves in fig, 1 there is a small diminution due to the 
application of compressive stress, which had to be limited to about 700 kgrm. 
per square centimetre. The specimen began to crush on the application of 
greater pressure. 

Altered Carbonate (Bettwys Garmon).—By its appearance this rock might 
be mistaken for a magnetite, but it cannot be classed as such. The compres¬ 
sive stress was increased by stages to 887 kgrm, per square centimetre, and 
the susceptibility was reduced from 0*0876 to 0*0796, the maguetic foroe H 
being 304. The susceptibility at any of the applied pressures was slightly 
greater in the neighbourhood of H = 300 to 400 than at higher or lower 
forces, 


Susceptibility measured at Bight Angles to the Direction of Stress. 

The method of observing the effect upon susceptibility of compression at 
right angles to the applied magnetic field is strictly limited in its higher 
range to values of the susceptibility of about 0*1, on account of the 
demagnetising effect due to the specimen. It involves the measurement of 
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the force of attraction exerted by the specimen upon a permanent hard steel 
magnet suspended from one end of the beam of a speoial form of. balance.* 
The compressive stress was produced by a lever arrangement substantially as 
described, except that gun-metal was employed throughout. The specimens 
were approximately circular in section and 1 cm. in diameter. The results of 
the tests which were of a somewhat qualitative nature are summarised in the 
subjoined Table:— 


Mineral. 

Volume* 

susceptibility 

(normal). 

Maximum 
compres¬ 
sive stress. 

Magnetic 

force 

during 

test. 

Remarks on 
susceptibility 
variation. 

Magnetite (New York State). 

1 '04 (max.). 

kgrm. per 
eq. cm. 
263 

12 

No alteration 

Magnetite (Penryn) ... 

0 ’hi „ 

260 

12 

observed. 

No alteration 

Pisolitic iron ore tracesf (Dolgolly) 

0‘014 

848 

16 

observed. 

About 8 per cent. 

Dolerites— # + 

(a) Whitwick, Leicestershire. 

0 *004 

286 

61 

increase. 

* 

About 10 per cent. 

(h) Owthorpe, Nottinghamshire... 

0*0047 

890 

61 

increase. 

Very small increase. 

(c) Southwell, Nottinghamshire... 

0*0021 

218 

10 

V ery small increase. 

(Mount Sorrel, Leicester^ 

0*0018 

250 

61 

No alteration 

shire) 




observed. 


* ‘Phil. Trans.,’ A, vol. 219 (Appendix) (1919). 
f ' Roy, Soo. Proc,/ A, vol. 96, p. 429 (1920). 


Conclusions . 

1. Susceptibility measured in the Direction of Compressive Stress .—Rock 
specimens, in the form of short bars, have been subjected to compressive 
stress whose direction’ coincides with the length of the bar, the maximum 
value of 4 the stress varying from 900 to 1250 kgrm. per square centimetre, 
except in one or .two. cases,.when the specimen gave way under the 
pressure. It is found that in certain varieties of magnetite in which the 
susceptibility reaches a pronounced maximum value, the diminution of 
susceptibility with increase of pressure may be of the order 50 per cent, 
under magnetic forces in the neighbourhood of, and including, those at which 
the n yMrirpnm susceptibility occurs. The gradient is less under magnetic 
forces whose values are either very much larger or smaller than the above. 
The retained magnetic induction and coercive-force are also reduced by 
pressure. In the case of rock specimens whose maximum susceptibility is not 
★ ‘ Roy. Soc. Proc.,’ A, vol. 98, p. 274 (1920). 
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pronounced the gradient is less, and in extreme cases is practically non¬ 
existent. 

2. Susceptibility measured at Bight Angles to the Direction of the Compressive 
Force .—Rock specimens whose normal susceptibility varies from 1*6 to 
0*0016 have been tested at pressures varying from 260 to 390 kgrm. 
per square centimetre. In all oases in which a variation has occurred it 
has been to slightly increase susceptibility with increase in pressure. 
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1, General Structure of the Films . 

In this and a following paper, an account will be given of work done in 
continuation of the experiments on thin films of palmitic acid, described in 
Part I of this investigation (1), and, in particular, of the results obtained by 
extending the range of substances composing the films, and the range of 
temperature over which the experiments were made. As was there pointed 
out, the study of these films is a peculiarly attractive one, owing to the 
extremely simple manner in which the molecules are arranged; the films 


















Molecular Sti'ucture of Thin Films. 453 

being of one molecule in thickness and the molecules in them being arranged 
not indiscriminately, but perpendicular to the surface and parallel to each 
other, as a rule. The experimental method (due in principle to Langmuir) 
has also a great advantage over those more commonly employed in capillary 
studies, that the forces tangential to the surface are measured directly. 
Exceptionally direct information is therefore obtainable as to some of the 
forces between the molecules composing the films, and by a study of the 
influence of chemical constitution on the properties of the filmB, much light 
should be shed upon the important problem of the relation between chemical 
and capillary forces. 

It will not be necessary to occupy space in proving that, for any of the 
substances here studied, the films are one molecule in thickness. lieasons for 
taking this view have been given by other workers, as well as on p, 344 of my 
preceding paper, and it is sufficient to say that the experiments described 
here afford evidence of the same character, which is equally conclusive for 
each one of the substances investigated. 

The general arrangement of the experiment has been as before, and is shown 
in the drawing (fig. 1). Some points of detail to which attention is necessary 
in conducting experiments are noted in Section 15. It is desirable, however, 
before proceeding to the discussion of the results obtained, to make clear what 
is the interpretation which will be adopted of the forces acting on the 
balance float which bounds one end of the film. 

Previous to putting on the film, the surface is cleaned by means of the 
barrier CD, sweeping away all contamination to the left. A clean surface 
possesses the property that CI> may be moved right up to the float AB 
without any repulsion occurring before contact. In practice, this degree of 
cleanliness has been very nearly approached. A known quantity of the 
substance under examination is immediately put on, dissolved in a volatile 
solvent, which first serves to spread it in a uniform film over the whole of 
the available surface, and then evaporates in a few seoonds. It is found that 
the film remaining will transmit a force of repulsion from the glass barrier to 
the float, and that the film possesses a definite area at a given force. The 
curves called " compression curves " exhibit the force on the float AB in dynes 
per centimetre as ordinates, and the areas per molecule in the film as 
absciss®. The areas will be expressed in terms of the unit 10" 16 sq. cm., 
which will be denoted by JLU., following Sir W. H. Bragg (2). 

This force will be regarded simply as a force of compression acting on the 
film; the film, as a whole , and any other floating objects, being considered as 
not subject to any tangential forces whatever by the water. The film of 
molecular thickness covering a portion of the surface will be regarded in much 
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the same way as atiy other body floating on the surface. Force transmitted 
from the barrier CD to the float AB is conveyed as a thrust in the floating 
film. A perfectly simple picture is obtained in this way of the part played 
by each molecule in the film, and the forces acting upon it. Each one is 
attracted strongly to the water, particularly by the polar group directed 
towards it; the hydrocarbon chains, which are arranged more or less perpen¬ 
dicular to the surface, exert a lateral attraction upon each other, and these 
two sets of forces appear to bo the principal factors in determining the 
stability of the film. They are so powerful that the film will resist, without 
serious deformation in many cases, very considerable forces of compression 
laterally; it will be evident presently from the diagrams that forces of over 
45 dynes per centimetre are occasionally withstood before buckling takes 
place, and this, calculating from the thickness of the films, is over 200 
atmospheres. Finally, the observed foroe of repulsion on the float AB is the 
direct result of all the inter-molecular forces of repulsion acting between the 
individual film molecules, and therefore the area of the films under a given 
compression affords direct evidence as to the cross section of those parts of the 
molecules which are in contact. It will appear, later, that there is much 
evidence that many of the molecules studied, though their general shape is 
highly elongated, have not the same cross-section at all points of their length; 
and an attempt has been made to estimate the maximum cross-section of 
many of the polar groups, which appear as a rule to be somewhat wider than 
the hydrocarbon chains. 

While in the preceding paper, over the limited range of temperature 
studied, it appeared correct to consider the films as composed of molecules in 
direct contact with one another over the whole area, and therefore the thermal 
movements among the molecules could be to a large extent neglected, just as 
can the vibrations of the atoms composing a crystal, in the discussion of their 
general arrangement in the second of these two papers it will become 
necessary to take account of these thermal movements. In every one of 
about twenty substances studied, when the temperature of experiment was 
sufficiently high, a definite change took place in the properties of the film, 
resulting in a considerable increase in the space occupied per molecule. This 
change was identical with that previously described by Iabrouste(3), and the 
further study to be described in Part III has shown that its principal features 
were the same for all the molecules investigated, which had only one feature 
in common, namely, a hydrooarbon chain of 12 to 22 carbon atoms in length. 
This change appears almost certainly to be a separation of the molecules from 
one another in the surface, brought about by the thermal agitation becoming 
so violent that the lateral attractions of the molecmles for each other (already 
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referred to as one of the main stabilising forces in the films) are overcome. 
The films in this state will be designated “ expanded films w ; their properties 
in many respects are those of a gas, or rather vapour, in two dimensions; and 
at temperatures close to that at which the expansion takes place, transitional 
phenomena are observed analogous to those attending the passage from the 
liquid to the vapour state ; the isothermals (connecting, of course, compression 
and area) closely resembling the isothermals of a vapour near the critical 
point. It has been mentioned that the main features of the expansion are 
- the same for all the films studied; it will appear later that there are 
important differences in detail which can, on the one hand, be certainly 
correlated with the length of the hydrocarbon chains, and therefore with the 
magnitude of the attractive forces between the individual film molecules ; and, 
on the other, very probably, with the magnitude and nature of the forces 
exerted by the molecules of the underlying solution (or water) on the parts of 
the film molecules in most immediate contact with them, and thus probably 
with the forces which are operative between solute and solvent molecules in 
a solution. Those films in which the molecules appear to be in direct contact 
over the whole area will be designated “ condensed films ” 

I am most deeply indebted for the supply of materials to several friends, 
and, in particular, to Dr. E, F. Armstrong, F.R.S., Prof. A. Lapworth, F.R.S., 
Miss M. Stephenson, and Mr. C. C. Wood. To the last named I owe 
permission to use the invaluable collection of long-chain compounds prepared 
by the late Dr. H. R. Le Sueur at St. Thomas’ Hospital. This assistance has 
made it possible to extend the scope of the investigation far beyond what I 
could have done unaided, and has therefore made what results have been 
attained much more satisfactory. To my wife I am indebted for preparing 
diagrams in these and other papers ; and for much other assistance to other 
friends. I am indebted to the Government Graut Committee for a grant 
covering most of the cost of this investigation. 

In figs. 2 to 4 are given the compression curves of the substances which 
have been investigated most fully up to the present; all these curves are 
(as will be shown) to be regarded as those of condensed films. 

2. The Fatty Adds on Distilled Water . 

Fig. 2 is of substances which contain the free GOOH group, and the curves I 
and III are identical with the curves given in my preceding paper, determined 
on palmitic acid only. They are reproduced here, as their form has now 
been determined at compressions lower than the lowest previously recorded, 
and also because many more experiments have shown that the slope 
previously given was not quite steep enough. 
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Curve I is what was obtained on distilled water which luul been in the trough 
several days. It was found to be exactly the same for the following acids; 



Areas per mol. A.U. 

myristio, pentadeoylic, palmitic, margaric, stearic, heneicosoic, and behenic 
{the saturated acids Cu to Cj* with the exception of C» and C*> which were 
not available), and for the isomer of oleic acid which has the double linkage 
between the *• and /9-carbon atoms. The phenomena presented by the 
commoner unsaturated acids, whioh have the double bond in the middle of the 
chain, have not yet been sufficiently worked out, but it may be said that 
under oertain dreumstanoes some of them give a compression curve which 
closely resembles this one, and I am now doubtful whether the conclusion 
drawn by Langmuir and aooepted by me (4), that these acids form films in 
which the double bond itself occupies a definite area on the water, providing 
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a second point of attachment for the molecule, will prove to be capable of 
explaining the phenomena. 

Three other saturated acids were tried, lauric (Ci S ), tridecylic (C13), and 
cerobic (C^). The first two gave results approximating to the same curve aB 
the other acids, but complicated by the steady shrinkage of the films through 
solution of the molecules in the water. The best specimen of cerotic acid 
which I could obtain gave a film which did not spread properly in benzene 
solution on the surface, and the film showed a constant tendency to oontract, 
with the appearance of the aggregates characteristic of the collapse of a mono- 
molecular film of the lower acids when the compression is high enough to 
buckle the film. It may be that the specimen was not pure enough, or 
perhaps the chains are so long that their lateral attraction for one another is 
sufficient to drag the molecules away from the water, into the aggregates, 
spontaneously. The area per molecule was, however, roughly the same as 
that of the other acids of the series. 

It will be noticed on close inspection that the curve is not quite straight. 
The line drawn is straight, and the points lie somewhat to the right of it at 
the top and at the bottom, showiug that the compressibility decreases slightly 
at higher compressions. It is always however very small, and comparable 
with the compressibility of liquid paraffin in bulk, as was previously shown. 
The figure given in the previous paper for the compressibility was too great; 
the apparatus is not of course suited for accurate measurements of such small 
.compressibilities, and it must be remembered that any error such as 
undetected leakage past the barriers, or slight collapse of the monomolecular 
film locally will increase the observed compressibility, so that in estimating 
the order of magnitude preference should be given to low values. The earlier 
value was 1*7 per cent, decrease in area for 10 dynes per centimetre. This has 
since been found to be exceptionally high for a good experiment. Usually it 
is about 0*8 per cent., and in some instances, on chains of 18 carbon atoms 
and upwards in length, values as low as 0*4 per cent, have been found. The 
earlier value recorded was about five times the volume compressibility of 
CisHga 00 that the later observations show the true compressibility in this 
portion of the curves to be nearly the same as that of this liquid in bulk. 

3. Cross Section of a Hydrocarbon Chain , 

Though the very nearly straight line G-H in fig. 2, curve I, is nowhere 
duplicated in its full length, parts of it are very common in the upper portions 
of the compression curves of condensed films. It has been found in all those 
given here, except with stearic nitrile and the substituted ureas below a 
transition temperature which will be later noted. Once the state corre- 
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sponding to GH has been attained, it contiimes as the compression is increased 
until collapse at H takes place. Produced to meet the line of no compression, 
this curve cuts it at 21*0 A.U. This figure is the mean of a large number of 
experiments on twenty different substances, all the observations being between 
19 and 23, and the majority between 20 and 22 A.U. I have included in 
some of the curves the points corresponding to typical duplicate experiments, 
in order to give an idea of the accuracy which is obtainable when working with 
the greatest care. There is usually rather more error in knowing the amount 
of material put on than in determining the relative areas under different com¬ 
pressions, as is shown by the fact that the points not on the curves in fig. 3, 
I and III, lie on curves parallel to those drawn in. Different experiments 
are indicated in the diagrams by different kinds of points. 

The area of the intersection 21*0 A.U. is probably correct within a few 
decimals, unless there is any constant error in the experiments. Two possible 
sources of such error should be discussed. In the previous paper a correction 
was applied for the residual contamination left after cleaning the surface before 
putting on the film, by determining approximately its amount before putting 
on the film and subtracting the area it occupied from the observed area of the 
film. Probably the amount subtracted was too great, perhaps much too great, 
since it has been found extremely difficult in later work' to detect any difference 
between uncorrected curves determined on surfaces on which there was not 
more than 2-3 mm. of residual contamination at 1*4 dynes per centimetre, 
and where five times this quantity was present. If the correction were correct 
one would have expected a difference in area at about 5 dynes per centimetre 
of about 0*5 unit, and the determinations of the area of intersection might be 
on the average about 0 3 unit too great, taking a liberal estimate of the 
average amount of contamination which has remained on the surfaces in this 
series of experiments. But since the correction is probably a good deal too 
high, it is unlikely that residual contamination has made the determination 
of this average value as much as 0*2 A.U. too great. 

The influence of the air blasts at the ends of the float AB (fig. 1) might 
also have made the observed area slightly too great by blowing the film away 
from the barrier, so that what was really a bare patch was taken as covered 
by the film. The amount of error from this cause was probably very small 
indeed. It was impossible to see directly how far the film was blown back; 
but when a solid film such as tripalmitin was put on, and talo sprinkled on 
the surface, the area in which the solid structure was destroyed could be 
seen. It did not amount to more than a correction of about 0*2 A.U, on an 
average size of film. The area completely cleared must have been much less. 
Possibly a rigid film is blown back less than a liquid one, but the error does 
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not seem to be large. The strength of the air blasts has been adjusted so as 
to be not much more than that necessary to prevent leakage. 

The low compressibility in GH must indicate that the film molecules are 
not appreciably displaced relative to one another during compression. It 
has already been calculated, on certain assumptions,* that the cross-section 
of a CHa group perpendicular to the general direction of the chain is 
about 19*3 A.U. Probably, then, for all the films in which this portion 
of the curves appears, the molecules have their hydrocarbon chains olosely 
packed in the last stages of compression which precede collapse; and in 
many cases the chains are closely packed under quite small compressions. 
The figure 21*0 A.U. is thus obtained as the cross-section of a hydrocarbon 
chain as packed in the films, any error being probably so small that the true 
value is not greater than 21*2 or less than 20*5 A.U. 

4. Fatty Acids on Dilute HC1. 

The strength of the solution is of little importance, and the following 
remarks apply to N/10 and N/100 HG1 solutions equally. Fig. 2, III, is the 
curve obtained with all the fatty acids examined, except the saturated ones 
of 12, 13 and 26 carbon atoms, iso-oleic acid oleic acid), oleic, elaidic 
and erucic acids. Brassidic acid, although it has a double bond in the 
middle of the chain, does give this curve, and the curves of elaidic and 
erucic acids, at temperatures near 0°, are intermediate between this curve 
and those to be described in Part III as typical curves of expanded films, 
and indicate that, if experiments could be done a few degrees below 0°, 
these films would be condensed, and would Bhow the same curve as the 
others. Oleic, lauric and tridecylic acids give expanded curves, and would 
not improbably, if condensed films could be obtained, give the same curve. 
Cerotio acid behaves much as it did on distilled water, and does not give a 
proper film. Therefore the only real exception to the rule that fatty acids, 
saturated and unsaturated, on dilute HOI, give this curve, is iso-oleic acid. 
This substance had a very similar compression curve (fig. 2, IV), but the 
slope of the lower portion was less steep, cutting the abscissa at a mean 
area of 28*7 A.U., the mean of six experiments on two specimens, both 
prepared by Dr. Le Sueur, 

There is no hysteresis in these curves, points obtained by removing 
weights from the pan and increasing the area lying on the original curve of 
compression. In this respect they are different from fig. 2, II, which records 
the behaviour of fatty acids on fresh distilled water, and will be discussed later. 

The mean intersection of the lower part with the abscissa is 251 A.U. 

* Zoc, c&» p. 3H6. 
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5. Esters, Alcohols , Amides , Nitriles and Glycerides . 

Fig. 3,1, gives the compression curve of condensed films of ethyl stearate. 
Ethyl palmitate and ethyl behenate were identical within the experimental 
error, and methyl palmitate was very similar. The curve may be taken as a 
typical curve for a condensed film of an ethyl ester. Below the portion GH 
there is another nearly straight lino cutting the abscissa at 22 3 A.U. mean 
value. 

Cetyl alcohol (fig. 3) has a similar though less easily seen lower portion, 



cutting the abscissa at 21*7 A.U., the mean of eight experiments, This 
curve is unaltered on HC1. 

Tripalmitin (fig. 3, II) shows a slight spontaneous contraction when a 
low compression is first applied, which is very likely due to the film being 
very rigid, so that when first put on it is rather in the form of “ islands ” 
which do not fit well enough to occupy quite the whole area; and some 
external compression is necessary to deform these so as to fill the interstitial 
spaces. Otherwise the curve resembles very closely that of fatty acids on 
old distilled water. It is doubtful whether there is & distinct lower portion 
as with oetyl alcohol and the ethyl esters, but, if it exists, its point of 
intersection with the abscissa is not more than 22 The same curve is 

obtained on HCL This curve is also given by glycol dipalmitate and 
tristearin, as would be expected. 
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Stearic amide (fig. 3, IV) does not show any definite deviation from GH 
except the tendency to become horizontal, at the lowest compressions, which 
is common to all the condensed curves, and will be discussed later. 

Films of stearic nitrile (fig. 3, V) show an extremely marked lower 
portion ; indeed (though this may yet prove to be attainable), the line GH 
has not yet been reached in an experiment on this substance before collapse 
set in. The intersection with the abscissa is at 27*5 A..U. 

Esters of alcohols higher than ethyl have also been tested, but since these 
films even at the lowest temperatures were expanded, they do not afford 
evidence as to the cross-section of the molecules. Cetyl palmitate has not 
yet been tried. 

These results are in general agreement with Langmuir's original observa¬ 
tions (5). His curve for ethyl palmitate, taken at 16°, is that of a partially 
or completely expanded film, and this film is only completely condensed 
below about 6°. He stated, however, that tristearin changed on HC1 in the 
same manner as the acids, which is incorrect. The curves he gave do nob 
agree very well in detail with mine, but his technique was not well suited 
for avoiding leakage of the film at the barriers. 

6. Cross-section of some Polar Groups* 

The existence of these lower, but quite definite, portions of the curves 
shows that the films cannot in all cases be regarded as composed of molecules 
whose chains are close packed. For several reasons, there can be little doubt 
that the molecules are in direct contact all over the area where this type of 
curve is found. In the first place, the form does not in the least resemble 
that of the curve of an expanded film (Part III); as with other condensed 
films, variation of temperature over a considerable range has no effect; and, 
in every case yet studied, when the temperature is raised sufficiently, the 
films do pass into the expanded condition in the usual way, lb is therefore 
practically certain that these curves are those of condensed films. 

The area is greater than that of the hydrocarbon chains, so that it is clear 
some part of the molecules have a greater croBS-section than the chains. This 
part must, moreover, be located in the head of the molecule. The area per 
molecule at which the lower line of a curve cuts the abscissa is the maximum 
cross-section of the head, as packed in the films. A slight extrapolation is 
required, but as this portion of the curve is generally nearly straight, it 
may be made without error. Whether this is really the area of cross-section 
of the head group which would be occupied in free space is not certain. 

* The polar end of the molecule directed towards the water will be called the head, 
and the hydrocarbon chain, the chain, for brevity. 
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Table I gives the collected results obtaiued as to the principal dimensions 
of various molecules in the films. The lengths of the molecules are not 
measured directly, but have been deduced from the measurements of area on 
the possibly dubious assumption that the density in the films is nearly the 
same as in the acids in bulk. 0*85 has been taken as its value and 210 as 
the area throughout. 


Length = 


Mol. wt. 

21-0 x 6 06 x 0-85 


X 10 ' 7 ( lit. 


Table I.—Principal Dimensions of Molecules. 

! Groan-section* A.U. 


Substance. 

' No. of 

1 C’s. 

Hoad group. 

(As packed in films). 

j " : 

Approximate 

length 


j 


i Chain. 

| Head. 

1 

(A.U.). 

Myristie acid . 

1 1 

-ch 2 -ch.-oooh 

21 O 

2u' 1 

21*1 

Panfcadecvlic acid 

j lo 1 

j -CH a -Cli»-COOH 

21*0 

25 * 1 

22 '4 

Stearic acid .. 

1 1 ft | 

-CHj-CHj-COOH 

21 *0 

25 J 

2« 2 

Behenic acid. 

22 ' 

-CH 3 ~OH 2 ~COOH 

21 0 

26 *1 

31 *4 

I no-oleic acid . 

- 18 ! 

— OH ~ CH — COOH 

31-0 

2H *7 

28 *2 

Oetadeeyl urea. 

! 19 

~NH —CO —Nil- 

21 *0 

26 3 

28 *8 

Stearic amide 

! 18 

-GONHs 

21*0 

not greater 

20*1 

i 

Ktbyl palmitate . 
Kthvl oehenate. j 

18 ' 

-COOCnH* 

21 *0 

than 21 *5 

22 *3 

2(i *1 

24 

— COOCaHj, 

21 *0 

22 *3 

34*0 

Cetyl alcohol _ 

18 

— CllvjOH 

21 *0 

21 *7 

22 *4 

Stearic nitrile . 

18 

-CH.»CN. 

21 *0* 

27 T> 



* Not moasured directly. 


It is remarkable that the presence of the double-bond in iso-oleic acid 
increases the space required by the head to nearly 15 per cent, more than 
that occupied by the heads of the other fatty acids. 


7. The Mechanism of Jfimrrangement under Compression. 

In the majority of cases the curves show that simple compression is all 
that is required to force the molecules in a film from the state in which they 
are touching at their heads only into the arrangement with eloBe-packed 
chains. Either the heads themselves must be Compressible laterally, with or 
without a corresponding elongation in the direction of the chain; or, the 
heads not being sufficiently easily deformed, they must be moved out of the 
way by a vertical relative movement of adjacent moleoules, the wider 
portions of some finding recesses in the chains of others, so that the total 
area becomes no greater than that of the cross-sections of the chains. 

There is no evidence to enable a ohoice to be made definitely between these 
possibilities. It was suggested in the previous paper that the molecules were 
displaced, and in the next paragraph it will be showu that the head of the 
vot. ci.—A. 2 H 
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urea derivatives is, below a certain temperature, practically as incompressible 
laterally as is any other molecule in bulk, but there is no direct evidence 
as to the deformability or otherwise of the other groups investigated. It is 
possible that further evidence on the types of film which show one or the 
other curve may afford the means of making a decision ; and this will lead to 
some information as to the vertical distribution of molecules in the film, 
or the depths to which the various molecules are immersed in the water. 

8. The Derivatvms of Urea. 

Fig. 4 shows the compression curves obtained on octadeeyl urea at two 
temperatures. They were confirmed on the next lower homologue, heptadecyl 
urea (C17H35.NH.CO.NH3). Inset are some determinations of area at an 



arbitrary small compression (1*4 dynes per cm.) plotted against temperature 
for the two substances. The final rise in these two curves is the ordinary 
transition to the expanded state common to all substances yet tried ; the fall 
in area between 29° and 33° for octadeeyl urea and between 26° and 29*5° 
for heptadecyl urea is peculiar to these substances, and is a transition from one 
condensed film whose compression curve is curve I to another, curve II. The 
compression curve II shows that very little compression is necessary to pock 
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the chains closely above the temperature of transition, The curve I shows 
that no amount of compression will pack the chains closely, however, below 
the transition temperature. Near the transition temperature there is a short 
region, not yet fully investigated, where the curves are of an intermediate 
type, but this range of temperature is of a few degrees only. The curve I 
gives the cross-section of the heads 26*3 A.U. (mean value). Probably the 
reason for the heads offering such resistance to compression or displacement 
is connected with the fact that these substances have more complicated heads 
than any of the others investigated; and the powerful orienting and cohesive 
forces between these heads is also indicated by the solidity of the filftms below 
the transition temperature; also the study of the expansion of the films of 
these substances has given an indication that the cohesive forces are greater 
than between other molecules of the same length of chain. Whatever is the 
cause, these two substances are the only ones yet found which show two 
types of condensed film, with a definite transition temperature between them. 
Further experiments are intended as soon as possible upon other substances 
possessing yet more complicated heads. 

9. The Physical State of the Condensed Films. 

As was pointed out in the preceding paper, as well as by Langmuir and 
others, the films are either solid—that is, circulation tangentially of motes on 
the surface is stopped—or liquid. The fatty acids, amide, glycerides, and 
esters all can give solid films when the chains are close packed, though 
occasionally for some unknown reason, in an individual experiment, the film 
is not always solid. Some of these films are obviously more rigid than 
others; the glycerides and glycol dipalmitate are the strongest: and the 
simple fatty acids and esters the least strong of these solid films, and there is 
some indication that iso-oleic acid gives stronger films than the saturated 
acids. A long chain seems to give a more rigid film than a short one. On 
the other hand, cetyl alcohol films are never solid (as Langmuir first pointed 
out). Therefore close packing of the chains alone is not a sufficient condition 
for solidity. The only case yet found of a film being solid in which the heads 
alone are close packed is that of the ureas. Stearic nitrile and the fatty 
acids on HC1, below the portion GH, are never solid. Probably the factors 
which determine the solidity or otherwise depend on small details of the 
shape of the molecule which may be beyond the power of experiments of this 
type to detect. No observations have yet been made on the temperatures of 
transition of the solid into the liquid films; in the previous paper a reference 
was made to the phenomenon of expansion as “ melting/* incorrectly, since a 
more proper term would have been “ vaporisation/* 
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10. The Effect of Age of the Distilled Water . 

A curious effect exists for which no explanation can be given until more 
experiments have been done, but it must be noticed briefly as if overlooked it 
is liable to cause confusion in the experiments. Of the substances yet 
examined, only the fatty acids show the phenomenon; and the solution must 
be near to a hydrogen ion concentration of P«6,* If experiments are done 
soon after the water (or solution) is put in the trough, the film will tem¬ 
porarily resist a compression of 1*4 dynes per oentimetre at an area of about 
25 A.U. * There is then fairly rapid contraction to the normal area for close 
packed chains, completed in about 15 minutes. If weights are put in the pan 
quickly a curve is obtained like fig. 2, II, the film contracting continually 
until the line GH is reached. Once this line is reached, further compression 
merely alters the area along this line ; if weights were removed, usually there 
was little expansion to the tight of the line. This, and a perhaps similar 
phenomenon, which occurs in the transition region of temperature where one 
type of the urea films is changing into the other, are the only cases yet found 
in which there is any hysteresis in the monoinolecular films. 

If, however, the water or solution is allowed to remain in the braas trough 
for about 5 days before an experiment, fig, 2, I, is obtained, showing that the 
chains pack themselves closely almost immediately. What is the change 
which takes place in the water to alter the films in this manner has not been 
discovered. It is not the solution of small amounts of fatty acids in the 
water, for it makes little difference whether experiments have been done on 
the water during the 5 days “ seasoning ” or whether the trough has been 
undisturbed with a cover over it. It is not a chauge in the hydrogen ion 
concentration, as it has been noticed on solutions containing phosphate buffers 
in which the P« rentained constant within 0*1, CO a free water, and water 
nearly saturated with COa at atmospheric pressure, behave like fresh water 
at first. It makes no difference whether the water has been condensed in 
silver, tin, or copper, during distillation. Glass distilled water has not yet 
been investigated for this effect. That the action is on the carboxyl groups is 
rendered probable by the fact that only the acids show the change. 

[Note added , Jum 18.—Water condensed and preserved in glass and used 
in a glass trough, without any contact with metal, behaved in the same way 
as the waters mentioned above.] 


• A Ph of 6 denotes a hydrogen Ion concentration of 10 normal. 



Molecular Structure of Thin Films. 4f>7 

11. Solubility of the Films, 

A good deal of qualitative information has been accumulated on the rate of 
solution of the various substances in the water. The number of molecules 
passing into solution may be determined without difficulty by observations 
of any steady decrease in area which occurs under conditions where leaks or 
measurable spontaneous accumulation of contamination or collapse are 
absent; and there is usually rio difficulty in allowing for small amounts of 
contamination, if present, by a blank experiment. Solution cannot of course 
be distinguished from volatilisation directly, but since the rate of disappearance 
of the substances studied always increased with conditions favouring a 
stronger attraction between the film and the water, if is improbable that 
volatilisation was the cause of the contraction. 

Solubility depends on a balance in the molecule between the number of 
polar groups having a strong attraction for the water, and the length of the 
hydrocarbon chains. The former increase, the latter decrease solution. 
Higher temperatures accelerate solution. 

Upon dilute (N/100) IICl, the rate of solution of all the fatty acids down 
to laurie is inappreciable at room temperature. On nearly neutral solutions 
solubility of the acids up to pentadecylic may be noticeable. Addition of one 
carbon atom to the chain very much decreases solubility. When the C >5 acid 
is insoluble, and the C u film decreases at about 1 per cent, per minute, a 
film of tridecylic acid will disappear about ten times as fast, and the C lit acid 
so fast that before any measurement of area can be taken probably about one- 
third of the film will have disappeared. Near neutrality, the seasoning effect 
just mentioned decreases solubility ; allowing the solution to stand undisturbed 
3 days rendered the solubility of the Cu acid inappreciable, while on a fresh 
solution of the same composition, the Cn acid film dissolved at a measurable 
rate. It was rather surprising to find that for acids above Cm, it was possible 
to obtain approximate measurements of area on N/10 soda, solution taking 
place only slowly. 

12. Spontaneous of the Film a. 

In two instances the films expanded Blowly in area. These were octa- 
decyiamine hydrochloride, on distilled water, and cetyl alcohol on a phosphate 
solution. Cetyl alcohol films did not expand on distilled water. The rate of 
oicpattsion, at room temperature, was initially about 8 per cent, per minute for 
the amine hydrochloride, and 0*2 per oent. per minute for the alcohol. The 
former rate fell off rapidly with the time, and the latter was not much changed 
after $ an hour. 

Such phenomena must be due to a slow combination of the end group of 
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the him molecule with some constituent of the underlying solution, resulting 
in an increase of cross-section ; and it is possible that measurements of the 
rate of expansion may give useful information concerning the progress of some 
chemical reactions, when the structure of the films is better understood. It 
is an interesting confirmation of the view that in the condensed films the 
molecules are closely packed, while in the expanded they are not, that this 
expansion of the amine hydrochloride film continues up to the temperature at 
which the expansion becomes nearly complete, but ceases at higher 
temperatures. The increase in cross-section of the heads of individual 
molecules may occur, but it is not shown in an increase of th© area of the 
film, unless the molecules are in contact. 

13. Collapse of the Films under Higher Compressions, 

No important difference from the behaviour of palmitic acid films previously 
described (Part I, p. ‘>48) has been found with any of the substances here 
investigated. The force required to start collapse is variable. The observa¬ 
tion of Labrouste, that when the aggregates ejected from a film are solid 
they do not spread again into a monomolecular film on removing the com¬ 
pression, has been confirmed. This does occur if the aggregates are liquid. 

14. Form of the Curves at very Low Compressions. 

It was left doubtful in Part 1 whether or not there was a real deviation 
from the general linear direction of the curves at the lowest compressions. 
The lowest forces there measured were 14 dynes per centimetre. Later 
measurements made down to one-fifth of this amount, and, shown in the 
diagrams, have proved fairly consistent, and show, in all cases, a tendency of 
the curves to become horizontal at no compression. 

If the theory that the expansion of the films, to be described in Part III, 
is due to the escape of molecules from the condensed or close-packed films is 
correct, some kind of “ vapour pressure M should be expected in the surface, 
with condensed films below the temperature of expansion. It is possible 
that this is the cause of the approach to the horizontal in the region now 
considered. In none of the curves does there appear, however, a horizontal 
or nearly horizontal, line of any length at a distance from the abscissa greater 
than 0*4 dynes per centimetre, until the temperature has risen into the 
transition region between oondensed and expanded films (see the next paper), 
that is, within some 20° of the temperature at which the films are practically 
completely expanded. The force of 0 4 dyne per centimetre is, on a film of 
thickness equal to the length of molecules of stearic acid, about 1*5 atmospheres 
pressure. Thus the pressure exerted by molecules escaping from the 
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condensed parts of the film increases very sharply as the temperature 
approaches that of complete expansion. 

A fairly sharp intersection of a horizontal line representing the vapour 
pressure, with the direction of the curve of the condensed film, would be 
expected on this hypothesis; actually, however, there is no sharp angle but 
an easily curved line. Possibly the rounding off is due to residual contamina¬ 
tion, though in some cases the effect seems rather largo tq be accounted for 
in this way; or, there may be some other form of condensed film in which 
the molecules are in contact in some arrangement very easily disturbed by 
slight external compression—the arrangement requiring, perhaps, greater 
cross-sections than those given in Table I. The experiments are not, however, 
accurate enough to provide real evidence of the existence of any new 
condensed state. 

15. Ejrpe.rhm atal Details . 

To the description of the method of experiment given in the preceding 
paper, some details should now be added. The simplest way of drying the 
trough after cleaning is to rinse it with boiling water; then it is imme¬ 
diately placed on the levelling screws, the top of the sides wiped dry, if 
necessary, with clean filter paper, and a solution of paraffin wax in benzeue 
put on with a glass rod, while the trough is warm. The barriers and float 
are paraffined with the same solution and dried in an oven before use. The 
use of paraffin wax is absolutely essential to prevent leakage past the 
barriers, and the top of tho sides of the trough must be accurately Hut, in 
order that the glass barriers may touch over the whole width. 

Leakage past the floating barrier has been watohed for, and the position of 
the air jets at A and B (fig. 1) adjusted till all leak was stopped. Leaks are 
one of the most frequent sources of error, and constant vigilance is necessary. 
Back and pinion and screw adjustments, giving up and down, side to side, 
and forward and backward motion, have very much diminished number of 
failures and the labour of attending to an experiment. It is necessary also 
to adjust the strength and direction of the air blast so that the balance 
maintains a constant zero. This can be done with a little experience, without 
diminishing the strength so much as to allow leaks to occur under high 
compression. 

No correction has been applied for residual contamination. Its total 
amount has been always small, and it is thought that none of the areas here 
recorded at temperatures below 35° 0. are so much as 2 per cent, too great, 
from this source of error, where the compression has been greater than about 
3 dynes per centimetre* At the lowest compressions measured, this error 
probably does not exceed 8 per cent. From 36° to 65° C. contamination has 
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been slightly more troublesome, but probably doubliug these limits is 
sufficient. Above 55°, when the paraffin coating on the sides is melted, 
it is very difficult to obtain more than three reliable points before the 
contamination becomes serious; however, by working rapidly, these points 
may be determined with little more error than below 55°. 

Points over the whole range of compressions have generally not been 
determined in a single experiment. Such a procedure would tend to give 
too high areas in the later part of the experiment, because a good deal of 
time must be spent in determining the areas below 3 dynes per centimetre, 
and at the low compressions the rate of contamination is appreciable. The 
usual plan has been to determine about five points between 0*35 and 
2*8 dynes in one experiment, and in another to commence at 1*4 dynes and 
add successive increments of 1*4 dynes or 2*8 until the film collapses, 

A useful check on the value of a single experiment is afforded by 
removing weights from the pan. If there has been any leakage or solution 
of the film there is apparent hysteresis, and an idea can be obtained of the 
amount of error by comparing the curves of contraction with those of 
expansion. Any accumulation of contamination acts in the opposite 
direction to the last two sources of error. Except for the two cases of 
rather special character mentioned in Section 10, p. 466, I have not yet 
found a cast; of real hysteresis among monomolecular films. 

The temperature of the trough was regulated by two or three small 
burners below. There was no difficulty in keeping it constant and uniform 
to 1° below 35°, to 2° up to 60°, and to 3° up to about 70°. The tem¬ 
perature was read by a thermometer placed in the trough, and it was 
verified that this indicated the temperature of the surface, by determining 
the melting point of floating particles of palmitic acid. 

Where the substauces were not sufficiently soluble iu benzene, a small 
amount of alcohol was added. 

The bar F in the diagram was employed for steadying the dropping 
pipette E, used for measuring the quautity of substance put on. With care, 
the error in knowing the amount put on should not exceed 3 per cent, in on© 
experiment. The number of molecules in a gramme molecule has boon 
taken as 6 06 x 10 3 * 

16. Preparation and Purification of Materials, 

The saturated fatty acids employed all melted within half a degree of the 
accepted melting point of the pure substances. Titration in alcoholic solution 
showed the molecular weights of all those with an even number of carbon 
atoms to be correct within 1 part in 200, except stearic acid, which as finally 
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purified had a molecular weight about 0 8 per cent, too low. The acids of an 
odd number of carbon atoms and the A«$-oleic acid were prepared by 
Dr, Lc Sueur, and were undoubtedly of the highest purity when prepared. 
Verification of the melting points disclosed no sign of deterioration. Oleic- 
acid was an exceptionally pure specimen, prepared in Prof. LapworthV 
laboratory. Elaidic, eruoic, and brassidic acids had the correct molecular 
weights. The iodine values were correct for elaidic acid, and indicated about 
5 per cent, of admixed saturated acids, probably behenic, for the erucic and 
brassidic acids. The melting points were those given by Lewkowitsch (6) 
except brassidic (61°-62° instead of 65°). 

Cetyl alcohol was purified till it melted at 50°. Stearic amide and nitrile 
were prepared fi’om pure stearic acid and purified till they melted constantly 
at 109° and 42° respectively. 

Octadecylamine hydrochloride was prepared by reducing steaiic nitrile with 
sodium and alcohol (7). It was precipitated twice from alcohol by ether; 
m.p. indefinite, but above 160°. Octadecyl urea was prepared from the 
preceding by treatment with the theoretical quantity of potassium cyanate; 
m.p.,constant, 111°. Nitrogen, found by the Kjeldahl method, 8*85 percent.; 
theoretical, 8*98 per cent. 

Heptadecylamine was obtained from stearic amide by the modification of 
the Hoffmann reaction described by Jeffreys (8); m.p. 54°-56° after redistil¬ 
lation from sodium and boiling to remove GO* and water. Heptadecyl urea 
from the preceding melted constant at 108-9°, agreeing with Jeffreys' 
determination. 

The esters of palmitic acid were prepared by warming together the purified 
alcohol and palmityl chloride and recrystallising the product from dilute 
alcohol. M.p/s : methyl palmitate 29*5° *80°, ethyl 25*5°, a-propy! 15°-16° 
n-butyl 13°-14°, iso-butyl 19°-23°, iso-amyl 11°-] 2°, n-oetyl 24°-25°, Other 
esters were prepared in the usual way. A few specimens were found by 
titration to contain small amounts of free acid (as palmitic), up to 2 per cent. 

Tripalmitin and tristearin were purified to have the correct saponifioation 
values within 0*6 per cent.; m.p/s: 63-4° and 68-5°-69*5°. 

Glycol dipalmitate had the m.p. 70°; this appears to have been incorrectly 
recorded in the original paper as 65° by a clerical error (9). The specimen 
was the original one prepared by Miss Stephenson. 


2 2 
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The Corrosion of Iron and Steel. 

By Sir Roiikrt Haufield, Bt., F.R.8. 

(Received May 25, 1922.) 

Introduction. 

The subject of the corrosion of iron and steel is a most important one, yet 
with the exception of a minor contribution by Dr. E. Newbery and the 
author in 1916, no communication has been presented to the Royal Society 
for the last one hundred years. This paper refers to the wastage of the 
world’s iron and steel due to corrosion, and describes a number of recent 
experiments carried out by the author with regard to copper-steel. It is 
hoped that these results will add to the general knowledge on this subject of 
corrosion from both the scientific and practical point of view. 

Careful estimates appear to show that there is a present annual loss 
of over 40 million tons of iron and steel under corrosion and consequent 
removal of material rendered unserviceable. Taking into account the cost 
of protecting the material, the author estimates that the aggregate annual 
loss due to the effects of corrosion is probably well over 500 million pounds 
sterling, based on prices which have prevailed during the last few years. 

The introduction of alloy steels which possess high capacity for resisting 
corrosion should be encouraged, and although higher in the first cost they 
will probably be found more economical in the long run. 

The great importance of economy in the use of iron,and of studying methods 
to avoid or reduce rusting or oxidation, is shown by valuable and interesting 
statements in a recent article, * Iron Ore in Europe,’ by Prof. J. W. Gregory, 
one of our Fellows. In reviewing a report by Mr. Max Roesler, of the U.S. 
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Geological Survey, on the iron ore resources of Europe, Prof. Gregory says it 
appears from this statement that the reserves of iron ore in the world are 
estimated only to be sufficient to maintain the same rate of production as in 
1913 for 1000 years. On the other hand, if the output of iron should 
increase, as is quite possible, in fact probable, in the same ratio as the pre-war 
rate of even only 5 per cent, per annum, then the world's supplies will be 
exhausted in about 150 years. A serious statement indeed! 

Last year the total production of pig iron, which is the basis of practically 
all iron and steel, was only 35 million tons as against the pre-war maximum 
of 78 million tons, but this reduction can only be a temporary one. For 
example, supposing the Chinese commenced to use iron and steel on a 
large scale, the demand on the iron ore supplies of the world would be very 
great, as the present output of pig iron would soon be doubled. Dr. J. S. 
Unger, Research Engineer of the Carnegie Steel Company, states that if this 
country, China, used steel in the same quantity per capita as the inhabitants 
of the United States, half a million tons of steel would be consumed every 
24 hours. 

It may be interesting to add, as showing the enormous output in the 
United States—and that their use of the metal iron is not likely to decrease, 
but will surely increase—each blast furnace there has an average output of 
120,000 tons per annum, Germany 55,000 tons, and England 28,000 tons. 

In 1913 each person in the United States used 700 lb. of iron, and in 1917 
the production per capita was nearly half a ton. A similar use in this 
country would mean that we should have to produce about 23 million tons of 
pig iron, and even at the American rate of output for 1913, our production 
would have to be 14 million tons. As a matter of fact, the maximum output 
in Great Britain has not yet reached 11 million tons. 

Whilst Prof. Gregory’s estimate is necessarily to some extent speculative, 
yet such a statement from an authority on the subject shows how great is the 
importance of studying this question of corrosion more closely than has been 
done in the past, in order to lead to economies being effected. 

Dealing first with the work of the Institution of Civil Engineers, by the 
kind permission of the Corrosion Committee of the Council of that body, the 
author is able to explain the research work now in hand and its objects. An 
interim report on the progress of the researoh will shortly be published by 
the Committee, and will show the work completed up to the present time. 
The work was commenced by the formation, in 1916, of a special Committee, 
under the able guidance of its Chairman, the late Sir William Matthews; 
K.C.M.G., to deal with problems with regard to the deterioration of structures 
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exposed to sea action. Its present Chairman is Mr. Maurice Wilson, 
M.Inst.C.E. Encouragement in funds has been provided in a generous 
manner by the Department of Scientific and Industrial Research, who 
recognise the great value of the investigations. The total grants from 
this source have amounted to several thousand pounds. 


Descr ipt ion of the Ferrous Materials Employed in the Research . 

The specimens prepared by the author are represented by 14 types of 
ferrous materia], in all 1,330 specimens, of which 955 have already been 
allocated by the Committee for the Sea-Water Corrosion Tests, also those 
required for mechanical, microscopical, and other laboratory tests. 

The materials, classified into four main sections, are indicated in Table I, 
together with a very complete analytical record of their chemical composition. 

The wrought iron, Section I, was furnished by the Low Moor Iron Company, 
and the “ Armco ” iron by the Shelton Steel and Iron Company. The carbon 
steels and special steels. Sections II and III, were produced under specification 
fixed by the author, and were made by Hadfield's, Limited, of Sheffield, while 
the cast iron, under Section 3 V, was supplied by the Lilleshall Company*. 

The specimens in all cases, excepting naturally the cast irons, are prepared 
from rolled bars 3 inches in breadth by % inch in thickness, the length of 
each specimen being 24 inches. In order to carry out the tests under 
conditions as nearly as possible resembling those met with in constructive 
work, the specimens are prepared in the condition “ as rolled ” without further 
heat treatment, being allowed to retain the oxide skin produced in rolling (in 
the case of the cast irons the casting skin). There is, however, a small number 
of specimens included experimentally from which the skin had been removed 
by grinding. 

In view of the importance of the subject some of our Fellows might like 
to have test pieces of the author's own specimens, prepared over many years, 
with which to experiment, tiiat is, ordinary and alloy Bteels of a large variety 
of types. I f so, the author will willingly place, without cost, sets of these 
specimens at the disposal of those Fellows interested. 

The tests included complete analytical tests, including the percentage 
determination of carbon, silicon, sulphur, phosphorus, and manganese, and in 
the special steels, also niokel and chromium ; also mechanical tests, comprising 
tensile, shock, and hardness tests. In addition, the micro-structure of all the 
materials has been examined and photographed in view of its important 
bearing on corrosion. 
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The total number of individual tests made is 203, made up as follows :— 

26 tensile tests, 104 Fremont shock tests, 26 Izod shock tests, 20 micro- 
test pieces, 21 test pieces for labon^tory corrosion tests. 78 Brinell-Ball 
hardness tests were also made. 

The specimens have been despatched to testing stations at Auckland, 
Colombo, and Halifax (Canada), also to Plymouth. They are made up 
in various forms, and the points under investigation cover:—The effects 
of total and intermittent (“ half tide ”) immersion and exposure to marine 
atmosphere; also corrosion in fresh water. Variations in corrosion arising 
from geographical situation. The influence of strain in the metal, and of 
surface scale arising from the manufacturing operations; also of certain 
structural details, that is, items such as bolts and rivets, and the contact of 
dissimilar metals. The mechanical properties of the corroded materials will 
also be investigated. 

The particulars given will, the author hopes, give a sufficient outline 
of the scope and bearings of this important research. The work of the 
Committee in planning the details has required very careful thought, and the 
preparation and arrangement of such a large number and variety of specimens 
has been no easy task, great care, in particular, being necessary to avoid the 
possibility of mixing, which might easily occur in 1500 specimens of so many 
types of material. 

The Resistance to Corrosion of Steel containing Copper . 

It has been stated in America that mild steel containing a small percentage 
of copper has proved superior in resisting corrosion, as compared with ordinary 
mild steel. Such a ready and inexpensive means of mitigating the evils of 
corrosion is naturally attractive, specially as mild steel forms the great bulk 
of the world s structural steel. The author lias therefore been led to make a 
particular study of these claims’ 

The American tests of the copper steel, which formed part of an extensive 
research with a variety of materials and conditions of exposure, were carried 
out by the Committee of the American Society for Testing Materials, The 
results are published in a Report of the Committee, dated 1920, and in a 
number of papers* by Mr. D, M. Buck, Metallurgical Engineer to the 
American Sheet and Tinplate Company, Pittsburg. For the precise 

* * Research on the Corrosion Resistance of Copper Steel *; 1 Recent Progress in 
Corrosion Research’; ‘Copper in Steel—The Influence of Corrosion '; ‘Copper in Steel 
Tie'Plates *; ‘ Influence of a very Low Percentage of Copper in Retarding Corrosion ’; 

A Review of the Development of Copper Steel.’ 



Table I.—Description of the Materials used in this Research, and their Analysis. 
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Section IV.—Cast Irons. 
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behaviour of the copper steel, under various conditions of exposure, these 
papers should be referred to. 

Experiments* on copper steels made by Prof. 0. Bauer, of Berlin, have 
shown that under most conditions the influence of copper is unoertain, and 
only in the sulphurous atmosphere of manufacturing districts has the copper 
any perceptible restraining influence against corrosion—the latter fact is rather 
confirmed by laboratory tests. As a general conclusion, it is considered that 
the addition of copper for the purpose of preventing or mitigating corrosion, 
would not be generally advisable. Copper is most beneficial in those steels 
relatively high in phosphorus content, and the results therefore in this respect 
differ from those of Mr. Buck quoted above, in which the rdle of copper is 
believed to be that of neutralising the harmful effects of sulphur. 

The amount of copper in the specimens investigated ranged from 0*1 to 
04 per cent., and in the author's opinion the value of the research would have 
been enhanced had some specimens free from copper been included for 
comparison. 

In a preliminary examination of the question the author made the following 
tests. Two clean and polished specimens, one (No. 2824) of mild steel con¬ 
taining 0*1 G per cent, of copper, and another (No. 2825) of wrought iron, were 
completely immersed in artificial sea water for 48 hours at 80° i\, with results 
as follows. (The loss of weight, following the usual practice in the Hadfield 
Research Laboratory, was determined after removing loose corrosion products 
by rubbing the specimens with hard soap. Such treatment it has been found 
does not remove any appreciable amount of unoorroded steel.) 


Lose in mg pm. 


(Specimen 

No. 

Material. 

_ 

_ 

Analysis. 

. ^ 

- \ 

Size of 
apeci< 

-— — 

per aq. cm. 
exposed to 


C. 

p.c. 

Si. 

p.c. 

s. r. 

p.c. p.c. 

Mn. 

p.c. 

Cu. 

p.c. 

wens. 

cm. 

corroding 

action. 

2824 

Steel con- 
taining On 

0 ‘20 

0-01 

0*078 0 048 

0*50 

0*16 

12 *5 x 

2 *5 x 

0 *25 

4 2 

2825 

Wrought 

iron 

Oil 

0 *01 

0*073 0*345 

0*47 

0 02 

12 *5 x 

2 *5 x 

3*2 


0 *25 

Under these conditions, therefore, the results show that steel containing 
0 - 16 per cent, of copper is less resistant than wrought irou. 

Later the author was kindly favoured by Mr. D. M. Buck with specimens 
of the American oopper steels, in the form of pieces from rolled sheets suitable 
for corrosion experiments, together with similar specimens from the same heat 

* ‘ Stahl uad Eisen,’ vol. 34, pp. 37-45, January 13,1921; also pp. 76-83, January 20, 
1921. 
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of open-hearth steel to which copper had not been added. Mr. Buck's 
analyses of the two materials ate as foWows *.— 


5127 A 
5127 B 


e. 

Si. 

8. 

P. 

Mn. 

('M. 

012 

0-008 

0087 

0023 

0-53 

0-268 

0-14 

0-007 

0-038 

0023 

053 

0018 


With these specimens a number of corrosion tests have been carried out 
by the author under the varying conditions indicated in Table IT. In every 
case the specimens were tested in pairs, that is one specimen of the steel (A) 
containing copper and another of the steel (B) free from copper exposed 
simultaneously. All conditions as regards manipulation and exposure were 
identical for the two materials. 

The specimens were received from Mr, Buck covered with their oxide 
scale produced by the rolling process, and as this represents the condition 
under which such material would in general be used, the exposure tests in 
the atmosphere and in artificial sea-water were carried out with this skin 
intact. Duplicate sj>ecimen8 were, however, prepared and exposed simul¬ 
taneously, from which the skin had been removed, the surface then being 
polished until free from visible scratches. 

Atmospheric corrosion was observed both in the pure country air at 
Hathersage, 11 miles from Sheffield, and also simultaneously in the rather 
sulphurous atmosphere of the manufacturing district of Afctercliffe, Sheffield, 
where the Heola Works are situated. This exposure took place, a8 it happened, 
during the exceptionally dry period of the summer of 1921. 

The remaining tests have been carried out under laboratory conditions. In 
these the specimens were immersed for a period of 21 days, cleaned and 
weighed and the loss recorded. In this condition without further preparation 
they were re-immersed for a period of three months. 

For the short-period tests—7 days—shown in Table II, specimens were 
used which had already been tested in other ways. The effects of the previous 
test, however, had in these cases been obliterated by removing the surface to 
a sufficient depth and repolishing. 

From these results the author draws the following conclusions as regards 
the behaviour of the two materials under the various types of corrosion. 

(a) Atmospheric Corrosion .—The copper steel is rather less corroded than 
the ordinary steel, but especially so in the more corrosive industrial atmosphere 
at Attercliffe. This applies to both material with rolling scale on and with 
the same removed. Material with the scale removed is more resistant than 
with the scale on, confirming what is generally found to be the case. 

(b) JSm- Water .—The ordinary steel corrodes the more rapidly at first; 
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Table II.—Comparative Corrosion Tests of Mild Steel with and without 

Addition of Copper. 

Specimens 006" x O'' x 3" supplied by Mr. D. M. Buck. Area 240 sq. cm. 


Analysis. 0. Hi. S. P. Mn. Cu. 

Al-8 . 012 0*008 0-037 0*023 0*53 0*268 

Bl-8 . 0*14 0*007 0*038 0*023 0*53 0*018 


1 


First exposure. 


Second exposure. 


Specimen 
No. j 

1 


Period. 

Loss in 

mgrmK. 

Relative 

loss. 

Mild steel 

Period. 

Total loss in both 
periods. 

Mgrm'i. persq. cm. of 

Relative 

loss. 

Mild steel 




per »q. cm. 

- 100. 


original surface. 

- 100. 




Atmospheric at Hathersage. 



A 1 

R. 

3 mouths 

7 1 

90 




Bl 

R. 

a „ 

7-K7 

100 




A l 

S. 

» „ 

a is 

75 




Bl 

S. 

3 

12*10 

100 







Atmospheric at Attercliffe. 



A 2 

R. 

8 months 

18-40 

75 




B2 

R. 

1 3 „ 

24-70 

100 




A 4 

S. 

3 „ 

22 -40 

77 




114 

s. 

3 „ 

29 -00 

100 




i Artificial Sea Water. 

A 3*1 per cent, solution of Tidman’s Sea Salt in Sheffield 

i 




Tap Water. 



A 8 

R. 

21 days 

1*83 

69 

3 months 

6*38 

91 

B 8 

R. 

| 21 „ 

1*03 

100 

3 * 

7 00 

100 

j A 6 

S. 

! 21 „ 

1 *43 

64 

3 ,« 

7*57 

97 

B0 

S. 

31 „ 

2*22 

100 

3 „ 

7 77 

100 




Coal Tap Water (Sheffield), 



A 7 

s. 

21 days 

l -33 

72 

3 months 

9 *30 

101 

B 7 

s. 

21 „ 

1 -H6 

100 

3 „ 

9*16 

100 

i 


50 per 

cent. Sulphuric Acid in Sheffield Tap Water. 


# A 3 

R. 

7 days 

| l *73 

\ 




A 8 

s. 

21 „ 

i 32-00 

70 

3 months 

41 *42 

13 

B8 

s. 

21 „ 

40*80 

100 

3 „ 

! 315 *80 

100 



20 per cent. Sulphuric Acid in Sheffield Tap Water. 


•A 8 

R. 

7 <i»T« 

( 24*3 

8 




*U 8 

R. 

7 

1 • » 

! 309 0 

100 





For the second exposure period the specimen was in the condition as left after the loose corrosion 
products from the first test had been removed for weighing. 

R. indicates rolling scale removed initially and surf ewe polished. 

S. indicates rolling scale on the specimen. 

* indicates specimen had been used for an earlier test, corroded surface removed then re polished. 

The volume of corroding medium in the laboratory tests was 1 litre. 

In the case of the exposures for 8 months in artificial sea water and tap water, the liquid Mas 
changed every 14 days, the loose rust being washed off in running water before re-immersion. 

In the case of the exposures for 8 months in 50 per cent, sulphuric acid, the liquid remained 
unchanged throughout the period. 
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subsequently tbe rate of corrosion for both materials slows up, indicating a 
certain degree of “ self-protective ” action, which is rather more pronounced 
for the ordinary steel. This is best seen in fig. 1. At the end of 16 weeks. 



Number of Weeks Exposure 
Fig. 1 . —Tap and Soa Water. 

however, the total extent of the corrosion of the copper steel is still less than 
that of the ordinary steel. The relative- behaviour of the material with scale 
on and that with the scale removed is the same as for atmospheric corrosion. 
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(c) Tap Water .—Tiiere is little to choose between the two materials, which 
maintain a fairly constant rate of corrosion over nearly 4 months. The tap 
water, which initially is not so corrosive as sea-water, over the longer period 
is more corrosive, due to the absence of self-protective action of the steels 
against this medium. In this case no specimens were tested with their 
rolling scale on. 

(d) 50 per cent. Sidphurk Acid .—With the original scale on/both materials 
were attacked very rapidly at first; while, however, the rate is maintained 
subsequently for the ordinary steel, that is solution goes on at a steady rate, 
when re-immersed after a 3 weeks’ exposure and weighing, the steel 
containing copper is only very slowly attacked. During the 3 months’ period 
of the second immersion the rate of corrosion is only about one-sixteenth of 
the rate during the first period of 3 weeks. Apparently, therefore, when the 
scale has become detached and the attack takes place more directly on the 
surface of the steel, the steel containing copper is very resistant to a 50 per 
cent, solution of sulphuric acid. That this is so was confirmed by a 7 days' 
test on a freshly prepared and polished specimen free from scale (see fig. 2). 

(e) 20 per cent Sulphuric Acid .—A seven days’ test on specimens with 
the scale removed, while showing more vigorous action than the 50 per cent, 
solution, confirms the great superiority of the steel containing copper against 
attack by sulphuric acid (see fig. 2). 

In the authors tests, therefore, the conclusions arrived at, both from the 
American and the German tests, as to the superior resistance of mild steel 
containing a small percentage of copper to atmospheric corrosion, are borne 
out. not however to the extent shown by the American tests. The 
superiority amounts to about 10 per cent, in pure air, increasing to about 
25 per cent, in an industrial atmosphere. 

As in the German teats, the results of immersion in sulphuric acid point 
strongly to this superiority under atmospheric corrosion being due to and 
dependent on the amount of sulphurous impurity carried by the air. 

The author’s tests, so far as immersion in ordinary water is concerned, 
confirm Dr. Cushman’s opinions, and also the German conclusions, that is, no 
advantage for the copper steel is to be looked for in this direction. In sea 
water the above tests indicate, at any rate for a comparatively short period of 
exposure (a few months), a certain superiority for the copper steel. With a 
very long period of exposure, however, it is possible this superiority may be 
wiped out, or even negatived, and in this respect again they bear out 
Dr. Cushman and the German conclusions. 

It has been suggested that the very outstanding results obtained in 
America for the copper steels were to some extent due to the superior 
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physical condition of the steel as compared with the ordinary mild steel. 


A pair of tested specimens received from Mr. Buck through Dr. Friend 

3 90 i 



' Fia. S.—Sulphuric Acid. 

gives some support to this idea. These specimens, of corrugated sheeting, 
have been exposed for twenty-three months to the atmosphere at Atlantic 
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City, U.S.A.; the copper steel was very little corroded, while the ordinary 
steel had become very thin, with a number of holes corroded completely 
through the sheet, the surface otherwise badly pitted. The latter, on 
examination, showed a particle of scale at the bottom of each pit, forming a 
centre for corrosion, and it was evident that in rolling the material had been 
very much oxidised and the scale rolled deeply into the sheets. The scale 
from the copper steel sheet had been completely corroded off in an even 
manner, and left no pockets containing scale, a circumstance of undoubtedly 
favourable influence in determining the subsequent behaviour of the sheet 

The specimens on which the above series of tests were carried out by the 
author do not show any marked difference in the nature or amount of the 
scale as between the two materials. Micrographic examination, however, 
showed a difference in structure between the materials, that is, as received 
and as tested above. While both materials showed the usual character of 
mild steel, that is, mainly ferrite grains with carbon distributed in the form 
of carbide of iron; in the case of the steel containing copper, the carbide is 
invariably confined to the grain junctions; in the mild steel, on the other 
hand, the carbide is indiscriminately distributed throughout the material. 
In these circumstances it was not possible to attribute the superior 
qualities of the copper steel definitely to the presence of copper per se t since 
it is known that physical condition in general has a distinct influence on 
corrosion. 

In order to investigate this point further, therefore, the author carried out 
the following tests:— 

Pieces cut from specimens A1 and B1 (previously tested under atmospheric 
corrosion) were heated together to 800° C. and cooled in air. This had the 
effect of normalising both materials, and their micro-structures were then 
identical, the carbide, in the form of pearlite, being evenly distributed. 

After the surface had been removed to a sufficient depth to take away the 
scale produced by heat treatment and the effects of the previous corrosion 
tests, and the specimens polished, they were submitted to a further test for 
twenty-one days in 50 per cent, sulphuric acid, as shown in Table III. 

The result shows that even under these more comparable conditions the 
copper steel is by far the more resistant against attack by sulphuric acid. 
The relative rates of corrosion are as nine to one. Further specimens tested 
on the same lines, but heat-treated at 900° C. instead of 800° C., gave full 
confirmation. The author’s experiments, therefore, show that even so small 
an amount of copper in mild steel as 0*25 per cent., or only 1 part in 400, 
can exert a very marked inhibiting influence against corrosion by sulphuric 
acid, and against atmospheric corrosion, in so far as the latter is due to 



The Corrosion of Iron and Steel . 


435 


sulphurous impurities in the air* What precisely is the manner in which 
the copper effects this improvement is at present little understood and 
difficult to investigate. Further work is, however, being undertaken in 
order to obtain information if possible on this point. 


Table I TT.—Corrosion Tests on Specimens of Mild Steel, with and without 
Additions of Copper, in Similar Physical Condition. 

The materials are the same as those referred to in Table II. 

Specimens immersed in 50 per cent, sulphuric acid, by volume, for 21 days. 
Size of specimens 0*15 x 7’6 x 2*5 cm. Area 40 sq. cm. 


Analysis. 

0. 

Si. 

s. 

P. 

Mn. 

Cn. 

Al . 

0-12 

0-008 

0037 

0023 

0-53 

0-268 

Bl . 

0-H 

0007 

0038 

0023 

053 

0018 


Polling scale removed and specimens polished. 


Specimen No. 
Al 
B1 
Al 
Bl 


Heat treatment. 

Heated to 800° C. and 
cooled in air 
Heated to 800° C. and 
cooled in air 
Heated to 900° O. and 
cooled in air 
Heated to 900° C. and 
cooled in air 


Loss in mgrms. 
per »q. cm. 

4‘8 

43 8 

4 2 


50 2 


Relative loss. 
Mild steel 100. 
11 

100 

8*4 

100 


Conclusion. 

It seems wise to include a few words of caution in regard to forming 
general conclusions as to whether a small percentage of copper as a con¬ 
stituent of steel is really desirable for general service conditions. As shown 
in this paper, a small oopper-content, say 016 to 0 26 per cent., is beneficial, 
provided the condition is that of bare metal exposed to atmospheric corrosion, 
especially in a sulphurous atmosphere. But no reoorded tests have yet 
shown that coated metal would be benefited by a oopper-content. Some 
investigators have held that, so far as galvanised metal is concerned, the 
purer the base metal or the freer it is from impurities the longer life will be 
obtained in average service. 

Unquestionably, in the majority of service conditions, iron or steel is 
subjected to either total or partial immersion in natural waters, or some sort 
of liquid phase. It is by no means oertain yet that, under such conditions, a 
copper-content in steel might not actually be deleterious, and it is fair to state 
that this opinion is held very strongly by Dr. Cushman and other investi¬ 
gators who have been long studying these problems. The study is exceedingly 
difficult, owing to the fact that a given type of iron or steel, which may 
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behave very well under one set of conditions, will quite reverse its behaviour 
under another set. It is necessary, therefore, to proceed with extreme care 
before drawing important conclusions on the basis of any tests so far earned 
out, which might be the means of inducing steel manufacturers generally to 
introduce copper as a commercial constituent of mild Bfceels. 

It should be noted that if such a practice came into general use, the scrap 
of the steel manufacturing countries would become greatly infectod with 
copper, which is not thereafter removable by the various refining processes 
now employed. If future experience should tend to show that a copper- 
content was in many cases deleterious rather than beneficial, this would be a 
most serious and important consideration. 

In this paper the author has not considered the question of the high 
chromium-steel alloys containing about 12 per cent, of chromium and from 
010 to 0 60 per cent, of carbon, known under the names of " rustless/’ 
" stainless,” and “ non-corrosive.” Such material is very expensive, and 
does not immediately concern the ordinary user of iron and steel in large 
quantities. If these experiments help to show how it is possible to obtain 
steel as little subject to corrosion and lower in cost than the type just 
mentioned, they will have served a useful purpose, as well as drawing the 
attention of our Society to this important subject. 

In these various researches, carried out at Hecla Works, Sheffield, the 
author has had the assistance freely rendered of Mr. I. B. Milne, B.Met., 
aud Mr. W. J. Dawson ; also Mr. T. G. Elliot, F.I.C., as regards analytical 
and micro-examination and the corrosion tests; Mr. S. A. Main, l\Inst.l\, 
has given general supervision and arranged the specimens. The author 
takes this opportunity of expressing his best thanks to those who have 
rendered valuable assistance in this research. 



487 


Boundary Lubrication.—The Temperature Coefficient. 

By W. B. Hardy, Sec.RS., and Ida Doubleday. 

(Received June 20, 1922.) 

(Report to the Lubrication Research Committee of the Department of Scientific 
and Industrial Research.) 

The experimental method employed was that described in earlier papers.* 
A slider having a spherical face is made to slide over a plate in an atmosphere 
of rigorously clean and dry air. The friction measured is static friction and 
the object of the experiments the determination of the effect of temperature. 
This has now been studied over a range of 15° C. to 110° C., and it may be said 
at once that the relations discovered are of a totally unexpected character. 

More than one attempt to study the effect of temperature was defeated by 
the fact that lubricating vapours were given off from the walls of the chamber 
in which the plate and slider were enclosed. This difficulty was completely 
removed by using a chamber with double walls, the inner wall being a 
continuous sheet of nickel. Between the walls were placed the electric grids 
for heating the chamber. The stream of dry air with which the chamber was 
flooded was also heated by being passed through a tube of silica, which was 
maintained at the required temperature by a coil of wire through which a 
current was passing. The temperature of the stream of air and the tem¬ 
perature of the chamber were recorded electrically. 

Temperature might influence friction by altering the state of the solid faces 
or of the lubricant; it was, therefore, necessary to study clean faces first. 

Clean Faces . 

Glass was found to be totally unsuitable for use because the physical state 
of its surface was profoundly altered by a relatively small rise of temperature. 
The figures in Table I illustrate this. 


Table I.—Glass. 


Time elapsed. 

Temperature (° C.). 

Pull. 

fi. 

5 minutes 

15 5 

25 *5 grm. 

0 94 

80 

35-5 

25 *6 „ 

0 94 

70 „ I 

73 

13 '6 „ ! 

0*61 

100 „ | 

74 

12 l „ 

0*40 

130 „ | 

74 

12 1 „ 

0*46 

ISO „ | 

15*6 

12 0 „ i 

0*40 

240 „ | 

15*6 

12 0 „ j 

0 *46 


* * Proceedings,’ A, vol. 100, p, 660. 

VOL. CL—A, 2 K 
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It will be noticed that the coefficient of friction = pull weight of 
slider) falls as the temperature rises, and that the changed state of the surface 
which this indicates is not reversed when the temperature falls. 

The fall in friction was greater the higher the temperature to which the 
glass was exposed. Thus glass at 74° reached a steady state in about 
SO minutes with /x = 0*46, but at 110° in 45 minutes with /x = 0*36. The 
effect is due to the formation of a film which prevents water from wetting 
the surface, and which cannot be removed by soap and water; it is, however, 
destroyed by hot chromic acid and the friction then returns to the full 
“ clean ” value characteristic of the particular sample of glass. 

Quartz , when cleaned in the way ordinarily used for glass, namely, by 
heating in a strong solution of chromic acid and rinsing in tap water, behaved 
like glass as the values given in Table 11 show:— 


Table II.—Quartz. 


Time. 

Temperature (* C.). 

M* 

0 minutes 

17 

0-78 

30 „ 

17 

0*76 

05 „ 

72 

0 13 

(slow glide) 

120 

no 

0*09 

175 „ 

20-6 

! 

0*08 


By this time we were aware of the fact that the friction of steel and 
bismuth is not affected by temperature. This suggested that the behaviour 
of quartz might be due to a film obstinately adhering to the surface, and not 
to the substance itself. The suggestion proved to be correct, since the fall in 
friction observed with rise of temperature did not appear when the quartz 
faces were vigorously rubbed with the fingers under a stream of water, after 
having been heated in the chromic acid bath. It is not unlikely that this 
film on quartz, which resists hot chromic acid and needs actual traction for 
its removal, is itself a glass due to surface reaction of the silica with alkali 
from the air or from polishing or cleansing substances. 

The values in Table III are for fully oleaned quartz. It will be noticed 
that the coefficient of friction of clean quartz is less than that of glass. 

Steel and bismuth , when clean, show no change whatever in the friction 
over the range of temperature which was tried. 

The result of these experiments with dean faces then is that the friction of 
a face of quartz, steel or bismuth, when thoroughly freed from adherent films, 
is sensibly independent of temperature over the range 15° to 110° C. 
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Table III.—Quartz. 


Time. 

Temperature (° C.). 

M- 

0 minutes 

16-5 

0-770 

45 

16‘5 

0-770 

120 „ 

110 

0-765 

145 

110 

0 -765 ' 

210 „ 

i 18 

0-768 


Lubricated Faces. 

Steel and quartz alone were used in these experiments; there is, of course, 
no reason to suppose that bismuth would have behaved differently. 

Surfaces Flooded with Lubricant .—When the lubricant was fluid throughout 
the whole temperature range the friction was independent of temperature. 

The following values were given, without sensible change, over the range 
15° C. to 110° C.:— 


Table IV. 


Lubricant. 

Steel. 

Quartz. 

Undecane.... 

0 '34 

M- 

0*49 

Caprylic acid . 

0-20 

0-306 

Pelargonio acid . 

0*14 

0-238 

Butyl Alcohol ... 

0*39 

0*546 

Octyl 

0*29 

0*457 

Uudeoyl „ . 

0-23 

0*39 



When the lubricant was solid over part of the range the effect of tem¬ 
perature was different below and above the melting point of the solid. The 
friction was always found to fall with rise of temperature up to the melting 
point. At this point there was a remarkable discontinuity, the friction falling 
to zero. When the lubricaut was fully melted the friction suddenly reappeared 
at a higher level than before the discontinuity, and was constant over the 
remainder of the temperature range. When the temperature was allowed 
to fall from the highest point (110° C.) there was no change in friotion until 
the melting point was again reaohed, when there was a sudden fall, but not 
to zero. Below this point it was not possible to go, because the slider became 
set fast in the solid mass of lubricant. These relations are illustrated in 
Table V, and by the curve in the diagram. 

The lubrioant was applied by placing a few crystals of the solid on the. 

2 K 2 
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plate in the chamber which had already been heated above the melting point. 
The slider was placed on the plate now covered by a layer of fluid lubricant 
and the chamber allowed to cool slowly. When at room temperature, the 
slider was lifted from the plate with the whole visible mass of lubricant 
attached to it, replaced, and observations of the friction were then taken. 

Nonadeeane, docosane, tetracosane, decoic acid, undecoic acid, palmitic 
acid, stearic acid, and cetyl alcohol were tried. It will be sufficient to give 
the figures for one of these:— 


Table V.—Palmitic Acid on Quartz. Melting Point, 62° C. 


Time. 

Temperature (°C.). 

M- 

45 minntea 

19 0 

0 168 

65 „ 

28 *4 

0*140 

90 „ . 

84 *2 

0 121 

130 

89-8 

0 *098 

145 „ 

48*5 

0 *063 

160 „ 

64 ’6 

0 038 

195 

69 -8 

0*021 

210 „ 

62 *0 (melting) 

0*0 

212 

62 ‘0 (liquid) 

1 less 

24G „ j 

130 

> than 

290 „ 

63 

J 0*03 

295 

61 ’8 (solidifying) 




The discontinuity, at the melting point would appear to be due to the 
* fact that, when the lubricant is still solid, the friction that is measured is 
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thafc of fche lubricant on itself. This might well be expected to fall with rise 
of temperature so near the melting point This conclusion derives a certain 
amount of support from the fact that the coefficient of friction of a glass 
slider on the solid paraffin C34H60 is, at 16°, ft = 0 07, whilst the coefficient of 
glass on glass lubricated by a film of this paraffin is ft s= 0*325, Above the 
melting point the friction, on the contrary, is that of solid faces, as modified 
by a primary film of the particular lubricant. In order to eliminate fche friction 
of the lubricant on itself, films of insensible thickness were deposited on fche 
faces from solutions in other. The discontinuity now disappeared, and the 
friction became constant over the whole range, both when the temperature was 
rising and when it was falling, and we may therefore conclude that, over the 
range of temperature 15° to 110° C., the friction of quartz and of steel, 
lubricated with normal paraffins and the related normal acids and alcohols, 
is sensibly independent of temperature. 


Table VI. 


Lubricant. 1 

Temperature (° C.). 



Steel. 


C 19^40. 

16 -8-U0 

0*179 

C„II„. 

17'8-UO 

0*110 

CmH*!).* 

17 '0-110 

0*008 

Cetyl alcohol .. 

16 -5-110 

0*1143 

Deooie acid . 

15 0- 75 

0*075 


Negligible—glides with 
weight of soale pan. 


Quartz, 



16 0-110 

0*324 

. 

J 16 *8-110 

0-26 

CjmHw. 

.! 10*6-1)0 

| 

0*23 

Cetyl alcohol. 

.! 19*0-110 

0-276 

Deooie aoid. 

17*2-110 

0*18 

Undeooic acid.. 

105-no 

0*114 

Palmitic „ .,.. 

.1 10*6-110 

1 Q-lidea with weight of 
j icale pan. 

Stearic „ .. 

„! 18*8-110 

MmMBfcie . 





Undeooio aoid 
Palmitic „ , 
Stearic „ 


15 *0- SO 
10 * 6-110 
17*0-110 


The curious fact that there is uo static friction at the melting point of a 
lubricant when the faces are flooded with it is not so readily explained. 
The phenomenon is observed when the lubricant is partly solid and partly 
melted. We may therefore pioture to ourselves the solid faces, eaoh covered 
by its adherent film, and separated during melting by a mixture of solid and 
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fluid lubricant, and the latter is continually being supplied at the expense of 
the former. Under these conditions the friction would be fluid friction, and 
therefore static friction would be absent; and the fnotion of the Bolid faces, 
as lubricated by the particular lubricant, would not reappear until melting 
was complete and all the fluid squeezed out by the weight of the slider, 
leaving the solid faces separated by two primary films of lubricant, as 
described in the earlier paper. The fact that the static friction reappears 
instantly and at full value confirms the view there taken that solid friction 
does not change gradually to fluid friction, but that the one changes to the 
other abruptly at a certain critical thickness of the film. The state of the 
material in these lubricating films is determined by the attraction field 
of the solid as well as by the mutual attraction of the atoms and molecules 
of which it is composed. Since there is no change in the curve 
friction/temperature at the melting point of the lubricant, we may suppose 
that the former is more important than the latter. The fact, known Bince 
Leslie's time, that heat is liberated when a solid is wetted by a fluid, shows 
that the degree of freedom of a molecule in these films is less than that of 
one in the interior of a fluid mass of the same lubricant. 

The curves connecting sfcatio friction with molecular weight, which were 
given in the last paper, cut the base line; that is to say, above a molecular, 
weight which is different for each chemical series, static friction should 
vanish. More careful measurements made since the last paper was written 
show that this actually is so when the lubricant is present only as a film of 
insensible thickness. Then the slider moved with the smallest weight which 
could be applied, namely, 0*7 grin. It moved slowly, as might be expected, 
since the accelerating force was so small—the observed rate being of the order 
0*4 mm. per hour. 

When the lubricant is present in excess there frequently is resistance to 
movement due to surface tension, for consider a small drop symmetrically 
disposed about the area of contact between slider and plate. Movement of 
the slider will increase the area of the interfaces between the drop afcd air 
and the drop and the plate. In certain cases this absorbs work/ For 
example, a steel slider in a small drop of melted palmitic acid on a steel 
plate needed a weight of 3*6 grm. to move it, when the drop was smeared 
about the plate a weight of 0*9 grm. was sufficient, but when the acid was 
present on the surfaces only as a film of insensible thickness the weight of 
the scale pan (0*7 grm.) alone sufficed to make the slider glide slowly. 
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On the Lateral Vibrations of Bars of Conical Type. 

By Dorothy Whincu, D.Sc., Girton College, Cambridge. 

(Communicated by Prof. Arthur Dendy, F.K.S. Received April 4, 1922.) 

Introduction. 

This paper contains a discussion of the lateral vibrations of a thin conical 
bar of circular section, which has its tip free. By means of a discussion of 
the roots of certain equations containing Bessel functions of the second and 
third orders, both of real and of imaginary argument, the frequencies and 
nodal arrangement associated with the first three tones are investigated, in 
the case when the base of the bar is clamped. 

The lateral vibrations of conical bars of circular section were first treated 
by Kirchhoff,* * * § in 1879. In his investigations, Kirchhoff was concerned with 
the case of a bar with its tip free and its base clamped, and he limited himself 
to a discussion of the period associated with the gravest tone, and considered 
neither the higher periods nor the positions of the nodes associated with them. 
J. W. Nicholson,! in the course of an investigation of the lateral vibrations 
of certain types of bars of variable section, discussed the ease of a double cone 
(consisting of two equal cones placed base to base,) vibrating with both tips 
free, and discussed the periods and nodal ratios associated with the first three 
symmetrical tones. His results, however, throw no light on the question of 
the vibrations of a conical bar with a clamped base, owing to the peculiar 
nature of the conditions at the centre. 

The present paper, in addition, contains an investigation of the periods of 
the higher tones, and of the arrangement of the nodes associated with these 
tones. The discussion gives for the case of a clamped-free bar of conical 
type the results which correspond to those given by Lord Rayleigh^ and 
Seebeok,§ and Donkin, for a bar of uniform cross section. General 
characteristics are worked out of the nodal arrangement in the higher 
tones when the tip is free, and nothing is known about the conditions at 
the base. 

In the discussion of the higher tones of the free-clamped bar, the method 

* ‘Site, der Akad. zu Berlin/ p, 816 (1879). 

t * Proc. Boy. Soc./ A, p. 608 (1917). 

I i Theory of Sound/ vol. 1, p, 286, 

§ ‘ Abhandlungen d. Math. Phys. Class© d, k. Sachs, Gesellscbaft d. Wiasenschaften, 
Leipzig, 1852. 
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is used of determining the equation which gives the period by a generalised 
hypergeometrio series of the form 

./ {<t> b, c ; x) as 1— z/1 . 1 + a , 1 -f 6 . 1 + c 

4*^/1 .2 . 1-fa. 2-fa. 1-f b . 2-f b . l + c.2*fc — 

-and introducing the asymptotic expansion* of this series for large values of x , 
which has not hitherto been employed in physical problems. The first term 
alone of this expansion, which is a multiple of 

cos sin 7r/4—'jr (a 4* & + c-f 3/2)/4), 

'when equated to zero, gives the periods with an accuracy of about one part in 
100 in the case of the third tone, and with progressively greater accuracy for 
*the higher tones. 

The investigation yields the following result;— 

In the lateral vibrations of a conical bar vibrating with a free end, what- 
'ever the conditions at the base may be, the nodes in the wth tone occur at 
intervals of order 1 fn in the neighbourhood of the base, and at intervals of 
order 1 /w* in the neighbourhood of the tip. 

The importance of vibrations in morphology has been pointed out by Prof. 
Dendy,f in the course of an investigation into the positions of siliceous deposits 
found on sponge Bpicules; and, indeed, the investigation of Prof. Nicholson, 
already referred to, was undertaken with the purpose of testing the suggestion 
of Prof. Dendy, that these deposits occur at the nodes of the spicules, regarded 
as vibrating rods. The high degree of agreement obtained gives this suggestion 
a large measure of probability. In the types of physical problems which have 
been discussed from this point of view, the lower notes have, for the most 
part, been the important ones. With further applications to problems of 
morphology in view, it was deemed worth while to include in this paper, not 
only a full discussion of the lower tones, but also a general account of the 
nodal arrangement associated with the higher tones. 

The Equation of Motion. 

Let the bar be formed by the revolution of the line y =» Ax about the axis 
of x , the thick extremity of the bar being given by the plane x as 1. The 
displacement at any point x is y, E is the modulus of elasticity and p the 
density of the material. In the case of a thin bar, in which the rotatory 

* E. W. BarneB, 4 Phil. Trans,/ A, vol, 206, p. 297 (1906); D. M. Wrinch, * Phil. Mag./ 
p. 161 (1921). 

+ Presidential Address to the Quekett Microscopical Club, 4 Jour a. Q.M.C./ p. 231 
(1917); * Proc, Boy. Soc./ B, p. 573 (1917). 
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inertia can be neglected,* the equation of motion during a lateral vibration is 
well known to be 


| j (l.KAvg) + .Mvg = 0. 


For a vibration of period 2trjp, 


-& = 


~fy> 


and therefore 



or , 


3 3 

& 



if we introduce a new variable z, defined by the equations, 

Z as qx t q* = 4/^> a /EA 8 . 

This fourth order differential equation can conveniently be exhibited in the 
form 

where 3 « zd/dz, 

or (3 + 2)(3 + l)<K3~l)y = 

When it is written in the form 

[*-*&(3 + 2)]*y «= y, 


two solutions of it are seen to be 

y « «[1^*/1.3 + *71.3.2.4-...]. 7 [1 +*/l. 3 + **/l .3.2. 4 + 
s» AJ a (2 v /«)/^ Ola (2 x/z)fz. 

The general solution is therefore evidently 

y e AJ, {2 s /z)jz+ BY a (2*/*)/*+CI» (2 ^z)jz+ I)K* (2y/z)/z $ 
where Y and K are the Bessel functions of the second kind. 

The constants A, B, C, D, are determined by the conditions of support of 
the bar. In the case under consideration the end z = 0 is free, and the 
shearing stress and bending moment, which are respectively proportional to 

'W s (*•»*)■ 


must vanish. Since the functions Y and K are logarithmically infinite near 
«aO,B and I) must vanish. Further at the thick end, at whioh zss ql xz ft 
the conditions for a clamped end require that y and dyjdx should vanish. 


* Lord Rayleigh, foe. cii,, p. 261. 
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Since 

~z-^h(2^/z) = -r»J,(2y/z), jU~ J I s (2 ■/*) = 

these conditions can be written 

AJ 3 (2 v / / 8) + CI 3 (2 v //S) = 0 ) 
AJ 8 (2 v //9)-CI 8 (2 v /y3) = 0, 

yielding the equation 

J,(2v / ^)l3(2 v //3) + J 3 (2 v //9)I Ji (2 v //3)= 0, (1) 

as the period equation determining ft. 

This period equation can easily be thrown into the form used by Kirchhoff,* 
namely, 

0 = 1/2 ! S!-/8*/l!3 15 ! + /3 4 /2 !4!7!-^/3 ! 5 ! 9 !+.... 

We may write the period equation in a slightly more convenient form by 
employing Bessel functions of the first and second orders, instead of those of 
the second and third orders. For by the well known recurrence formulas for 
these functions, 

Ji(») + Ja(^) = 4Ja (x)/x t Ij («) —I 8 (it:) = 4Ia(x)/o;. 

And the period equation becomes, when we substitute for J 3 and I 3 , 

J a (Wfi) Ii (V/3) - Ji (2 v//8) h (2^/0). 

The first ten roots of this equation were obtained by Airey, who encountered 
the same equation in the course of an investigation on the vibrations of circular 
plates. It is a striking fact that this equation occurs in such very different 
problems. Quoting the first three roots from Airey'sf paper, 

2<s/f3 « 5*906, 9197, 12*402, 

and returning to the definition of j3, we find that the corresponding period® 
are given by 

2t r/p m 16 7rP/d . g <5*906, 9-197,12-402)" 8 . 


* Loc, eit t p, 826. Itirchhoff gave the first root as /9 « 8*718. A more accurate value 
is 8*7202. P. F. Ward, following Kirchhoff, has also investigated this period equation* 
which occurred in the course of a discussion of the lateral vibrations of a pyramidal bar 
of square section, vide ‘Phil. Mag.,’ p. 85 (1913). 
t * Proc. Phys. Soc. London/ p. 225 <1911). 
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The Nodal Positions , 

The displacement of any point on the rod is given by 
y » AJa (2 -v/#) -f CI a (2 y/z) 
where the ratio of A to C has now been implicitly determined in terms of the 
period associated with the tone under consideration, Thus 

AJ 3 (2 v //S) + CI 3 (2^) = 0. 

Hence the displacement is a multiple of 

J» (2 y/z) h (2 y/$) -1* (2 y/z) J 2 (2 y/ j$). 

The equation determining the positions of the nodes, at which the displace¬ 
ment is zero, is therefore 

Ja (2 vA)/Ia(2>v/ z) = M2^/&)fh (2^/3). (2) 

Associated with the first tone, in which 2 x /(/3) = 5*900, there is only one 
root of this equation which is not larger than /?, namely, yS itBelf. The 
clamped end is natiu’ally tho only node. In the next tone, in which 
2y/(j3) =s 9*197, the equation becomes 

* J»(?-197)/I < (9197) » 0*0001752. 

In order to solve the equation 

J 4 (2 v /«)/I 1 (2 v /*)*a i (3) 

where, as is always tho case in these applications, a is very small, since 
I* (2 -s/yS) is large, we have, writing 2 y/z =s x, 

J a (#) a= aU(x) 

and an approximation to the roots can be obtained by considering the roots of 
the equation 

Ja(*)»0. (4) 

For, putting 

x s= « + e 

yrhere « is a root of the equation «T a (#) = 0, and neglecting e 3 we get 
Ja(«) "heJV («) sb (a) + aela / («) ; 

or, since J» (a) =c= 0, 

e »= aI*(a)/(J a ' (a) —alu (a) ) 

= 2aI J («)/[J 1 (a)—J 3 (#)—a (Ij (a) * la («))]. 

But Ji(#) 3 = — J 3 («) since J a (<x) 5 = 0 ; therefore 

« * 2aI*(*)/[2J 1 («)—a (Ii («)-f I» (a) )] 

and evidently this value of € is smaller for the earlier zeros of J a than for the* 
later ones. For example, in the case of the second tone, with a node at the 



498 


Dr. Dorothy Wrinch. On the Lateral 


clamped end, corresponding to the value x = 9*197, and another node in 
the bar, the first root of = 0, namely, x = 5*135, gives a close 

approximation to the first root of the equation (3). 

For putting a = 5*135 


we can determine readily from tables and recurrence formulae that 

Ji («) as —Ja(a) sa —0*3396, 

Ii(*) = 27, IaO) - 11, 

and since in this case 

a = 0*000175 


we find that 


€ * —0004 


as a first correction. Thus, 

x = 5*131. 


The approximation can be continued in the same manner, but it is not in 
this case necessary. The node is therefore at a distance from the tip, which 
is in the ratio 

z/fi = (5*131/9*197)* » 0*304 
to the length of the bar. 

For the third tone, which will have two nodes in the bar, in addition to 
the node at the clamped end, we have 2^/fi * 12*402, and the equation for 
the nodes, if x as 2 s /z i is 

J a (#)/!» (x) * J, (12*402)/!, (12*402)* -0*159/23545 = -0*00000675. 


There will be roots of this equation in the neighbourhood of 5*135 and 
8*417, the first two zeros of J* For the root near 5*135, the necessary 
correction to the value 5*135 is effectively, for all tones, in the ratio of the 
corresponding values of a, and thus becomes, for the third tone, 


e * ah (5*135)/Ji (5*135) * 0*004 (0*0 6 675)/0*0 3 175 


and is in general negligible. The value of x for the first root of the nodal 
equation for the third tone is therefore 5*135 effectively. In the next case, 


a * 0*0*273, 

and therefore the first root is again effectively 5*135. The node nearest to 
the tip, therefore, in all tones corresponds to practically the same value of x. 
The mutual separations of the second roots and third roots of the nodal 
equations become progressively larger. 

The other node in the third tone will be given by a value of as in the 
neighbourhood of 8*417. For argument so large as 8 the function I, is 
effectively given by the asymptotic expansion 

I, (^) — e*f(2Tr%y& 
and our equation is effectively, 

x 1 ** * aj^y ( 2 tt ). 
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Although interpolation is not easily accomplished with this equation, on 
account of the exponential nature of la, we find that it gives excellent 
results in this and similar cases when logarithms are taken. The solutiou is 
quickly found to be 

X as 8*401. 

The corresponding nodal ratio is 

z/0 » (8*401/12*402) a = 0*458. 

Thus the nodal ratios in this tone are 

0171, 0*458, 1. 

A general discussion of the equation 

M2 v /z)/h(2fz) » J*(2v/ fi)fbj (2 yfft) 
is given later, with a more general investigation of the nodal arrangements in 
the higher tones than can be obtained from these numerical considerations. 

The Higher Tones, 

Lord Rayleigh,* in the course of his investigation into the lateral 
vibrations of a free-clamped bar of uniform cross-section, quoted a well 
known formula, due to Seebeck and Donkin, for the positions of the nodes in 
the higher tones. Seebeck ( loc , ciL) and Donkin proved that the nodal 
ratios in the nth tone, measuring from the free end, are given by 

l*3222/(4n—2), 4*9820/(4»-2), 9*0007/(4^-2), 13/(4*-2), 
17/(4n —2), ... (4»—10*993)/(4«— 2), 

(4»-7'01.76)/(4»-2)... (4»-2)/(4»-2). 

Lord Rayleigh found the corresponding ratios for the free-free bar to be 
1*3222/(4^ — 2), 4*9820/(4n—2), 9*0007/(4?i-2), 13/(4n-2), 
17/(4?? —2), 21/(4»-2), ...(4n-3)/(4n-2). 

We proceed to obtain a corresponding formula for the bar of conical type. 

The Period Equation, 

Referring again to the equation (1), we notice that the period equation is 
formed by eliminating the constants A and C between the equations 

y cb AJ${2\/z)fz + Cl${2z)jz =s 0, (5) 

dyfdz =s Ad/dz(Jt(2 x /z)fz) + Cdjdz(j2(2</z)fz) = 0. (G) 

The period equation is therefore of the form, 

Y = yiy*~~y*yi = 0, (7) 


* Loc. ciu } p. 286. 
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where y\ = 3%{2^/z)Jz = 1 —^/1.3+s 2 /l .3,2.4—... 

and satisfies the equation 

3(^-f-2)?/i = (8) 

where, again, 5 = ®3/?2, ami 

y* = I, (2y/z)jz rl + s/l. 3 + 2 2 /l , 3.2.4 +... 
and satisfies the equation 

5 (5 + 2) ;y a = zy*. (9) 

We now proceed to find the differential equation satisfied by Y. 

We have 2/a^tyi — zY. 

Applying the operator (5 + 2) to both sides, we obtain 

yi$(5 + 2)y a -y a $(5 + 2)yi = s(5 + 3)Y 
which with the help of equations (8), (9), becomes 

yit/2 — £ (5+3) Y. 

Next applying the operator 5(5 + 2), we get 

y 1 5(5 + 2)y a + y a 5(5 + 2)y 1 + 25y 1 5y a == £ 5 (5+ 2)(5 + 3) Y, 
or, again, using the equations (8), (9), 

i5(5 + 2)(5 + 3)Y. 

Applying the operator 5, the equation yields 

5 3 y/i 5y a + 5 2 v/ a =r i 5 a (5 + 2) (5 + 3) Y. 

Adding to both sides 45jn 5 y% we obtain the equation 
5(5 +2)yi 5^a + 5 (5 + 2)y a 5yi = J 5 a (5 + 2) (5 + 3) Y + 5(5 + 2)(5 + 3)Y, 
or z(y 3 5yi-yi5y s ) = i 5(5 + 2)(5 + 3)(5 + 4) Y, 

giving finally the fourth order equation for Y, 

5 (5 + 2) (5 + 3) (5 + 4) Y + 4**Y « 0. (10) 

The Asymptotic Expansion of the Series for Determining the Period . 

The expression ot the fourth order equation for Y in terms of the 
operator 3 enables us to write down series solutions at once. Since the 
particular solution we need begins with a constant term, it is clearly 

Y » a(1—4^/2.4.5.6 +4^‘ 2 /2,4.5.6.4.6.7.8.— ...) 

= 2 .5/2.3 + (i*)</l.2 .5/2.3.2.3.7 /2 .4- ...). 

This series is of the generalised hypergeometric type with four denominators, 
namely, 

1 — x/1 .1 + ft . 1 + Z>. 1 + C+# 2 /! . 2.1 + ft . 2 +ft. 1 + &.2 + J. l+c.2 + c—... 
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and the asymptotic expansion of the series for large values of x is known 
to be* 

r(i+a)ra+i)r(i+c) r /t . ,, ,„ r . , 

-2(2^— i -' V oa ^ sm W 4 “ W 4 ) C 1 + a >/ :, / + «</•« + • • •] 

+ sin(4 xW sin tt/4— ttsi/ 4) j ;^i+Jgi +... j j- 
where «, = « + & + <)-f 3/2. 

* 

Taking, in the first instance, only the term of largest order, wo may consider 
the roots of the equation 

cos(4 / e 1 ' ,4 8in tt/4 — 7ts 4 /4) = 0, 

which may be written 

‘krM* sin■>r/4—irs 4 /4 = (2r~1)^/2, (r = 1, 2, ...). 

In the particular series under discussion, 

* = « a /4, s 4 = 0, 
and the corresponding roots will be 

2*V 3 = (r + l)7r, (r r= 1, 2, ...), 

The first ten roots of the period equation are already known to be 
* = 5-906, 9 197, 12-402, 15-579, 18-745, 

21-901, 25 055, 28 205, 31-354, 34 502, 
or, as they may be written more conveniently, 

x/tt m 1-8807, 2-9277, 3 9478, 4 9691, 5 9660, 

6-9714, 7-9751, 8-9781, 9-9804, 10-983, 

whereas the roots obtained by using the first term of the asymptotic expan¬ 
sion are 

x-/7r= 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. 

Our approximation, therefore, gives even the fourth root with an error of less 
than one part in 100. The error in the higher roots rapidly becomes smaller 
and is less than 1-5 in 1000 in the case of the tenth root. 

Consequently, the periods associated with the first ten tones are given by 

2t r/p = 16f»/rtr . [1-8807, 2-9277, 3-9478, 4-9591, 5-9660, 

6-9714, 7-9751, 8 9781, 9-9804, 10-986]-®, 

and in general the period of the n—1 th tone, when nn 11, is given, with an 
error of less than three parts in 1000, by 

2 ir/p * lQP/vPvd . ^ £, 

* Loc ♦ c#., Baraea, Wrinch. 
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The Nodal Positions in the Higher Tones . 

The equation determining the nodal ratios in the various tones is 

J,(2 v '*)/I f (2 v '*) = J a (2 v /^)/I 3 (2 v / ^) « * 

when the value of ft associated with the particular tone under consideration 
is inserted. We may write for convenience 

, a = 2^A b » 2<Sft t 
and deal with the equation 

J 2 (x)/h (x) = J, (b)fh (b) = a. (11) 

The values of b associated with the various tones are 
b a 5*906, 9*197, 12*402, 15*579, 18*745, 

21*901, 25*955, 28*205, 31*154, 34*502, 
bjir as 1*881, 2*928, 3*948, 4*959, 5*966, 6*971, 7*975, 8*978, 9*980, 10*983, 

and the corresponding values of J a (6) are alternately negative and positive. 
Thus in the first, third, ..., 2n— 1th tones, in the equation for the nodal 
distances, a is negative. In the other tones J a (b) and consequently a is 
positive. 

The curve y = J 2 ( 2 ;) /1 a (x), 

is of an oscillatory type and cuts the axis of x in a series of points 

X = « 1 , rtta, *3, «r+l, • •• 

which are the roots of the equation, J a (x) = 0. The first three are given by 

x « 5*135, 8*417, 11*620, 
xfir « 1*597, 2*679, 3*699, 
and the higher ones more and more closely by 

x/w sb 91 + 3/4, (w ss 4, 5 

The amplitude decreases rapidly as a? increases. From these characteristics 
of the curve y = J a -(g)/1* (sc) it follows that the values of x which satisfy the 
equation occur in pairs within the divisions 

(0*i), («»«3>* ... ... , 

or within the divisions 

(«l*a)> («S*4), «2m+»), ...» 

where, as before, the tt s are the roots of the equation J a (x) ss 0. Hence, in 
the (n—l)th tone, supposing first that n is odd (so that a is positive,) the 
roots can be represented by 

x 5 = —\i (w), <* a +\ s (n), 


«3—X 3 (n), ... «* + X»(?t). 
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In this expression for the roots, the quantities X are all positive. If n is 
even the roots can be represented in the same way with all the signs of the 
Vs reversed. It is hardly practicable to find the values of the Vs associated 
with the higher tones to any specified degree of accuracy. We shall instead 
deduce general properties of the sequences \i, ...> X r , associated with 

each tone. 

The fact that the amplitude of the curve 

y - Ja (*)/*» 0 : ) 

decreases in each succeeding division implies that the quantities 

V (r), \a(r),... f \ f (r) 

form a steadily increasing sequence. For in order that x may satisfy the 
equation 

Ja(«)/Ia(a) = a 

where a is not zero although it is small, in each division x will have to move 
further away from the points 

••• a r> 

which define the divisions and satisfy the equation 

J a (a) sb 0. 

The distance between roots belonging to the same division becomes smaller 
and, at the same time, the distance between roots belonging to different 
divisions becomes larger. The pairing of the roots, consequently, becomes 
increasingly marked. 

We therefore have the result, 

0 < Xi (r) < Mr) < Mr) ... < M^ 

And we observe that as we consider the roots of the equations associated 
with higher tones, the corresponding Vs increase. Further, the upper limits 
associated with the first, second, rth tones are given respectively by the 
differences between the first, second, rth roots of the equations 

Ja (%)fh (%) = Ja (%) - 0, 

and we therefore have 

0 < \i(r) < Mr) ... < Mr) < (K*-*r) 

where i r and a r represent the rth roots of these equations. The higher roots 
of these equations tend to the form (r + l)w and (r-p3/4)7r respectively, so 
that J r — or tends to tt/4. 
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We collect together the values of % associated with the first three tones, 
which we have already investigated in an earlier section of the paper. 

First tone, 5*906, 

Second tone, 5*131, 9*197, 

Third tone, 5*135, 8*402, 12*402, 

and the first three roots of the equation Ja(a.) = 0 are 

5*135, 8*417, 11*620; 

the corresponding values of the X’s are exhibited in the subjoined table 




*2- 

^3- 

.... 

First, tone . 

0 771 



Seoond tone. 

0 '0O4 

0 *780 

i 

Third tone . 

o -ooo 

0*015 

O *782 i 


We may, in addition, exhibit the behaviour of the first and last Vs asso¬ 
ciated with each tone. 


Number of tone. 

Mr). 

K, (r). 

1 

0 -771 

0*771 

2 

0*004 

0*780 

3 

0 *000 

0 *782 

4 

0-000 

0*783 

5 

0*000 

0 *785 


The convergence of Xi(?*) to zero and the convergence of X r (r) to 7 t/4 
is plainly seen. 


The Nodal liatios. 

Let l m represent the mth root of the period equation 
Mb)/h(b) rn J»(&)/!» (ft), 

and m x„ the mth root of the nodal equation associated with the mth tone, 
namely, 

J,(e)/I,(a) = J,(b*)/h(h). (12) 

We will denote the ratio of the distance of the mth node in the mth tone from 
the tip to the whole length of the bar by m r n , Then, as before, the nodal 
ratios will be given by the formula 

mTn = (nPnlKY, 
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Now, we have already shown that in the case of the roots of the nodal 
equation there exists a sequence 

^-1 (w , )i ^3 (?&)» {n\ 

which is such that 

0 < \i (n) < X 3 (») ... < X, (n) < J 

which enables us to express the roots m x n in the form 

m x n = a m dr 

the upper or lower signs being taken, according as n— m is even or odd. 
As before, we write * m for the with zero of the function J 2 (#), If we put 

Jin « (oc m (b n y 

it is evident that the nodal ratios interlace with the ratios m R» in such a 
way that 

»?’n ^'nRn 3^» ^»—2R« 3R n ... , 

The nodal ratios, in fact, occur in pairs within the successive pairs 

(n~llt n , n _ 2l^n), O n -Jt n , n~Jln) ••• • 

Further, the ratios m r n approach the ratios m R» more and more closely as m 
decreases. We have already seen that the difference between 

(“i/ 6 ») a 

and the nodal ratio 

(iXn/bn)* 

decreases as n increases, and is indeed less than one part in 6000 when n — 3. 
We found also that the ratio 

(«»/*»)* 

differs from the nodal ratio 

by only one part in 600 for n = 3. It is clear, therefore, that when n is 
sufficiently large a good approximation to the smaller nodal ratios will bo 
given by the ratios 

(«r /KY, («*/&„)*, («»/&.)*.... 

In the case of a bar of unit length, the intervals between two nodes in the 
neighbourhood of the tip is evidently always of order l/»*. For the earlier 
values of the *’s are given by 

afir = 1-597, 2-679, 3-699, 4-710, 6 717, 6-721, 7725,8-730, 9-731. 
Further b n = (« + l) 7 r + 0(l/n). 

The nodal ratios in the neighbourhood of the tip are consequently given by 
(1-597 Inf, (2-679/rt) 3 , (3-699/»)»,..., 

if we negleot terms of order 1/n*. 


2 l 2 
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When we p^iss to nodal ratios in which m is comparable with n, we have 



< »-i T» 

< 

(*n-l/b n f, 

(«„_, + tt/4)7^ 

> n- 3 r ti 

> 

(«n~2/b K f, 

( aB _ 3 -7r/4)>/6 B » 

n—flr B 

< 

(«n- s/hy, 

These results specify the nodal ratios within 




|(2-^i-ir/4)/W. 


We can easily deduce that the intervals between consecutive nodes in the 
neighbourhood of the base are of order 1/n, in the case of a bar of unit 
length. 

To obtain the values of the nodal ratios to any degree of accuracy which is 
required, we employ the method of a previous section. As a first approxima¬ 
tion to the roots of the equation 


Ja 0*0/Ifl (&’) — «h} (^»)/la (^n) —- 
we obtained the result 

wr*n ^ a m”f 

n€m = («».)"«« (Ii (« m ) + I* (* m ) ). 


with 

Since 


and 

therefore 

and 


a m = (??i 4- 3/4) 7r -f 0 (1 / m), 
b n — (n 4-1) 7T 4- 0 (Ifn), 

a„ as 2c-' (B+1 >*cos[(n—^)ir]J^l + 0^J, 

„e m = (_)m e (m-n-J)^ c0 s (n7T-|j + 0 fij J, 
m r n = ( m x n /b n y as (Ztj (l + 2 "-*=) + 0 


Even when we are considering the node nearest to the clamped base, for, 
which m = n—1, the expression 


-’•'-(e)'( ,+2 S) 


gives the nodal ratio with an error only of order 

e- ^/n* = 3-8820 x 10~*/n* 
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This degree of accuracy is adequate to many applications which may arise. 
A higher degree of accuracy can, however, be obtained by working out a second 
approximation in the form 

m&V — U m -j- m € n -j- m T) n > 


Other Conditions of Support 

It is worth while to enquire how far the characteristics of the serial 
arrangement of nodes in the higher tones is dependent upon the particular 
conditions of support at the base which we have selected for consideration. 
We propose now to consider the case of a conical rod in which the tip is, as 
before, free, but in which the conditions at the base are not specified. 

The condition that the tip of the rod is free determines that in the equation 
for the displacement, 

y = AJ» (2^/ z)jz +BY» (2 y/z)jz -f Cla (2 v/ z)/z +DK a (2 ✓*)/*, 
the constants B and D must vanish, so that the expression for y is of the 
form 

y = AJ»(2 v /a)/» + OI J (2^/*)/fc 
The nodal equation will be 

AJ 3 (2 >/z) +012(2 s/z) = 0, 
and this equation may be written 

Ja(x)/I 2 (x) = —C/A, (13) 

where C/A is some constant depending upon the conditions at the base. 
Evidently there will be some characteristic constant—which we may write 
a ( 1 n )—associated with each tone. From our discussion of the nodal equation 
in the case when the base of the rod is clamped, namely, 


it is evident that the roots of the nodal equation (13) will be arranged in 
pairs within successive pairs of the roots of the equation 


J*(3) = 0, 

Further, if 

(* 0 / 1 * 0 ®) = a ( n ) 

be the nodal equation for the nih. tone, since it must have n roots, it is evident 
that we must have 

d{n) = Jfl (*#»)/la (»£») 

where #a^lies between (w—^w and (^H-i)*r. We can, therefore, estimate 
the order of magnitude of a (n), and as before we find that we get the nodes in 
the neighbourhood of the tip to a high degree of accuracy by putting 
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It is obvious that the nth root of the period equation, which we may 
denote by e n , must be such as to make 

t&njCn Si, (i&n + 27 r)jc n > 1, 

for otherwise there would be (?i +1) nodal ratios associated with the n tone. 
But as the nth root of an equation of the type 

Ja (x)/U(x) = a , 

lies whatever a may be, between (?i—J) 7 r and (n+ £) tt, therefore 

(n-f 3J)7r > c* s (?i— 

Now, l m the nth root of the period equation in the case when the base of 
the rod is clamped, was found to be given by 

b n ss (n-f 1)7r-f 0 (^j. 

Therefore c n = h n + 0 (^j + e 

where — 5 tt/ 4 < e < ll7r/4. 

Hence («*»/«»)* = (mX n /b n y (b n /c n y= («,*»/&»)* (1+0 ). 

The nodal ratios in the neighbourhood of the tip are then evidently as 
before, 

(«i /b n )\ («*/b n y, («*fb n y... 

if we neglect terms of order l/n a . The intervals between consecutive nodes, 
in this neighbourhood, are clearly of order lfn*. 

Although we cannot specify the nodal positions in the other parts of the 
bar without some data as to the conditions of support at the base, we can see 
that the intervals between consecutive nodes, in the neighbourhood of the 
base, are of order lfn , Thus, as in the special case of the bar with a clamped 
base, the nodes crowd together with intervals of order lfn* near the tip, and 
becomes progressively further apart, the intervals being of order lfn in the 
neighbourhood of the base. 
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Heat of Crystallisation of Quartz . 

By Kamks Chandra Kay, M.Sc. 

(Communicated by Dr. M. W. Travers, F.R.S. Received April 26, 1922.) 

1. Introductory . 

Several attempts have been made to determine the heat of crystallisation 
of quartz, or the heat of transformation of quartz into vitreous silica, which 
is of importance in calculating the heat change involved in silicate 
reactions, and conflicting results have been obtained by different workers. 
Tschernobaeff* determined the heats of formation of certain silicates by 
Le Ohatelier's method,! measuring the heat evolved when a mixture of the 
dry substances were made to react by combustion of a given weight of 
carbon in a bomb calorimeter. From the difference of heat of reaction 
of silica glass and calcium carbonate, and of that of sand and calcium 
carbonate, Tschernobaeff found that the heat of transformation of quartz 
into vitreous silica was very small, and equal to only 0*9 Kgrm.-cals. per 
grm.-molecule. But from the results published later by Tschernobaeff and 
WologdineJ Dr, M. W. Travers has calculated the heat of transformation 
of silica and found it to be equal to 7’3 Kgrm.-cals.§ 

From the measurements of conductivity, Tammann[| showed that 
amorphous and crystalline silica dissolved in hydrofluoric acid in one and 
the same state, so that the difference between the heats of solution of the 
two substances would represent the heat of transformation from the 
crystalline to the vitreous state. CunninghamlT was the first to use the 
hydrofluoric acid method for this purpose. His experiments, however, 
were more or less of a qualitative nature, but he stated that he obtained a 
distinct indication of a large difference between the heats of solution of 
crystalline and vitreous silica. 

The difficulty of determination by this method lies in the fact that the 
reaction, especially in the case of quartz, is extremely slow. The same 
method was employed later by Mulert** and Wietzelff in order to determine 

* *Rev. de M6tallurgie/ vol. 2, pp. 729-736 (1905). 
t ‘ C. R./ vol. 120, p. 623 (1896). 

\ *C. R./ vol. 154, p. 208 (1912). 

§ * Jour. Soc. Glass Tech./ vol. 4, p. 220 (1920), 

|| * Kristallisieren und Schmelzen.’ 

IT ‘Proc. Roy, Dub. Soc./ New Series, vol. 9, p. 412 (1901). 

** * Zeit. f. Anorg. Chem./ voL 76, p. 206 (1912). 

+t Ibid vol. 116, p. 76 (1921). 
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the heat of crystallisation <# silica. Both of them obtained very nearly 
the same value for the difference between the molecular heats of solution of 
crystalline and vitreous silica, namely, 2 21 and 2*32 Kgrm.-oals. respectively. 
But it will be shown in this paper that these values are far too low and 
that the error is probably due to the fact that, in order to obviate the 
slowness of the reaction, both these workers subjected their samples to long 
grinding, which causes a considerable increase in the heat of solution in the 
case of the crystalline material. In the case of Mulert’s experiments, the 
quartz was ground in an agate mortar for 17 hours, and then the powder 
was subjected to a special washing process to separate the finest particles. 
Finally, he obtained about 1 grm. of substance from 1 kgrm. of the powdered 
quartz. Bock crystal, which was used in Wietzel’s experiments, was ground 
in a mechanically operated agate mortar for 100 hours. 

2. Method of Determination . Analysis and Determination of Specific 
Heat of Aqueous Hydrofluoric Acid. 

Preliminary determinations of heats of solution were carried out with a 
thermometer coated with wax to prevent it from being attacked with 
hydrofluoric acid. These gave the necessary experience, and showed that 
the difference between the molecular heats of solution of quartz and silica 
glass was approximately equal to 7 calories. Silver sand was used for 
crystalline silica, and it was found that particles which passed through a 
20-mesh sieve were quite suitable for the reaction. In the case of silica 
glass, however, particles which passed through a 40-mesh sieve had to be 
used; for, if finer particles were used, the reaction proceeded too rapidly 
to follow the rise of temperature easily. It was found that this difference 
in the size of the particles did not appreciably affect the heats of solution, 
for silica glass which was passed through a 20-mesh sieve gave almost the 
same heat of solution as that passed through a 40-mesh sieve. 

The final determinations were carried out with a thermometer divided 
into tenths of a degree. The bulb of the thermometer was protected with 
a platinum cap which was especially constructed to fit the bulb of thermo¬ 
meter closely. A small quantity of mercury was introduced into the cap 
to obtain an intimate contact between it and the bulb of the thermometer. 
The top of the cap was attached to the stem of the thermometer with a 
small piece of rubber tubing. The calorimeter vessel was a platinum^ 
crucible of about 60 c.c. capacity, which fitted tightly into the bottom of a 
fairly long Dewar's vessel, the mouth of which was closed with cotton-wool 
during the experiment. The thermometer itself was used as the stirrer. 

The silver sand used in the determinations was first freed from finer 
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particles by sieving, and those particles which passed through a 20-mesh 
sieve were purified by boiling repeatedly with hydrochloric acid, then 
washing with distilled water and drying at 150° C. The silica glass, 
obtained from the British Thermal Syndicate, was broken into small pieces 
by a hammer, and then crushed in an agate mortar. The particles which 
passed through a 40-inesh sieve were boiled with hydrochloric acid, washed, 
and dried in the same way as the sand. 

The hydrofluoric acid used was found to possess approximately a specific 
gravity of 1*17 at the ordinary temperature. The acid was analysed in the 
following manner:— 

A weighed quantity of the acid in a platinum dish was diluted with 
water, and an excess of sodium carbonate was added. A large quantity 
of ammonium carbonate was then added, and the solution was heated. 
After standing for 12 hours, the precipitated silicic acid was filtered. The 
filtrate was treated with a small quantity of ammoniacal zinc oxide solution, 
boiled until the ammonia was completely expelled, and the precipitate of 
zinc silicate and oxide was filtered and washed with water. The precipitate 
was treated with hydrochloric acid, and the silicate, obtained by evaporation 
on the water bath in the usual way, was added to the silica obtained in the 
first operation. The filtrate, after treatment of the ammoniacal zinc oxide, 
was treated with an excess of calcium chloride solution, filtered and washed 
with hot water. Tim precipitate was dried and ignited in a platinum 
crucible. After cooling it was carefully treated with an excess of acetic 
acid and evaporated to dryness on a water bath. The dried mass was taken 
up with water, filtered, washed free from calcium acetate, dried and ignited. 
The following results were obtained— 


No. of experiment. 

Percentage of SiO* 

Percentage of H.F. 

I 

0-89 

34 *59 

11 

0 *86 

34 *04 

Mean . 

0*88 

84 *02 


The specific heat of the hydrofluoric acid was measured by a slight 
modification of the method described by Miiller-Pfaundler.* The same 
current of electricity was passed through the same resistance of fine platinum- 
iridium wire for the same time into weighed quantities of the aqueous 
hydrofluoric acid and water placed in the same vessel The initial tem¬ 
perature of the liquids was aa much below the ordinary temperature as the 
* ‘Lehrbuoh der Phyaik,’ 8th ed,, vol. 2, p, 2311. 
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final temperature was above it, so that the loss of heat during the experiment 
which lasted from 8 to 10 minutes, and the alteration of the resistance 
of the wire by temperature, were practically eliminated. If m be the 
weight of hydrofluoric acid, c its specific heat, t Q the rise of temperature, and 
the weight of water, r} the specific heat of water, t l the rise of tem¬ 
perature, then mc+wfm 1 n l -+w = t l /t } where to is the water equivalent of 
tiie calorimeter. The following values were obtained for the specific heat 
of different strengths of hydrofluoric acid:— 


Table I. 


Percentage of HF (by weight) 
in solution, 

| 

Specific heat. 

! 

10 

0-908 ! 

20 

0'888 

30 

0 -768 

84 *6 

0-724 


3. DeUwxinations of the Heats of Solution is of Quartz and Silica Glcm, 

In order to determine the heat of solution, a definite quantity of hydro¬ 
fluoric acid (29*40 grin.) was introduced into the calorimeter, and stirred 
by means of the thermometer as already described, and the temperature 
noted at intervals of 1 minute. After 3 to 5 minutes a weighed quantity 
of the purified and dried silver sand, or silica glass, was quickly poured 
into the calorimeter and the rise of temperature was noted after every 
minute with constant stirring. The action was allowed to continue from 
15 to 25 minutes, and was then stopped by adding a large quantity of cold 
water. The quantity of material used in different experiments varied 
between 3 and 8 grm. In the case of the eilver sand, 0*3 to 0*6 grm. of the 
substance dissolved and the rise of temperature was never less than 6° C.; 
whilst in the case of the silica glass as muoh as 1*4 grm. of the substance 
dissolved and the rise of temperature was as high as 34° C. After the 
reaction had been stopped, the contents of the calorimeter was washed out, 
and the undissolved silver sand, or silica glass, as the case might be, was 
filtered off, washed with water, and weighed. From the loss of weight, 
the amount of silica dissolved could be determined.^ In two oases, the 
amount of silica in solution was estimated directly, and the amounts 
dissolved were found to be the same as those calculated from the weight of 
the undissolved silica, showing that no loss of silica took place, during the 
reaction, as silicon tetrafluoride. 
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Mulert ( loc. cit.) has shown that when silica is treated with aqueous 
hydrofluoric acid only hydrofluorsilicic acid is formed, six molecules of the 
acid taking part in the reaction for each molecule of silicon dioxide. The 
loss of heat on account of radiation was determined separately for each 
experiment, by determining the rate of cooling of water with the same 
amount of sand or silica glass. Knowing the loss of heat in the case of 
water, the loss in the case of hydrofluoric acid could be calculated; for the 
quantities of heat given off in the Bame time would depend on the weights 
of the liquids and their specific heats. The following table gives the details 
of experiments and the results obtained:— 


Table II. 


Subatanoe. 

Size of 
particles. 

Weight 

of 

substance 
added in 
grma. 

Weight 

of 

substance 
dissolved 
in grms. 

Time of 
reaction 
in mins. 

Rise of 
tem¬ 
perature. 

Water 
equivalent 
of calori¬ 
meter. 

Ileat of 
solution 
per 

gm.-mol. 
in Kgrm.* 
calories. 

Silica glass ... 

40-mesh 

6 *4090 

1*1550 

14 

28 *80 

4-67 

37 -88 

n n 

ii 

6 7048 

1 0744 

13 

25 *82 

4*67 

87 *04 

n it 

ii 

0 2174 

1 *3620 

36 

82 *98 

j 4-67 

37 *27 

n n 

ii 

3 -8098 

0 5566 

11 

13 *29 

1 4-67 

37 *30 

11 it 

20-mesh 

4 -7022 

1 *4*689 

7 

84 -40 

4 *07 

87 *22 

Silver sand ... 

n 

8 -0914 

0*6044 

22*5 

11*30 

4*67 

80 *82 

ii ii 

ii 

7 7712 

0 *6016 

25 

11*23 

4*67 

80 *18 

n ii 

ii 

6 '2337 

o *8 im 

16 

7 *01 

4-07 

30 *38 


ii 

4 0820 

0*8127 

13 

6*02 

4-67 

30 ‘29 

M 11 

n 

8-8740 

0 *4988 

20 

9-50 

4 -07 

80 *30 


The mean of the values of the heats of solution of silica glass in hydro¬ 
fluoric acid is 37*24 Kgrm.-cals. per grrn.-molecule of silicon dioxide, and 
that for silver sand is 30*29 Kgrm.-cals. per grrn.-molecule. The difference 
between the two heats of solution is 6*95 Kgrm.-cals. Therefore the heat of 
crystallisation of quartz at the air temperature may be represented thus:— 

SiO a (vitreous) — SiO» (quartz-cryst.)-f 6*95 Kgrm.-cals. 

This value is of the same order of magnitude as that calculated from 
Tschernobaeff and Wologdine’s results, and is much higher than those 
obtained by Mulert and Wietzel. 

4 Change in the Heat of Solution of Quartz and Silica Class ground for a 

long time. 

In taking up this investigation, it was anticipated that the low value 
of the heat of transformation of silica obtained by Mulert and Wietzel 
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(he. tit.) would be found to be connected with the fact that they submitted 
the crystalline material to prolonged grinding. Sir George Beilby has 
shown that grinding of crystalline substances to powder does not simply 
consist in their reduction to finer and finer crystalline fragments, but it 
involves .the transformation of, at any rate, a part of the substance into 
the vitreous condition.* Hence it was considered worth while to Btudy the 
effect of long grinding on silver sand as well as silica glass. 

The silver sand and silica glass which were used in the above experiments 
wore separately ground, for 15 hours each, in a mechanically operated agate 
mortar. The powders thus obtaiued were very fine, and passed completely 
through a 200-mesh sieve. They were again dried at 150° C., and the 
heats of solution were determined in the usual way. As the finely powdered 
substances dissolved readily it was not necessary to add the material in 
excess as in the case of the experiments described above. In the following 
experiments the substance added was entirely dissolved. The following 
are the results of the experiments:— 


Table III. 


Substance 
(ground for 

15 hours). 

Amount 
added 
in grins. 

Bise of 
tem¬ 
perature. 

Water 
equivalent 
of calori¬ 
meter. 

Time of 
reaction 
in mins. 

Heat of 
solution 
per 

grin.-mol. 
in Kgrm.- 
calories. 

Mean. 

Silica glass. 

0-7004 

16-01 

4-67 

7 

1 i 

86 *93 

1 013 .fiK 

i» »i . 

0-4780 

! 11-50 

4-67 

5 

86 *96 

f do 95 

Silver sand . 

0-8080 

| 17 -09 

4-67 

12 

32 -47 


»> »t 

0 -4520 

1 9-02 

4-07 

0 

82 *46 

V 32 *4o 


It will be noticed that grinding has a considerable influence on the heats 
of solution in the case of the quartz. The molecular heat of solution of silver 
sand which was ground for 15 hours was found to be 2*17 Kgrm.-cals. higher 
than the one which was not subjected to grinding. Using a 35-per-cent, 
hydrofluoric acid solution Wietzel ( loc . tit.) found 33*65 cals, as the heat 
of solution of rock crystal which had been ground for 100 hours. It is 
evident that the action of grinding modifies the crystalline material, and 
partially converts it into the vitreous form. It s clear from the results 
of the experiment that the increased heat of solution of the ground 
substance is not due to the increased heat of hydration on account of the 
fineness of the particles. The slight lowering of the heat of solution of 

* ‘Aggregation and Flow of Solids** p. 119 (1021). 
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silica glass on grinding, however, is not easily explained. All the samples 
used for the experiments were very kindly examined by Mr. H. Mitter, M.Sc., 
who is working in Prof, Bragg’s laboratory, by the X-ray method, and he 
could not find crystalline material in any of the samples of silica glass. 
This is in accordance with the results obtained by Kyropoulos,* who 
examined finely powdered silica glass. 

5, Heat of Crystallisation of Quartz at Higher Temper attires. 

The latent heat of crystallisation of quartz at higher temperatures can 
be calculated by means of the expression 

(Ccr — Cgl)£ = Lo—Lt, 

where Ccr and Cgl are the mean interval molecular heats of the crystalline 
and glassy materials, and Lo and Lt are the molar latent heats at 0° and t° 
respectively. The values of Ccr and Cgl can be obtained from the mean 
interval specific heats, which have been determined by Whitef for intervals 
between 0° and temperatures up to 900° C. It was found that, contrary 
to the usual experience, the value of Cgl is less than that of Ccr over the 
range of temperature investigated, the difference between the values 
attaining a maximum at about 700°, then diminishing and having a tendency 
to coincide near the melting-point. The mean interval molecular heats in 
Kilogram-calories per gram-molecule at 900° are:— 

Quartz . 0*015576 

Silica glass . 0*015072 

so that (Ccr—Cgl) x 900 = 0*45 

and L900 = 6*50. 

At higher temperatures the difference would continue to diminish, and at 
1300-1400° the value of Lt would probably not be far from the value at 
the air temperature. Finally, it may be mentioned that Washburn! 
calculated the latent heat of fusion of crystobalite from the difference 
between the melting-point of crystobalite and the silica-alumina eutectic point 
and obtained the value 6*80 Kgrm.-cals, per molecule. This would also be 
approximately equal to the heat of crystallisation of quartz at the melting- 
point (1610°). Since the latent heat of the change, 

SiOa (quartz) ^ SiOa (orystobalite) 

is probably very small, one would expect a close agreement between 
Washburn's value and that arrived at in the case of quartz. 

* * Zeit. f. Anorg. Chem., 5 vol. 99, p, 198 (1917). 

t ‘Amer. J. Seif vol. 47, p. 1 (1919). 

$ * Jour. Amer. Cer. Soe,,’ vol. 2 , p. 1008 (1919). 
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6. Summary . 

(1) The specifio heats of aqueous hydrofluoric acid of different concentra¬ 
tions have been determined and the results recorded in Table I. 

(2) The heats of solution of quarts and silica glass in aqueous hydro¬ 
fluoric acid have been determined (Table II), and the difference, which 
represents the heat of crystallisation of quartz at the ordinary temperature, 
is found to be equal to 6 95 Kgrm.-cals. 

(3) From determinations of the heats of solution (Table III) it has been 
shown that grinding affects the crystalline material, which is partially 
converted into the vitreous state* 

(4) The latent heat of crystallisation of quartz has been calculated at 
higher temperatures, and it is shown that near the melting-point the heat of 
crystallisation of quartz is very nearly equal to that at the air temperature. 

My best thanks are due to Dr. M. W. Travels, F.R.S., at whose suggestion 
the work was undertaken, for the help I have received from him. I must 
also thank Prof. F. G. Donnan, F.K.S., for affording me the facilities in 
carrying out the work, and Mr. W. E. Garner, M.Sc., for the use of the 
platinum-iridium resistance. 


The Properties and Molecular Structure of Thin Films . 
Part III —Expanded Films . 

By N. K. Adam, M.A., University of Sheffield. 

(Communicated by W. B. Hardy, See.RS. Received May 4, 1922.) 

1. Expansion of Films of the Fatty Acids on Dilute HOI . 

In the previous paper an account was given of the properties of the filmB 
over a range of temperature low enough for it to be permissible to regard the 
molecules as in direct contact over the whole area, except perhaps for a very 
slight tendency to separate under the lowest compressions; this tendency 
being perhaps analogous to vapour pressure. The films in this condensed 
condition were either solid or liquid. Within the accuracy of my experiments, 
the mechanical properties of condensed films were independent of temperature. 

The present paper describes the phenomena observed above this range of 
temperature. At a certain temperature all the films expand along the surface, 
the actual temperature of expansion depending both on the nature of the 
substance in the film, and on the composition of the solution. The phenomena 
exhibited by films of the fatty acids on dilute HC1 have been the most 
thoroughly investigated, and will be first described. 
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Fig. 1 gives the compression curves of myrisfcic acid (C u ) at various 
temperatures, 3 5°, 6°, 7‘3°, 8°, 14°, 20 3 , 28°, and 32-5°. Those at 3'5° and 28° 



Areas per molecule 
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were done on N/10 HC1, the remainder on N/100. There appeared to be a 
slightly greater extension of the films on the N/100 than on the N/10, for a 
few degrees below 10°, but the difference was almost within the experimental 
error. The temperatures are probably correct to 0*5°. The curve at 3*5° is 
practically the same as the typical curve of compression of condensed films of 
fatty acids on this solution (Part II, fig. 2, III). At 6° a slight extension 
appears, below 10 dynes per centimetre compression, but at 35 A.U. area the 
“ vapour pressure/' referred to in the last paragraph of Part II, was still below 
0*29 dynes per centimetre. At 7*3°, in one experiment, the “ vapour pressure '* 
was found to be almost exactly 0*29 dynes per centimetre ; it was possible to 
alter the area over the range indicated by the dotted line with scarcely any 
movement of the balance float. At 8° the “ vapour pressure ” was nearly five 
times as great. At 14° and higher temperatures, the lowest portion of the 
curves somewhat resembled a hyperbola, but at a fairly definite point the 
curves become of less steep slope and pass rapidly to the left (the area of the 
film decreasing), rising steeply again only when nearing the typical condensed 
curve. There are thus two points of inflexion in the curves, the second being 
on a part of fairly gentle slope. Many experiments have been done at inter¬ 
mediate temperatures, which showed that the compression required to reach 
this second point of inflexion rises steadily with increasing temperature, 
curves being distinguishable by this ordinate when only about 1° C. apart. 
These curves occupy positions intermediate between those shown in the figure. 
Finally, when the temperature rises more than about 25° above that at which 
the first divergence from the condensed curve is perceptible, the inflexions are 
no longer visible on the curves, since the compressions which would be 
required to reach them are so great that collapse of the films has already 
occurred. 

No appreciable hysteresis has been observed in any experiment upon 
expanded films. 

All the fatty acids mentioned in Part II have been examined on dilute 
HC1, except cerotic, and all show substantially the same phenomena, though 
at different temperatures. In the cases of oleic, laurie, and tridecylic acids, 
only the more or less hyperbolic part of the curves could be traced experi¬ 
mentally, because the whole or the main part of the transitional range of 
temperature was below 0° C. Erucic and elaidic acids also gave films not 
completely condensed at the lowest temperatures which could be reached, 
though a large part of the transitional region was examined. 

In fig. 2 the area of the film is plotted against the temperature under a 
small compression of 1*4 dynes per centimetre, for palmitic acid. There is 
only a small transition range of temperature between the upper slightly 
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sloped line of the expanded film, and the lower horizontal line of the condensed 
film, the change being completed in about 13° C. The points from which the 
line has been drawn were determined on N/100HC1; ft few ringed points 
obtained on N/10 acid are added, which indicate that the expansion is, if 
anything, more sudden on this solution, but occurs at the same mean 
temperature. Similar curves have been obtained for all the fatty acids on 
this solution, except where the temperature of expansion was below 5°. All 
have the same S shape, the interval of temperature not being greater in any 
case than for palmitic acid. 



The coefficient of thermal expansion of the expanded films would, from the 
analogy with a gas to be developed later, bo expected to be the same as that 
of a perfect gas. Unfortunately, the difficulties of experiment are too great 
to make a satisfactory measurement of this quantity. In fig. 2, the upper line 
has been drawn with a slope which corresponds to this coefficient of thermal 
expansion. The points in rectangles have been determined with the greatest 
care, but they do no more than confirm the order of magnitude of this slope. 
Above about 50° accurate measurements with palmitic acid become impossible 
on account of solubility. Neither has it been found possible to carry accurate 
measurements of the expanded areas of other substances to temperatures 
sufficiently above the expansion temperature to give a better verification of 
the coefficient Of increase of the expanded area with temperature. Referring 
to fig. 1, an indication is given that there is some lateral shifting of the 
hyperbolic part of the curves as a whole to the right as the temperature rises 
(although probably a part of the difference between the positions of the curves 
VOL. oi,— a. 2 M 
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at 28° and 32*5° is fortuitous); and I have obtained similar results on other 
films also where sufficiently accurate experiments have been done. This 
effect of temperature on the expanded films is therefore existent at ail 
compressions, although the data are not accurate enough to give a measure of 
its amount. 

The influence of the length of the hydrocarbon chains in the aeries of 
saturated acids on the temperatures of expansion was most interesting, a 
steady rise being observed with increasing molecular weight. The data are 
collected in Table I. It will be noticed that there is no difference between 
the even and odd members of the series, such as is well known in the melting 
points of the crystals. 

A slight difference in the areas to which expansion takes place also exists 
between acids of different length of chain, and is very probably due to the 
attraction between the chains being greater in the long chains than the short, 
so that there is a greater correction to be subtracted from the area, analogous 
to the it/iP correction in Van der Waals’ equation. 

The unsaturated acids expand at lower temperatures than the saturated 
acid with the same number of carbon atornB. The effect of a double bond in 
the a/8 position on this property is much the same as that of shortening the 
chain by two carbon atoms. For double bonds in the middle of the chain the 
stereochemical configuration is very important, the form with the lower 
melting point (oleic and erucic) expanding some 70° lower than the corre¬ 
sponding saturated acid, while the other isomer expands only about 40°~45° 
lower. These differences are probably a consequence of different lateral 
attraction of the chains, a cause which may also be responsible for the slight 
differences in the areas to which the films of these substances expand, 

The data in Table I were determined at the arbitrary small compression of 
1*4 dynes per centimetre, which is the lowest compression at which accurate 
measures of area have been obtained. The temperature of half-expansion is 
the temperature at which the area of the film was the arithmetic mean 
between the areas of the completely expanded film and of the condensed film. 
This temperature is better defined, owing to the shape of the curve, than the 
temperature of commencement or of completion of expansion. The areas for 
the saturated acids have been determined with the greatest care, in order to 
establish whether the expanded area really varied with molecular weight in 
this series or not; probably, except for the acids with the two longest chains, 
the error is wall within one unit. Eaoh of the figures in the fourth column 
up to Cti is the mean of six good measurements. The areas given have been 
determined at temperatures not more than 10° above that at which expansion 
becomes complete under 1*4 dynes, in order to minimise errors due to 
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solubility of the molecules; but control experiments giving closely agreeing 
results were done in most cases at higher temperatures, in order to make sure 
that the area measured was really that of a fully expanded film. 

In order to compare the areas for different members of the series, they have 
been corrected to 0°, using the coefficient of thermal expansion of a gas. Of 
course, at this temperature most of the films are not, in fact, expanded. 
Sufficient measurements have, however, been made at the same temperature 
on members of the series differing by up to three carbon atoms, to make sure 
that the gradual decrease in area occupied with increasing molecular weight 
is not due to the correction being erroneous. 

Table I.—Expansion of Films of Fatty Acids on dilute HC1, under 1*4 dynes 


per cm. compression. 


Acid. 

No, of 
carbon 
atoms. 

Temperature 
of half 
expansion. 

Area of 
expanded 
film. 

Temperature of 
determination 
of area. 

Area 
corrected 
to <P C. 
(mean). 

Laurie .. .. 

12 

o 

below 0 

48*2 

10*5 

45 *1 





47 

14 



Tridecylio . 

13 

below 0 

45 *6 

16 *6 

42 *5 





48*6 

11 *5 



Myristic .. 

14 

9 

43-5 

18 

40 *6 




43 *9 

24 



Pentadocylic . 

15 

10 -6 

42 -0 

26*3 

88 *8 





42 *2 

22 *6 



Palmitic . 

1 

28 ‘5 

41*3 

35 

36 8 





41 *7 

34*5 



Margoric .. 

17 

87-5 

42 •« 

41 

86-6 





41 *7 

43 *5 



Stearic . 

18 

46 

42 ‘9 

62 *6 

36*1 



I 


48*2 

53 



Heneioosoio . 

| 21 

66 *6 

(46 *0) 

77 

(86 4) 




(47*5 

80 



Behenio . 

22 

72 *5 

(45 *9) 

75 


36*0 


Iso-oleic. 

18 

! 25 

(46) 

36 


40-8 


Oleic . 

18 

below 0 

(62 -5) 

10 


80 -6, 


Elaidio . 

18 

- 0'6* 

(47) 

10 


[46 *4 


Erucic .. 

22 

4*5 

(47) 

10 


[45 *4) 


Brastidic . 

22 

84 

(46) 

40 


.so *a; 



Figures in brackets are less accurate than the others, but are probably within two units of the 
correct value. 

* For elaidio acid the point of half expansion is not direotly observable • but comparison of 
the curves similar to those in fig. 1, obtained for erucic and elaidio acid, showed that corre. 
spending stages of expansion are reached 5° lower with elaidic than with emcio acid. 

2. Expansion of Fatty Acids on other Solutions. 

Some of the acids have been examined upon distilled water, on a phosphate 
solution of Pr6, and on N/10 soda. These results have not been obtained 
as accurately as the preceding, but they show several points of interest 

2 M 2 
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On distilled water, and on the Ph 6 solution, the temperatures of expansion 
were not quite definite, but depended on the time the solution had been in 
the trough, this effect being no doubt connected with the other effects of the 
age of the solution described in Part II. The temperatures varied from about 
5° to 15° higher than the expansion temperatures for the same acids on HCI. 
The lowest temperatures were obtained on the fresh solution, the highest 
after standing some time in the trough. The areas to which expansion 
extended Were very slightly less than on HCL 

On N/10 NaOH solution the ineasuremonts of area were probably slightly 
smaller than the true values, as there was some solution; but this was 
surprisingly slow with acids higher than palmitio. The expansion was the 
largest yet found, being to about 120 A.U. at 1*4 dynes per centimetre. The 
temperatures of expansion were about 30° lower than on N/100 HCL 

On all these solutions the effect of increasing the length of the chain by 
one carbon atom was to raise the temperature of expansion by exactly the 
same amount as on HCI, i.e, f about 10° in the region of 0°, and about 8 5° 
near 40°. 

3. Expansion Phenomena 'until other Substances . 


The curves of compression for ethyl palmitate at three temperatures are 
given in fig. 3, and also the variation of area under 1*4 dynes per centimetre 



compression with temperature. The expansion is to greater areas than with 
the acids on neutral and acid solutions, and the curves at temperatures in 
the transition region are flatter, but the main points of figs. 1 and 2 are 
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reproduced. The behaviour of ethyl palmitate was exactly the same iu 
respect of temperature of expansion and area on HC1 as on water. Very 
similar expanded curves were obtained on methyl, propyl, butyl and octyl 
palmitates. Methyl palmitate requires a higher temperature for expansion 
than ethyl; propyl and the esters of higher alcohols up to octyl, however, 
are more easily expanded, and condensed films of these substances probably 
only exist below 0°. There is an interval between the temperature of 
expansion of ethyl palmitate and ethyl stearate almost equal to that 
between the expansion temperatures of the two fatty acids, whose chains 
differ in length by two carbon atoms, and whose temperatures of expansion 
lie in the same region. 

Tripalmitin and tristearin on distilled water expand at temperatures which 
differ by considerably less than the usual difference between films of 
substances whose chains differ in length by two carbon atoms. This is 
the only exception yet found to the rule that adding one carbon atom to 
the chain raises the temperature of expansion by the same amount, 
whatever the nature of the head or tho length of the chain; and this 
anomaly is no doubt connected with the fact that the films of these 
substances break up on expansion, not into single chains, but into groups 
of three. Table II gives the collected results. 

Table II.—Expansion of various Substances on Distilled Water, under 


1*4 dynes per cm. compression. 


Substance. 

No. of carbon 
atoms in hydro¬ 
carbon chain. 

Temperature 
of half 
expansion. 

Area of 
expanded film 
corrected to 

0° 0. 

Methyl palmitate. 

16 

0 

27*5 

(46)* 

Ethyl 

lfl 

18 

55 

i'K>pyi . 

16 

(below 5) 

(76) 

«-Butyl .. 

16 

(below 5) 

(74 

»*Oetyl „ . 

16 

(below 6) 

(76) 

Ethyl stearate .... 

18 

83 

45 *4 

Tripalmitin ... 

16 

48 

29 *6 

Tristearin ... 

18 

57 

29 *9 

Oetyl alcohol. 

16 

49 

(80 *8)f 

Heptadeoyl urea .. 

Ootadecyl urea. 

*> oo 

55 

02*5 

88 

38*7 

Steario amide. 

18 

58 

82 *2 

Stearic nitrile .. 

17 

28 

86*4 

Octadeoylamine hydrochloride 

18 

(20 *5) 

46 


* Methyl palmitate dissolved at the temperature of this measurement fast enough to oause 
slight uncertainty. 

t Also rendered probably too small by solution. 
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4. Comparison between the Expanded Films and Gases . 

The only theory of the expanded state which seemB at all probable is that, 
in the process of expansion, the molecules become separated from each other 
and move about independently on the surface. In this condition the film 
resembles a gas, and, since the molecules are confined to the surface by 
reason of their insolubility, the barriers on the surface take the place of the 
walls of the vessel confining the gas. The pressure on the barriers thus 
differs in the case of the expanded films from the pressure exerted by the 
condensed films, in being exerted by a series of impacts rather than by 
a steady thrust. There is therefore on the Burface, in the expanded films, a 
considerable space not actually covered by the molecules, at ^ny instant. 

The very close resemblance between the " isotherm&ls ” in figs. 1 and 3 
and the isothermals of a vapour near the critical point is obvious, and is 
strong evidence in support of this way of regarding the films. The fully 
expanded films are not rectangular hyperbolas; however their departure 
from this form is not evidence against the view that the films are analogous 
to gases, but is a measure of the corrections to the simple gas laws which 
must be applied to the films, for the area occupied on the surface by the 
molecules, and for their mutual lateral attractions. That these corrections 
will need to be rather larger than in the case of gaseB is natural, since 
the difference in area between the oondensed and the expanded films is 
much less than the difference between the volumes of most substances in the 
liquid and vapour states. 

There is, however, an important point of difference from a gas. In a gas 
the molecules which exert the pressure are the only ones in the enclosure, 
and the only collisions they experience are those with the walls and with 
other molecules, which will later themselves strike the boundaries and exert 
pressure. The film molecules, however, are continually subject to forces 
from the molecules of the underlying solution, both attractions and 
repulsions; and these underlying molecules do not themselves at any time 
exert tangential forces on the boundaries* It is these forces which probably 
mainly determine the motions of the film molecules. The intensity of 
these forces from the molecules of water and substances dissolved therein 
will depend upon the composition of the solution and upon the chemical 
nature of the heads of the film molecules; it will also increase with the 
temperature* A fuller understanding of the properties of the expanded 
films should therefore be of service in shedding light on the problem of the 
nature of the forces between solvent and dissolved molecules* 
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5, Nature of the Process of Disruption of Condensed Films , or “ Vaporisation ” 

The attractive forces which hold the condensed films together had to be 
considered even in the discussion of condensed films. It was stated at the 
beginning of Part II that the theory would be developed on the assumption 
that there was no tangential surface force on the films as a whole from the 
water molecules. When, however, the individual molecules of a condensed 
film are considered, the random tangential movements of the molecules of 
water (and substances dissolved in it) must impart similar movements to the 
film molecules; the resultant of which, since the motions are equally dis¬ 
tributed in all directions, must vanish when an area large enough is 
considered. Such forces will tend to separate the film molecules from one 
another and to cause expansion when they reach sufficient intensity to 
overcome the forces of lateral adhesion between the film molecules. The 
legitimacy of neglecting the tangential forces and motions when a large area 
is considered is evident; in the precisely similar case of Brownian movement, 
the particles show no movement if large enough, because the number of 
collisions with moving molecules is so great that their resultant in any 
direction practically vanishes, while the smaller particles receiving fewer 
impacts are able to discriminate between the random motions of the 
molecules. 

The influence of the contribution made to the lateral attractions by the 
hydrocarbon chains is obvious when the expansion temperatures of successive 
members of the homologous Beries are considered. The addition of one CH* 
group to the molecule makes a definite rise in the expansion temperature of 
the film. 

It is most probable, however, that the polar heads of the molecules also 
contribute considerably towards the lateral cohesion. In the preceding paper 
it has been shown that the heads of the molecules are an important factor in 
the solidity or otherwise of the films, so that cohesive forces are to be 
presumed between them. Also the same polar groups must have a con 
siderablo attraction for one another in short chain compounds, since these 
possess considerable cohesion. It is difficult, however, at present to decide 
what proportion of the lateral attraction must be ascribed to the heads and 
what to the chains, 

6. Corrections to the Expanded Films for the Area Occupied bp the Molecules 
and the Lateral Attraction . 

For a perfect gaseous film the equation of the iso thermals would be 
pA m KT, A being the area and p the compression in dynes per centimetre 
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This equation does not fit the curve in fig. 1 at 32*6°, and in order to obtain the 
aright correction it will be necessary to carry the calculations of the correction 
required from the area occupied by the molecules to much greater accuracy 
than is done in Van der Waala 1 equation. By repeating the calculations in 
Jeans’ * Dynamical Theory of Gases/ 1921 edition, pp, 126-127, substituting 
areas for volumes, it is easily seen that the correction to be subtracted from 
the area of the films, corresponding to Van der Waals' "6,” is here twice 
the area of the molecules, instead of four times as in the case of gases. 
The total area of a film composed of closely packed chains has been found to 
be 2T0 JLU. per molecule; the dotted curve in fig. 1 is that of ^(A-“42) = 7*2, 
but the actual curves pass very much to the left of this. It is well known, 
however, that the “ b ” correction to gases is too large at high condensations, 
so this Jack of agreement is not evidence against the more or less independent 
motion of the molecules in the expanded films and their analogy with gases. 
It should be pointed out also that although the total area occupied by a film 
of close packed chains or heads is known, the manner of packing is not, nor 
whether the collisions in the expanded state take place between the heads or 
the chains. There is, therefore, some uncertainty as to the area of a single 
molecule which should be taken into account in considering the correction 
just discussed. 

It does not seem worth while to attempt a quantitative correction for the 
lateral attractions until the large correction for the area covered by the 
molecules has been carried to much greater accuracy. An effect which is 
probably due to this attraction, namely, that the molecules with longer chains 
expand to somewhat smaller areas, has already been mentioned. 


7. Difficulties attending any Conceptions of the Expanded Films other than the 

Analogy with Gases . 

On the explanation given there are spaces not covered by the molecules. 
The expanded films are therefore “ one molecule thick,” though not in quite 
the same sense as the condensed films. It does not seem possible to account 
for the phenomena on any explanation in which the molecules are assumed 
touching all over the area. 

The increase of area cannot be due to the molecules lying flat on the 
surface. The area even at very low compressions is often not more than 
50 JLU. Since the cross-section of a molecule of stearic acid is 21*0 JLlL, 
assuming a circular oross-section, its diameter must be 5*2 A.U.,and therefore 
the minimum area it could occupy when lying flat would be 109 jLU. ( which 
is much too large. Moreover, if the expanded state were due to some only of 
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the molecules lying flat, the area per molecule would probably increase with 
the length of the chain; whereas experiment shows, on the contrary, that the 
area is somewhat less for long molecules than for short. 

It might also be suggested that the molecules are vertical and in contact 
everywhere in the film, but are subject at higher temperatures to such violent 
thermal oscillations that they require a larger area. It would be exceedingly 
difficult to explain the sudden nature of the expansion on this hypothesis; a 
steady increase in area with rising temperature would rather be expected, instead 
of the rapid rise in figs. 2 and 3, To explain the discontinuity the process 
must be analogous to a transition from one form to another, or change of 
state; and the only common change of state in other states of matter which 
is attended with large change in volume is that from liquid or solid to gas. 
Therefore, the surface change of state which causes the expansion of the films 
must be analogous to the vaporisation of a condensed substance. 

Finally on any theory of the expanded films which could come in this 
class, it would be necessary to give an explanation of the striking resemblance 
between the " isothermals ” of the films and thoso of a vapour near the 
critical point. The oscillations in the chains would have to be of a very 
extraordinary kind for their amplitudes to be diminished by increasing 
compression in the manner required to tit these curves. 

8. The Orientation of the Separated Molecules in the Expanded Films . 

Exact information as to the area covered by the molecules in the separated 
condition can only be obtained by the evaluation of the corrections for the 
area covered and the lateral attractions between molecules, and comparison 
with the compression curves of a fully expanded film. As the evaluation has 
not yet been carried out, only the order of magnitude of the area covered 
can be obtained. Since the curve of the equation p( A—42) = 7*2, which is 
plotted in fig. 1, is so far to the right of the experimental curves, it does not 
seem probable that the molecules in the expanded film can actually cover an 
area much greater than 21*0 &.U., even when separated from each other; 
therefore they must probably be vertically arranged. 

Other considerations point in the same direction. If the molecules were 
much inclined to lie flat on the surfaoe, the “ b " correction would be much 
greater for long molecules than for short. This is not the case experi¬ 
mentally, since expanded films of long molecules actually occupy smaller 
areas than those of short. It is very difficult to account for the approximate 
equality of the "5" correction when the molecules are of widely differing 
lengths unless the orientation is substantially vertical. 
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9, The Orientation of UnsatnrcUed Acids. 

Langmuir suggested originally, that the tendency of oleic acid to occupy 
on the surface an area about double that of palmitic was due to the double 
linkage half-way up the chain being itself attracted to the water, and 
therefore providing a second point of attachment. The expanded films of 
oleic and the other unsaturated acids, however, have compression curves 
very much like those of the saturated acids, such differences as exist being 
very likely due to the correction for the lateral attraction between molecules 
being somewhat less for these substances than for the saturated acids. 
Therefore the “ b ” corrections are of the same order of magnitude, and it 
follows from the arguments in the preceding paragraph that the orientation 
of these substances also is practically vertical. The argument, therefore, 
that the molecules double up, so that the unsaturated linkages in the 
middle of the chains are in contact with the water, entirely loses its 
foundation; and the reason why it was at first advanced is seen to be that 
the distinction between condensed and expanded films was not then clearly 
recognised. 

In a letter to 1 Nature ’ (Part II, Reference 4) I pointed out that on the 
assumption of the molecules bending so as to bring the double linkage into 
contact with the water, the greater ease with which oleic rather than elaidic 
occupied the larger area was evidence in favour of the ° cis " configura¬ 
tion for olefc and the “ trans ” for elaidic acid. Since the assumption is now 
proved incorrect, the films do not afford independent evidence at present as 
to the stereochemical configuration of these substances. It can only be said 
that the lateral attraction of the oleic molecules is less than that of the 
elaidic, and similarly the attraction of the erucic molecules is less than that 
of brassidic. This fact, if the considerations in the next paragraph are correct, 
is connected with the relationships between the melting points of the crystals 
of the iBomers. 

10. Evidence available , from the Study of the Films , and the Melting Points oj 
the Crystals, as to the Crystal Structure of Fatly Acids and their Esters . 

In Table III are given the melting points of the esters of palmitic acid 
with various alcohols. As the size of the alcoholic group increases, the 
melting point first diminishes very rapidly from that of the acid; then it 
is lowered more slowly, and finally begins to rise and continues to do so tip 
to the highest member of which there is a record. The melting points 
from propyl to octyl palmitates are determined on my preparations, no 
determinations being apparently recorded previously. These determinations 
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are accurate enough for the present argument, but should not be taken as 
standard values, since no analyses have been done of these compounds, and 
although the alcohols were probably of high purity, in one or two instances 
they may have been insufficiently dehydrated, 

There are two other important relationships; the melting points of the 
acids and esters rise with increase in the length of the hydrocarbon chains; 
and the melting points of the acids and esters with an even number of carbon 
atoms in the molecule lie on one regularly ascending series, the odd members 
lying on another with melting points about 7° lower. 

In the films the explanation of the steady increase in the expansion 
temperature with length of chain was shown to be due to the chains lying 
side by side, and attracting one another laterally ; it is probable, therefore, 
that in the crystals also the chains lie alongside, over some considerable part 


Table III.—Palmitic Acid and its Esters. 


Substance. 

Melting point of 
crystal. 

Temperature of half 
expansion on dilute HC1. 

Free acid . 

o 

62 *5 

• 

28*5 

Methyl ester ....... 

80 

27 ‘6 

Ethyf .... 

25 5 

13 

»*Propvl .. .. 

16-16 

below 5 

»-Butyl „ ........ 

i 18-14 

below 5 

iso-Butyl „ ...... 

19-20 

Unknown. 

iso-Amyl „ ..... 

| 11-12 

a-Octyl „ ...... 

24-25 

below 5 

fi-Dodeoyl ester* ..... 

41 

Unknown. 

a-Tetradecyl ester... 

48 

Cetyl ester.... 

68-64 


»*Octadecyl ester .. 

69 





• The last four determinations are taken from Krafft, 1 Ber. Deutsch. Ohem. Go*./ rol. 16, 
p. 8017. 


of their length. The influence of the size of the alcoholic group on the 
crystal melting probably indicates that there is a second force of great 
importance concerned in holding the crystal together, namely the attraction 
of the polar groups for one another; this is paralleled in the films by the 
attraction of the polar groups for the water as well as for one another.* 
This attraction between polar groups appears to be diminished by the intro¬ 
duction of small esterifying groups, such as ethyl or methyl. When the 
hydrocarbon chain of the alcoholic part of the molecule exceeds about seven 
carbons in length, probably these long chains supply a second stabilising 
force, 

* The latter part of this section was re-written June 29. 
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These facts form some guide as to the possible arrangements of the moleoules 
within the crystals; it is assumed that the attractions do not extend to 
distances much greater than the interval between adjacent atoms, or, at any 
rate, arc much more intense within these distances than beyond. In the 
acids, and the lower esters, the hydrocarbon chains must lie side by side, and 
the oxygen-containing groups of several molecules also must lie close 
together. A possible arrangement would be for the polar groups of a number 
of molecules to be arranged together in a clump, as a core surrounded by a 
shell of hydrocarbon chains. A perhaps more probable arrangement has 
been suggested to me in conversation by Prof. Lowry, P.R.S., that the molecules 
are in parallel layers with the hydrocarbon chains alongside and polar groups 
in eaoh layer all in the same direction; the polar groups of one layer in 
contact with those of the next, and the hydrocarbon ends touching the 
corresponding ends of the molecules in "the next layer on the other side. 
The latter arrangement admits of the insertion of alcoholic hydrocarbon ohaina 
of any length in the esters, without radically altering the arrangement, in the 
same line as the chains of the acidic part of the moleoules ; the former would 
require a fundamental re-arrangement at about the octyl ester. 


11. The Independence of the Properties of Solubility in the Underlying Solution 
a?id Expansion along the Surface* 

In hia original paper (Part II, reference 5, p. 1889) Langmuir compared 
the layer of concentrated solute or adsorbed film in the surface of solutions 
with a gas, showing that the adsorbed molecules may obey approximately a 
law p A ss KT in the surface. He also showed that the surface monomoleoular 
films of palmitic acid, or condensed films, possess an immeasurably small 
“ vapour pressure ” in the surface. In contrasting the two kinds of film, the 
insoluble acid films which are also condensed, and the “ gaseous ” films of 
adsorbed substances, he said: “ The smallness of this (vapour) pressure for the 
higher fatty acids must be due to attractive forces between the moleoules 
powerful enough to prevent their separation. These same forces tend to 
prevent the film from evaporating from the surface into the vapour phase, 
and from going into solution in the water. There are thus intimate relation¬ 
ships between the lowering of surface tension produced by fatty acids and the 
vapour pressures and solubilities of these'substances." 

This way of stating the relationships gives the impression that it is the 
lateral adhesion between the molecules which prevents the films dissolving, 
and that an isolated molecule on the surface would dissolve very rapidly. I 
do not think there is any a priori reason for taking this view, although, no 
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doubt, a long hydrocarbon chain tends both to diminish solubility and to 
cause the molecules to adhere together on the surface. My experiments have 
Bhown a certain amount of independence between the tendency to dissolve 
and to separate laterally on the surface. Thus films of palmitic acid remain 
practically insoluble for some 20° above the temperature of expansion, but 
with cetyl alcohol, the solubility is marked some distance below the 
temperature of expansion. 

It does not seem legitimate to state, a priori, what will be the relation 
between the tendency to dissolve and the tendency to expand; but as both 
these quantities are now capable of independent measurement, I hope to 
obtain some results on this problem in the near future. 


Diffusion and Intertraction . 

By C, G. SciIONEBOOM. 

(Communicated by Prof, Sir E. Rutherford, i\R,S. Received May 24, 1922.) 

(From the Laboratory of the Institute of Pathology and Research, St. Mary’s Hospital 

London.) 

The starting-point of this investigation was the phenomenon which Sir 
Almroth Wright described in the ‘Proceedings of the Royal Society/ Series B, 
vol. 92, The original experiment is conducted by putting 5 or 8 per cent. 
NaCl in a test-tube or flat glass cell and allowing some blood serum to run 
slowly on the top of the NaCl. As soon as the fluids are brought into 
contact, a mass movement is started, the upper fluid being carried down into 
the lower and the lower into the upper. The characteristic appearances so 
produced are well described by the terms intertraction or pseudopodial 
interpenetration. By colouring the serum with a trace of some dyestufl 
(e.g., eosin) the intertraction phenomenon is easier to follow ; or by having a 
layer of tannic acid or sulpho-salicylic acid in NaCl solution on the bottom, 
one sees after a short time (some minutes) a heavy precipitate in the lower 
interface. 

This system, serum on NaCl solution, presents a typical example of the 
intertraction phenomenon, as will be described in the following experiments, 
in so far that in the case of serum and NaCl solution both fluids are, bo to 
speak, active and penetrate each other quickly, so that after some time (10 to 
30 minutes) the contents of the vessel are a homogeneous mixture, as can 
readily be seen if eosin be used in the serum. This result, the homogeneous 
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mixing, in completed by ordinary diffusion, which very soon sets in niter the 
intertraction has begun, from the numerous streams and droplets of the serum 
which come down in the NaO! solution. 

One suggestion put forward was that the cause was a water-drawing action 
by the salt. Thus view might appear to be supported by Nageli's suggestion 
that the colloid particles possess a watery envelope (partly bound chemically 
as hydrate water and partly as adsorption water). 

In view of the above, I started the investigation of various colloids: egg 
albumen, blood serum, gelatin, gum arabic, tannic acid, and starch. All these 
give a typical intertraction phenomenon and seem to give support to the 
suggestion that the salt would abstract water from the colloid, and thus 
increasing the weight, induce the intertraction. 

At the outset I found that for producing intertraction it was not necessary 
to use salt (NaCl) or other electrolyte. Organic compounds such as urea, 
chloral hydrate, thiosiamin, phenozason, and acids such as oxalic, citric, 
tartaric, etc., also produced intertraction with colloids. 

An experiment showing this is set forth in Table (Diagram) I below. The 
fact that electrolytes were not essential to the production of intertraction 
makes it possible to produce this phenomenon with inorganic colloids also, such 
as Prussian blue, and with aniline dyes, which are precipitated by concen¬ 
trated solutions of electrolytes. 

Table (Diagram) I.—Gum Arabic Solutions superposed on Quinine Hydro- 
ohlorafce (Acid Salt) solutions. 
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+ 

30 

60 

*18-75 




30 

60 

120 

| i2 o 




30 

60 


f 6-25 


+ 

30 

60 



3 







§ 3 

* 

45 


500 



a lfR 

0 10 

45 

60 

180 




0 

3 

6-25 

12-5 

25 

37-5 

50 



Quinine percentages. 




+ indicates that the upper solution is heavier and oomes down directly by gravity. 
The figures 30, 60, etc., represent the number of seconds which elapse between the 
superposition of the gum arabic solution and the starting of pseudopodial intertraction. 

The further point then emerged that intertraction phenomena are obtained 
not only with colloidal solutions, but also with ail inorganic and organio 
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■compounds without any exception, provided always that the substances in 
question are sufficiently soluble in water and that there is not too great a 
difference in specific gravity between the upper and lower solutions. 

Table (Diagram) II gives an example, taken at random, of the wide range 
in concentration with which the intertraction phenomenon occurs. In point 
of fact, solutions of all chemicals (provided they do not react chemically) are 
found to give approximately the same picture when set out graphically, 
differing only in the range of concentrations in which the intertraction 
occurs. 


Table (Diagram) II.—HC1 OT inol.-2 mols. on KX0 3 OT moL-1 mol. 
mol. 
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4 

4 

4 

4 

4 
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4 

4 

4 

4 

4 

4 
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4 

4 

4 

4 

4 

4 

4 
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4 

4 

4 

4 

4 

4 
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4 

4 

4 

4 

4 

4 

4 

0'9 



4 

4 

4 

4 

4 

4 

4 

4 
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i 

4 

4 

4 

4 

4 

4 

4 

4 

’ 07 


+ 

4 

4 

4 

4 

4 

4 

4 

4 

0-6 


+ 

4 

4 

4 

4 

4 

4 

4 

4 

05 


+ 

4 

4 

4 

4 

4 

4 

4 

4 

0-4 


+ 

4 

4 

4 

4 

4 

4 

4 

4 

03 

+ 

+ 

4 

4 

4 

4 

4 

4 

4 

4 

0-2 

4 

+ 

4 

4 

4 

4 

4 

4 

4 

4 

01 

4 

+ 

4 

4 

4 

4 

4 




0 

01 

0-2 

0 4 3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 

1 m. 


KN0 3 . 

t indicates that the tipper fluid is heavier and comes down direct by gravity* 
+ indicates intertraction. 
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The next question which presented itself was whether the sine of the 
molecule exerts any effect on the phenomenon. Here I employed both 
aniline dyes and alkaloids and simple inorganic and organic substances. 
Experiments showed that the size of the molecules has no influence. 

In connection with the suggestion that the intertraction phenomenon might 
depend on the withdrawing of water, I paid special attention to the varying 
amount of hydrate water, which is supposed to be weakly held by most salts, 
bases, and acids, specially in dilute solutions (hydrate theory of Harry Jones 
and others). For example, salts like disodium phosphate, with a maximum 
of about 325 hydrate water molecules round them, gave the intertraction 
phenomenon as well as those which, like the simple potassium salts, are 
supposed to collect no, or very little, hydrate water round their molecules 
or ions. 

The presence, or absence, of hydrate water, was found to be without any 
influence on the interaction phenomenon. The same thing was found to 
hold true with organic compounds investigated from this point of view. 
Intertraction is obtained both with glucose, lactose, tartaric acid, citric acid 
(substances which have little or no hydrate water), and with fructose and 
cane sugar (substances which have much hydrate water). But in one of the 
earlier experiments the dehydration was very conspicuous in connection with 
intertraction. In the experiment in question, cobalt chloride solution 
(2-2*5 molar) was superposed upon a saturated calcium chloride solution. 
Here after a short interval (from a few seconds to 1 or 2 minutes), blue streams 
and droplets come down from the red cobalt solution into the calcium chloride 
solution, the change of colour being due to a conversion of the cobalt 
chloride -f 6 H 2 O into the cobalt chloride -f lH a O. It was, however, 
established by taking weaker solutions of the calcium chloride and the 
cobalt chloride that the iutertraction phenomenon occurred also, and to an 
equal extent, without any colour change, so that the dehydration obtained 
in strong solutions stands in no causal connection with the intertraction 
phenomenon. 

Final and conclusive evidence that intertraction has nothing to do with 
dehydration, and occurs quite independently of it, was furnished by the fact 
that intertraction is also obtained when, instead of water, organic solvents 
(such as glacial acetic acid, ethyl acetate, amyl acetate, glyoerol, amyl alcohol, 
aniline, pyridine) are employed. Reflection will show that the only forces 
which can come into operation are forces of surface tension. 

Two observations, in particular, seemed to point clearly in that direction. 
The first was made in the course of an experiment which must here be 
described in detail. It consists in taking a double series (A and B) of ten 
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test-tribes with graduated sodium chloride solutions, ranging from 0*90 molar, 
0*91, 0*92, etc., to 1 molar sodium chloride, and adding to the tubes of 
aeries B some drops of a solution of eosin in water, having the same specific 
weight as the sodium chloride solutions. Then the tolmnd sodium chloride 
solutions are superposed on the uncoloured solutions, in such a way that the 
0*9 coloured solution is put on the 0*91, or 0*92, uncoloured solution, and so 
on in series; the coloured solutions will then be seen to go down almost 
immediately after the fashion which I have called peeudopodial intertraction. 

When the conditions are varied and the coloured 0*9 solution is placed on 
the 0*95, or any denser uncoloured solution, intertraction is suppressed, 
because the forces engaged in intertraction are, in this case, unable to over* 
come the effect of the larger difference in specific gravity. 

The second observation relates to colloidal gold and silver solutions 
superposed on solutions of urea (varying from 0*5-5 per cent.). When such 
experiments are carried out, it is found that intertraction is obtained with 
colloidal solutions which are prepared by chemical means, but the phenomenon 
fails to occur with solutions prepared by the electric method (direct current 
arc). 

The point of these two experiments is, that the eosin employed in the first 
experiment is a powerful depressor of surface tension, and in the second 
experiment, where we are dealing with chemically prepared colloidal gold and 
silver solutions, we have traces of salts (gold chloride, potassium carbonate, 
etc.), and organic substances (tannic acid, alcohol, formaldehyde), which altor 
the surface tension, while in the case of the electrically prepared solutions we 
have the colloidal particles suspended in pure water (possible traces of oxides 
can be left out of consideration). 

The view that infcertraction is dependent on certain relations of surface 
tension is strongly supported by a passage in an article by Clerk Maxwell on 
" Capillarity," in the ‘ Encyclopaedia Britaunica/ 11th edition, p. 259. This 
passage, here cited in the form in which it appears in his collected papers, 
runs as follows:— 

"If this quantity (the interfacial tension) is positive, the surface of contact 
will tend to contract, and the liquids will remain distinct. If, however, it 
(the interfacial tension) were negative, the displacement of the liquids, which 
tends to enlarge the surface of contact, would be aided by the molecular 
forces, so that the liquids, if not kept separate by gravity, would at length 
become thoroughly mixed. 

"No instance, however, of a phenomenon of this kind has been discovered, 
for those liquids, which mix of themselves, do so by the process of diffusion, 
whioh is a molecular motion, and not by the spontaneous puckering and 
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replication of the bounding surface as would be the case if T {the interfacial 
tension] were negative/' 

It is of singular interest to find the phenomenon of intertraction here 
predicted and quite accurately described in advance. Anyone who has 
observed intertraction will acknowledge that we have, in the above description, 
an accurate word picture of this phenomenon. After a few seconds one sees 
the puckering beginning, and in many cases the surface layer of the active 
fluid is replicated. This is the phenomenon which Sir Almroth Wright called 
* pseudopodial intertraction/' 

In addition to this typical intertraction there is another form of mixing— 
" simple intertraction,” which is intermediate between pseudopodial inter¬ 
traction and the well-known slow processes of diffusion. 

Simple intertraction occurs when the difference of the specific gravity of 
the two superposed fluid layers is greater, and also when the relations of the 
surface tensions are different from those under which the pseudopodial inter- 
traction happens. There is a gradual transition between pseudopodial inter¬ 
traction, simple intertraction, and diffusion, as is illustrated in the following 
experiments:— 

A series of long test-tubes (surrounded by a water mantle to eliminate 
convection movements, caused by temperature differences) are filled to the 
same height with hydrochloric acid (1 molar). On the hydrochloric acid we 
superpose in the first tube water, and then, in their order, sodium chloride 
solutions of the following strengths: 0001, 0*01, 0*02, 0*04, 0*06,0*08,0*1, 
0’2, 0*3, and 0*4 molar. To these solutions is added a trace of methyl orange, 
to act as an indicator of the progress of the acid. 

It is now found that in the— 


0*4 mol. NaCl, the HCl rises 60 mm, in 1 minute \ Advancing in the form of 
0*3 „ „ 60 mm. in 12 minutes/ pseudopodial intertraction. 

Oil „ „ progressively slower 1 


0*1 


0*06 

>♦ 

0*06 

n 

0*04 

if 

002 

i» 

0*01 

»i 

0*001 

M 


» >t 

If M »» 

» it » 

n i» » 

If M *> 


40 mm. in 12 hours. 
39 » » 


Advancing on a level front 
by what has been called 
above interpenetration by 
simple intertraction. 


Water, the HCl rises 36 mm. in 12 hours. 


We see from the above Table that hydrochloric acid rises in the tubes 
which contain the weakest salt solutions practically at the same rate as in 
pure water. Here the dividing line between the red and yellow colour stands 
after 12 hours about 40 mm. above the base line. In the stronger solutions 
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(«.</., in the 01 molar sodium chloride) the hydrochloric acid has risen to the 
top—in 12 hours more than 200 mm.* 

The general results such as those in the experiments above are obtained 
also with the various acids and bases and with the numerous salts which were 
investigated. While it holds true that these three forms of mixing (that is 
diffusion, simple intertraction, and pseudopodial intertraction) are obtained 
with all substances, it is to be noted that the range of concentrations which 
give the simple and pseudopodial intertraotion is very narrow in some 
combinations, in others it is extremely wide. 

For example, we take a series of sixteen test-tubes and fill them with 
sodium chloride solutions in progressive concentrations, ranging from 0*01 to 
4 molar. Into each test-tube is put a filtered saturated solution of eosin 
(specific gravity of 1050), in the first eight tubes under the salt solution, and 
in the last eight tubes on the top of the salt solutions. 

Except in the tubes of the very lowest concentrations, penetration by 
intertraction takes place, and what is specially striking in the experiments is 
that intertraction occurs with great rapidity—the eosin solution being carried 
up or down despite the very great differences in specific gravity. 


Table III. 


Layers. 

Diffusion 

(ii,° 

superposed 
on HOI). 

Intertraotion 

(2 mol. HOI superposed on 1 mol. NaCl). 

Intertraotion 
(1 mol. KNO. on 
- 1 *4 mol KOI). 

After 24 hours. 

After 

8 mins. 

. _ —.~ 

After 

6 mins. 

After 

1 hour. 

After 

14 hours. 

After 

24 hours. 

After 6 mins. 

1 

0 
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22 5 
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0*2 

2 

O 

4*4 

3*5 

4*1 

8*25 

9*5 

0*25 

3 

0 

0*9 

1*3 

4 05 

5*8 

7*0 

0*3 

4 

0 

O *45 

0 75 

8 '05 

7-66 

6*6 

0*4 

6 

O 

0-46 

0*7 

8*0 

6*8 

6-7 

0-6 

6 

1*8 

0*8 

0*8 

4*25 

7*4 

7*2 

0*8 

7 

18 '3 

0-85 

0*66 

3*9 

0*8 

e-8 

3*5 

a 

2 mol. HOI 

0-4 

j 0*0 

4*0 

6*8 

fl-4 

1 *4 mol. KOI 




: 1 

76 16 

71 *1 

71-9 



The figures indicate the number of cubic centimetres of 1/10 molar sodium hydroxyde 
necessary to neutralise the hydrochloric acid, and in the case of the KC1-KKO* combination 
1/10 molar silver nitrate. 


* In this connection I may point out, that the quickened diffusion of hydrochloric acid 
(in sodium chloride solution) diffusing into sodium chloride solution of the same 
concentration (as observed first by Arrhenius and studied by Abegg and Bose) and 
satisfactorily explained by the ionic theory, is not the cause in the experiments described 
above, as the movement of the hydrogen ion in Arrhenius’s experiments is only 
accelerated three and a half times, while the progress of the hydrochloric acid is here 
± 2,000 times more rapid than in the ordinary diffusion* 
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Thus far we have investigated only the fate at which mixing by inter* 
traction occurs. It seemed desirable to get some idea of the amount of the 
chemical substances transferred from the one intertracting fluid into the 
other. A few illustrative experiments are given in Table III. 

Concentration MgSO* (1 molar) upon CoCl* (1 mol.). 



40 60 

Concentration* % 


ConcentrationMgSQ*. 0*9mol. upon C 0 CI 2 Iniol 



0 20 55 w eo ioo 

Concentrations % 

Length of black lines shows degree of concentration of Cod* 

For the purposes of the analysis the column of fluid., which was 20 cm. 
high, was divided into eight sections, about 4 ox. of fluid being contained in 
each. In Table III are set forth a series of results which apply to hydro¬ 
chloric add diffusing upwards into water (section 1). In the seoond section 
we have the results obtained by hydrochloric add penetrating by inter- 
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traction into sodium chloride solution, and in the third potassium dhloride 
penetrating by intertraotion into potassium nitrate. 

In the diagram are set out a series of results applying to magnesium 
sulphate superposed on cobalt chloride. It is divided into sections; in the 
first section (1-4) is depicted the progress of the interttaction, the analysis 
having been made after three different time-intervals. The lower sections 
(5 and 6) of the diagram are to be read in relation to No. 3. 

In conclusion, I have much pleasure in expressing my thanks to the 
Committee of the Inoculation Department for the facilities afforded to me 
for the carrying out of this research, and to Sir Almroth Wright for the 
interest he has taken in this research and his kind assistance in framing this 
paper. 


The Absorption Spectrum of Potassium Vapour . 

By Snehamoy Datta, M.Sc. (Calcutta), DXC., Research Student, Imperial 
College of Science and Technology, London. 

(Communicated by Prof. A. Fowler, F.R.S. Received June 29, 1922.) 

[Plate 5.] 

1. Introductory . 

In connection with the investigation of the vacuum arc spectrum of potas¬ 
sium,* which was undertaken mainly to improve the existing measures, it was 
found that the type of lamp used in that experiment was unsuitable for the 
production of the higher members of the series. Already Woodf has shown 
that the principal series of sodium is much more complete in the absorption 
than in the emission spectrum, and has extended the series up to m = 57. 
Bevan{ repeated the experiments with the other alkali elements and was able 
to extend the principal series in each case very considerably. In view of the 
importance of obtaining accurate measures of these lines and a possible 
extension of the series, so that they may afford data which will help to throw 
some light on the question as to the nature of the formula giving series lines, 
it was thought desirable to repeat the experiment of Bevan with instruments 
of greater dispersion. The results which have been accomplished in the 
repetition of the work may be briefly summarised as follows:— 

(1) The number of members of the series has been raised from twenty-four 
* * Roy. Soa Proe,/ A* vol, 99, p. 69 (1921). 

+ R. W. Wood, * Astropbys. Journ./ vol. 29, p. 97 (1909 ); R. W. Wood and R. Fortrat, 
1 Aatrophy*. Journ.,' vol. 43, p. 78 (1918). 
x ‘Phil. Mag./ vo). 19, p. 196 (1910). 
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to forty-two. (2) The first seven members of the series have now been 
resolved into their components as compared with five in previous investiga¬ 
tions. (3) Besides the absorption of the lines of the principal series, new 
lines have been found to be absorbed at somewhat higher pressure which 
seem to have no correspondence with the known lines in the emission 
spectrum. (4) An important result of the experiments iB the observation of 
the absorption of the two combination lines Is— 2d and Is—3d, the firat as a 
pair confirming the presence of a satellite to the lines of the diffuse series, 
and the second as an unresolved line. 

2. Experiments. 

The metallic potassium was vapourised in a tube of steel, about 20 inches in 
length and 1 inch in diameter, heated electrically, so as to obtain proper 
control over temperature. The ends of the tube were closed with thin quartz 
lenses, attached with sealing-wax and kept cool by circulation of cold water 
through two jackets fitted on the ends of the tube. Previous to heating, the 
tube was exhausted by a Gaede pump, and during the experiment the vapour 
pressure of potassium was maintained nearly constant by a make-and-break 
arrangement in the heating circuit, which secured the necessary control As 
the source of light, the white-hot crater of an ordinary carbon arc, maintained 
at 110 volts and about 12 amperes, was used. Besides giving out a strong 
continuous spectrum it emitted a few iron and other lines, which were used as 
comparison lines with advantage and provided the surest check against any 
mechanical shift. The temperature of the tube and the resulting vapour 
density of potassium were regulated according to the portion of the series 
under investigation. Preliminary experiments with a small quartz instru¬ 
ment revealed the faot that for the first few members the pressure should not 
exoeed 8 mm. in order to obtain lines sharp enough for good measures. At 
this low density, however, members higher than 15 were not absorbed. 
Keeping the temperature low by intermittent exhaustion and raising the 
temperature of the tube by continuous heating, it was possible to extend the 
series up to m = 26, while maintaining the lines sharp. Absorptions of still 
higher members as fine lines were secured at a pressure of about 37 mm. at 
the sacrifice of the sharpness of the lines constituting the earlieT members. 
At this stage the new lines also appeared. 

Measurements were made on photographs taken in the second order spec¬ 
trum of the 10-foot concave grating, giving a dispersion of about 2'8 JL.U. 
per millimetre. The wave-lengths of the reference iron lines were taken from 
the table given by Burns. 

The new measures are collected in Table I:— 



Table I.—Principal Series of Potassium. Is— mp, ls=35008*48. 
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3. Regularity of the Series. 


It is well known that the frequencies of any of the reeognised series can 
toe approximately given by a formula of the type v — A.—N/[/(m)]*. A 
•convenient form of f(m) is that suggested by Hicks, viz.,/( to) = m+a+/9/m. 
Assuming N to be known, the limit A of the series, as well as its other 
constants, are usually oaloulated from the lines giving the earlier members of 
the series. The actual calculated value of A then not only suffers from the 
errors of observation of the three lines, but also depends to a considerable 
extent on the form of f(m) employed and the value of the constants «, /9. It 
is evident that in the case where many members of a series are known, the 
limit might be best obtained from the higher members. And although it may 
be objected that these higher members, being in the ultra-violet small observa¬ 
tional errors in wave-lengths, are multiplied by large factors in the wave 
numbers, by taking a sufficient number of them into account the mean will 
give a more trustworthy result than is obtainable by any other means. Prof. 
Nicholson* has suggested a method for the accurate determination of the 
limit of the series which involves the above mode of treatment. The method 
requires for its application a preliminary formula, for example, of the Hicks 
type, for the expression of the series. If the series is represented by 

Vm — A—N/(m-(-a + S) a , 

^ , N [, 28 , 3S« 1 

(to + a.y L to-I- a (m + a) 8 J 


The'fourth term of tho convergent series is 3NS a /(m + a) 1 , and since N is 
about 10®, this cannot exceed a certain value which will affect the significant 
figure in A beyond a certain value of to depending on the value of $ used. 
For all the lines beyond that value of to, 


v m =s A — 


N 


2NS 


(to + oif (to + at) 8 ’ 

whence, A _ +1++*?*> ± K . 

(to + 1 -(- — (TO + «)* 

If N is known, this formula would permit a determination of the limit of 
the series from any pair of consecutive lines. Taking N = 109678 31 + AN, 
where AN represents the difference of N for potassium from that for hydrogen 
determined accurately by W. E. Curtis,f A can be calculated and will include 
a known and an unknown part involving AN. The formula adopted by Prof. 
Fowler} for the principal series of potassium is 

v (to) = 36006-88-N/(m + 1-296281--0'061661 /to) 8 . 


* J. 'W. Nicholson, ‘ Boy. Soc. Proc.,’ A, vol. 91, p. 855 (1915). 
+ W. E. Curtis,' Boy. Soc. Proc.,’ A, vol. 90, p. 605 (1914). 

} A. Fowler, 1 Report on Series in Line Spectra,’ p. 101. 
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Taking these values of the constants, it can be shown that for lines beyond 
m s= 9, the fourth term mentioned above is negligible. 

Considering some of the lines beyond m = 9, the values of A have been 
calculated by Nicholson’s method, giving the results shown in Table II. 


Table II. 


Calculated from lines m 

10 , 11 

18, 14 
14, 15 

19, 20 

24, 25 

25, 26 

26, 27 
28, 29 
81,82 
88, 34 


A. 

85008 *88 + AK/418 

86008*48 + AN/657 

85008*08 + AN/749 

85008*15 + aN/1297 

35009 *27 + aN/1996 

85008*80 + aK/2154 

35000 *99 + AN/2818 

85006*79 + AN/2663 

85007*88 + AN/8226 

85007 *78 + aN/3682 


No value of AN can be found which makes the general deviations from 
equality any smaller than they are for the calculated parts at present. This 
does not necessarily mean that AN = 0, but that the method is not suitable 
for the calculation of AN with the available observations. But as any 
reasonable value of AN will only affect the second decimal figure in the value 
of A, AN may be assumed to be zero. The mean value of A thus obtained is 
A = 36008*48. 

With this limit and any two other lines it is possible to calculate the 
series, but it is found that unless the earlier members are used for the 
calculation of constants, the difference in the observed and the calculated 
wave numbers far exceeds the limits of observational error, perhaps due to 
the important part which AN plays for these earlier members. A formula 
which represents the whole series very closely has been obtained with the 
above limit and the stronger components of the first and second lines, namely, 

Pi (to) = 35008-480-1097361 J(m- +1-29667- 

With the value of N(= 1097361) obtained by taking tho mass correction 
of the nucleus of potassium iuto account, the agreement between the 
observed and the calculated values (shown in Table I) is somewhat better 
than when the value of N for hydrogen (109678 - 3) iB used. Exoept for the 
deviation shown at to =,3, which is rather abnormal, and the last four 
members (m as 39 to 42), the agreement is within the errors of observation, 
whioh are believed to be not greater than 0*01 A. The deviations of the 
higher members (to = 39 to 42) are supposed to be real, as the change in the 
value of N due to any perturbation, or those of the constants « and ft, have 
very little effect for higher values of m. It may be mentioned here that the 
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principal series of sodium also shows similar deviations for the last few 
lines, and Prof, Hicks* has expressed his doubts whether they actually 
belong to the typical p series. It is, however, possible to extend an idea of 
Prof. Sommerfeld to these higher members which may explain the observed 
deviation. Prof. Sommerfeld, with a view to explaining the continuous 
spectrum which usually appears! at en( l of the series, has put forward 
the theory that, when the radiating electron is knocked out of the atom, it 
comes into collision with other free electrons or atoms, and consequently, 
when it falls back to the limiting orbit and forms part of the atom, the 
extra energy received during the collision has also to be taken into account. 

As the electron can acquire any velocity during such collision, the extra 
enexgy where p is the mass of the electron and v the velocity 

acquired, may have any value from zero upward. Consequently the 
electron, in falling to the limiting orbit, would not give rise to a line (the 
limit of the principal series), as is to be expected from Bohr's theory, but a 
continuous spectrum stretching on the more refrangible side of the limiting 
line. Now the condition of the electron, owing to the very weak influence of 
the nucleus in any of the very high orbits (almost approaching the limit), is 
not very different from one entirely removed from the atom. So that it 
possibly acquires extra energy in a similar way. And if the energy received 
be not sufficient to ionise the atom or to raise the electron to higher orbits, 
then there will be an increase in the amount of energy radiated. The total 
effect of this would be to broaden the lines (as they are known to be), with 
the consequent displacement of the line on the more refrangible side. In 
both sodium and potassium, the observed frequency is higher than the 
calculated one for the last few lines. 

4. Absorption of Lines other than the Principal Series. 

Besides the absorption lines of the p series, several new lines were 
absorbed at higher pressure, of which no traces could be found at low 
pressure. The experiments on absorption were carried on at five different 
pressures: 2*5 mm., 5 mm., 20 mm., 37 mm., and 46 mm. These now lines 
made their first appearance at 20 mm. pressure, strengthening in intensity, 
and becoming diffuse as higher pressures were reached. Up to m = 6, lines 
were observed on both sides of the p series lines. At m as 2, the lines are 
far removed from the p series line, but they gradually approach and 
finally coalesce with the p series lines with decreasing intensity as m sc 7 

* W. M. Hicks, ‘ Astrophys. Journ.,’ vol, 44, p. 229 (1916). 

t It is most striking in the case of the Balmer series of hydrogen, especially as it 
appears in some of the stars. 
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is reached. At m = 6 another set of lines appear, which run parallel 
with the p series lines in the scale of oscillation frequency and on their more 
refrangible side. 

These lines seem to have no correspondence with the emission lines of 
potassium, and attempts to correlate them have not been successful. Their 
wave-lengths and wave numbers corrected to vacuo are collected in Table IL 
The wave-lengths of the nearest p series lines are also given, in order to show 
their divergences from them. 

Table III. 



Converging Set. 



Parallel Set 


Designation. 

A I.A. 

v (vac.). 

Ar. 

Designation. 

A I. A. 

v (vac.). 

4*. 

New 

$ 

Merged 

vi 

4047 *201 
4044*140 

into the b 
olet band. 

24720 *18 

road 

113 *80 

Pi (fi) 
,New 

8034*780 
8083 0 

82941*76 

961*09 

19 *83 

4025*0 

24834 *04 

Pi (7) 

2992 *140 

88411*18 

18 *88 

New 

8461*7 

28879*2 

117 *4 

New 

2990-46 

480*00 

Pi (3) 

8447 *701 

28996*56 

Pi (8) 

2903 -260 

88786*78 

17*69 

pM 

New 

8446-722 

29004*70 

101 ’0 

iNew 

2961 -71 

746 *47 

8484 *7 

29106 *8 

p (9) 

2942*718 

88972 *28 

17 *02 

New 

3221*8 

81029 *9 

40*9 

New 

2941 *19 

989*90 

Pi if) 

8217 *003 

81069*79 

P (10) 

2927 *002 

84147 *08 

17 *57 

New 

3217 176 

i 81074*22 

32‘9 

New 

2920 *10 

105*26 

8213 *8 

1 81107*1 ! 

Ki i) 

2910 *114 

84280 *20 

18 *88 

New 

8108*4 

32213 *4 

14*8 

18 ‘5 

eble 

New 

2914*61 

01 *08 

Pt (®) 

« 

Pi, i (6) 

8102 *028 
8101 *800 
8100 *5 
New line 
to! 
i 

82227’71 
82229*96 
82243 *5 
s are too fe 
measure. 






5. Absorption of the Combination Lines Is — 2d, 2d' and Is— 3d. 

One of the most interesting results achieved in the repetition of the 
experiment is the absorption of the two combination lines Is— 2d and is—3d. 
Previous to this only the lines of the principal series have been observed in 
absorption. According to Bohr's theory the radiating electron is in the Is 
orbit in the quiescent state of the atom, and the absorption of energy causes 
its transfer from the Is orbit to the successive orbits. The absorption of 
practically all the members of the principal series clearly suggests that the 
energy absorbed in the process is very nearly that required to ionise the 
atom if not actually ionising it. In the scale of energy, the positions of the 
d orbits are much nearer to the Is orbit than even the 2 p orbit. Consequently 
it was considered very remarkable that the energy sufficient to knock out the 
electron from the atoms was not sufficient to transfer it to the d orbits. 
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According to Sommerfeld these lines r e pre s en t an interorbital transition 
requiring a change of tiro units in azimuthal quantum, which k forbidden 
according to the selection principle of Bohr or Rubinowioz. While the line ie 
well known, its excitation has been thought to be occasioned by the preeenoe 
of the electrostatic field. In toe present case, however, it is difficult to 
oonoeive of any external electrostatic field. The possibility of the influence of 
the electric field due to the neighbouring atoms is also precluded from toe 
fact that these lines were observed at even the lowest pressure (2*5 mm.). 
Had there been any such field of atomic origin their effect on the bands of 
potassium, which were simultaneously absorbed, would have been too great 
to escape notioe. Absorption bands of potassium, though faint, were 
beautifully sharp at 2*6 mm. pressure, and no blurring was notioed till the 
pressure reached as high as 30 mm., when the (lutings merged into a con¬ 
tinuous mass owing to the acknowledged Stark effect. The intensity of the 
combination lines, however, increased with an increase in pressure; but this 
may mean more than anything else that, at low pressure, owing to the small¬ 
ness of the number of absorbing atoms, the chances of such extraordinary 
transfers are very rare. The effect of increase of pressure is to increase the 
chances by increasing the number of atoms. The possibility of bringing out 
these transfers, without an external field is proved beyond doubt by the 
beautiful experiments of Foote and others* who observed the radiation of the 
combination lines 1*—2 d, 2d' in the space shielded from the applied electro¬ 
static field—itself very low. 

This result and that of Foote and others may, therefore, be pointed to as 
distinct evidence of contradiction of the selection principle as at present 
enunciated. 

The combination lines Is— 2d were observed as a pair, as previously 
recorded,f and may he put forward as an indication of regarding the diffuse 
lines as having a satellite. 

The line at about \3650 was photographed with a small quartz spectrograph 
in the vacuum arc experiment and was recognised as toe combination Is— 8dJ 
This was, however, not included in the previous paper owing to thorough 
nature of its measure. This was observed as an absorption line in toe present 
experiment, its wave-length having the value— 

\ 3648*971, v(van) 27397*19, *-<*,. 27397*6. 

The absorption of all the lines, one of whose terms is Is, gives ah additional 

* P. D. Foote, W. F. Meggers, and F. L. MohJer , 4 Aetrophys. Journ.,’ vol. 55, p. 145 
(1933). 

t 1 Roy. Soc. Proo.,’ A, vol. 89, p. 69 (19*1). 

$ See A. Fowler, ‘ Reports on Series in Line Spectra,’ p. 103. 
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stress to the Is orbit as being the significant one. The significance of Is 
orbit according to Bohr's theory is that it represents the orbit of the electron 
in the normal state of the atom. Consequently the chances for all radiations 
one of whose terms is 1$ are very great. Increasing, therefore, the chances 
alone by appropriate experiments, the absorption of lines corresponding to 
other interorbital transfers may possibly be obtained. 

The absorption bands of potassium have also been photographed and will 
form the subject of a separate communication. 

Summary, 

1. The principal series lines up to m = 42 have been observed as absorption 
lines and their wave-lengths accurately measured. The series equation shows 
satisfactory agreement between the observed and the calculated values with 
the exception of deviations for the last few lines for which a possible explana¬ 
tion has been given. 

2. The first seven members of the series have been resolved into their 
components as compared with five in previous investigations. 

3. Besides the absorption of the lines of the principal series, new lines have 
been found to be absorbed at higher pressures, which seem to have no corre¬ 
spondence with the known lines in the emission spectrum. 

4. The combination lines Is—2 d and Is—3 d have been found to be absorbed, 
the first as a pair, confirming the presence of a satellite to the lines of the 
diffuse series. Their appearance in the absorption spectrum gives distinct 
evidence of contradiction of the selection principle. 

In closing, my best thanks are recorded to Prof. A. Fowler, F.RS., for his 
helpful interest in the work. 

DESCRIPTION OF THE PLATE. 

Fio. 1.—Showing the combination lines 1*—Id, 2 d ; 1 $ —3d, and the earlier members of 
the principal Berios in order of decreasing wave-length, p [6] is from an enlarge¬ 
ment of a second older negative, all others are from that of a first order. 

Fio. 2.—Showing the absorption of the principal series lines from m =* 5 to 18, at a 
pressure of 5 mm. 

Fio. 3.—Showing the absorption of the principal series lines from m * 7 to 42, at a 
pressure of 46 mm. 
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GABRIEL LIPPMANN, 1845-1921. 

Gabkiel Lippmann was born near Luxemburg, his father being a native of 
Lorraine and his mother an Alsatian. He received his early education at 
home, and when his parents settled in Paris, entered the “ Lycee Napoleon '* 
at the age of thirteen. Ten years later lie was admitted to the Ecole Normale. 

Lippmann's pronounced individuality, which appeared so strongly, both in 
the subjects he selected for research and in his method of attacking problems, 
showed itself at an early age; but the boy, absorbed in his own thoughts and 
irresponsive to outside influence, was not marked out for a successful school 
career. Concentrating on what interested him, neglecting what did not appeal 
to his taste, he acquired an invaluable fund of useful but miremunerative 
knowledge, with the result that he failed in the examination of “ ugr<$gation, ,f 
which would have qualified him for Government service as a teacher in one of 
the higher schools. His exceptional abilities could not, however, fail to 
impress the more discriminative of his masters, and while still in statu 
pwpillari Bertin induced him to collaborate in the publication of the “ Annales 
de Chiirne et tic Physique ” by abstracting German papers. It was in this 
way that he first became acquainted with contemporary researches on 
electricity, a subject which was not then taught at the Sorbonne. He is 
reported to have drawn Ruhmkorffs attention to the desirability of 
synchronizing the periods of the primary and secondary windings of an 
induction coil, but the “business man,” as frequently happens, was not 
amenable to the advice of an academic novice. 

After his failure in the examination, those who knew Lippmann ami were 
ab^e to appreciate his great abilities had, fortunately, sufficient influence with 
the Government to secure for him the, appointment to a scientific mission, 
which gave him the opportunity of visiting German institutions and studying 
the provisions there made for the teaching of science. 

At Heidelberg, the Professor of Physiology, Kuhno, showed him a well- 
known experiment, in which a drop of mercury, covered by dilute sulphuric 
acid, is seen to contract on being touched with an iron wire, and to regain its 
original shape when the wire is removed. Lippmann recognised that the 
effect must be due to a connection between electric polarization and surface 
tension. He obtained permission to conduct, in Kirchhoffs laboratory, a 
systematic investigation of the subject, and was thus led to the construction 
of the capillary electrometer, an instrument now in daily use, 

In 1883, Lippmann was appointed Professor of Mathematical Physics in 
the Faculty of Science at Paris. Three years later he succeeded Jamiu as 
Professor of Experimental Physics, and became Director of the Research 
Laboratory which was subsequently transferred to the Sorbonne. He 
retained this position until his death. 

Apart from his work on electro-capillarity, Lippmann obtained his most 
notable success in connection with colour photography. In a communication 

a 2 
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published in the u Revue des Sciences pures et appliques,” to which the 
writer of this notice is much indebted, M. A. Leduc states that as early as 
1886 he explained in his leotures the general theory of the process by which 
the reproduction of colours by photography could be obtained. In the light 
reflected by a mirror the incident and reflected rays form together what in 
acoustics are called stationary vibrations, the planes of equal intensity being 
parallel to the mirror, and the distances between the maxima and minima 
proportional to the wave-length. If the mirror be covered by a sensitized 
film, layers are consequently formed in which the amount of deposited silver 
alters periodically. The principle when once stated is simple, but the practical 
execution presented difficulties that demanded all the patience and skill of an 
accomplished experimenter. 

In a short communication to the “ Acadthnie des Sciences ” in Paris,in 1891, 
Lippmami pointed out the two conditions which were essential to the 
successful application of the method. In the first place, the deposit of silver 
must be continuous or, at leaBt, any granules formed must be small compared 
with the wave-length of light. The second condition demands an optical 
contact between the film and a good reflecting surface, which can best be 
secured by using mercury as the reflector. In practice, the glaBs plate 
carrying the film is attached to a hollow dish that can be filled with the 
liquid metal. After exposure, the mercury can be removed and the plate 
developed in the ordinary way. 

The photographs obtained in this maimer were at first defective, owing to 
the varying sensibility of the photographic film for different parts of the 
spectrum. Lippmann could report some improvement in the following year, 
and in 1893 he presented to the AeadiSmie des Sciences photographs taken by 
MM. Auguste and Louis Lumiere, in which the colours were reproduced with 
perfect ortho-ehromatism. An interesting variation of the process is described 
in another communication (‘C. li./ vol. 115), where it is shown that films 
impregnated with bichromate of potash are modified by the action of light 
which renders it less hygroscopic. The subsequent absorption of moisture 
affects the refractive index and an optically periodic layer is thus obtained. 
The complete theory of the reproduction of compound colours was published 
by Lippmann in 1894, but its essential points are contained in a paper by 
Lord Rayleigh, published in the * Philosophical Magazine" in 1887, in which 
the author suggested that laminated structures produced by stationary 
luminous waves might explain the reproduction of coloured spectra such as 
were obtained by Edmond Becquerel as early as 1848. 

Lippmann’s scientific output, measured in pages of print, was not extensive; 
his communications to the Acad<$mie des Sciences were short, but invariably 
contained some original idea and illuminated the essence of his subject. As 
a member of the Board of the Bureau des Longitudes his attention was 
drawn to the exact measurement of time, and his contributions towards the 
perfection of experimental methods were always of interest and sometimes of 
considerable value. He realised at an early date the great assistance of 
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photographic registration, and an ingenious method of eliminating the 
personal equation in measurements of time was published in 1895. He dealt 
with the question of getting rid of the irregularities of pendulum clocks 
(' C. li./ vol. 122, 1896), and his device for comparing the times of oscillation 
of two pendulums of nearly equal period (‘ 0. R.,' vol 124, 1897), deserves 
greater attention than it 1ms received. His most important contribution to 
Astronomy was the invention of the coclostat. In the so-called siderostats, 
which are in general use, the image of a star can be made to remain stationary 
while the star itself pursues its diurnal motion, but at the same time the 
images of surrounding stars partake of a rotational motion round the central 
point. This is entirely avoided in the cmlostat, so that an area in the sky of 
finite extension can be reduced to rest for a sufficient time to allow a 
lengthened photographic exposure. 

Like most men of original mind, Lippnmnn was much absorbed in his own 
thoughts, and sometimes went over ground that had already been covered by 
others; occasionally one finds cause for regret that he appeared to lose interest 
in a subject when be had surmounted its difficulties, but before his work 
could be readily utilised by others. It is nevertheless of interest that in 
1905 lie independently enunciated the principle of the isostacy of the 
earth's crust (‘ C. R.,' vol. 136, p. 1172), and that two years later he described, 
uuder the title of ‘ Thermoendosmose des gaz,’ an interesting phenomenon first 
discovered by Osborne Reynolds. 

Attention may also be drawn to a few of his many ingenious devices 
which may prove useful, though some of them require further elaboration in 
detail. In 1901 Lippmanti described a new form of galvanometer, which could 
be made absolutely astatic (‘ C. li.’ vol, 132, p, 1161). In 1902 he showed how 
small changes in the level of a mercury surface could be observed to a higher 
degree of accuracy than by the methods in common use (‘ C. K./ vol. 135, 
p. 831) ; in 1910 he obtained a perfect electric connection that did not require 
the application of any pressure at the point of contact (*0. K./ vol. 158, 
p. 1015). A new form of seismograph giving directly the acceleration of the 
earth’s movement (described in 1909) is not only of theoretical interest, but 
may have a great future in its practical application (‘ C. R./ vol. 148, p. 138). 
Its main principle consists in giving to a source of light a movement depend¬ 
ing on the velocity and acceleration of the earth’s motion and observing the 
image through a lens attached to the weight of a pendulum. Lippmann 
showed how the adjustments can be made so as to register the correct 
acceleration, but does not indicate how far he had tested the method. 

Lippmann was elected a Foreign Member of the Royal Society in 1908, 
and was awarded the Nobel Prize in 1908, He died on July 31st, 1921, on 
board ship, during his return from a journey to Canada and the United States, 
in which he took part as a member of the mission sent out by France under 
the leadership of Mareehal Fayolle. 


A. S. 



THOMAS PURDIE, 1843-1916. 

Some centuries hence, when the present time and the Great War with which 
it has been overwhelmed can be seen in their true perspective, interest may 
be aroused as to how this country was almost suddenly able to produce 
enormous amounts of divers chemical materials, in the previous manufacture 
of which it had little or no experience. It will then perhaps be understood, 
as it is certainly but little realised now, that this memorable achievement 
was only rendered possible through the circumstance that at our universities 
and other academic institutions there had been for a generation before a 
small’hody of men, who, subsisting on very inadequate salaries and without 
any prospect of other worldly recognition, had been devoting themselves in 
their leisure (for it was not generally regarded as part of their academic 
duties) to the pursuit of pure chemical research. These men had associated 
with themselves in their scientific labours a select few of their more pro¬ 
mising pupils, to whom they had succeeded in imparting some of their love 
and enthusiasm for the search after new knowledge for its own sake, and 
without any idea of recompense as understood by the exoteric public. This 
devoted band of men had during the generation preceding the war been 
successful in building up a British School of Chemical Research, which, 
although limited as regards the number of workers, was perhaps second to 
none in respect of the quality of its output. It was this school of chemical 
research, already in being, that rendered possible the supply of advice and of 
personnel necessary for the manufacture of the varied chemical products, 
without which this terrible war could never have been carried on with any 
possibility of success by a country the rulers of which, in their complete and 
unashamed ignorance of science, had taken no adequate steps to provide for. 

Amongst the builders of the British School of Chemical Research there 
was certainly none more ardent or disinterested than Thomas Purdie, who 
for some twenty-five years occupied the Chair of Chemistry in the University 
of St. Andrews. The success of his labours is attested by the fact that, 
amongst the chemists who came to the assistance of the country in the hour 
of need, some of the most prominent were men who had received their 
initiation into research as his pupils. 

Purdie was born at Biggar, Lanarkshire, on January 27,1843, his father, 
whom he lost in early childhood, being a banker in that town. His 
upbringing devolved mainly on his mother, to whom he was deeply 
attached, but he was also much indebted in a variety of ways to a 
childless paternal uncle, a successful Edinburgh business man, whose 
resources were often placed at the disposal of the nephew, in whose 
development he took a very real interest. 

Purdie received his school education at the Edinburgh Academy, where 
his literary and classical tastes appear to have been aroused by the 
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stimulating personality of D'Aroy Thompson, the accomplished Greek 
scholar and father of the well known zoologist, hellenist, and biological 
philosopher, the present occupant of the Chair of Natural History at 
St. Andrews. On leaving school, Purdie, who was intended for a business 
career, was sent to Spain, where he acquired a sound knowledge of the 
language, and incidentally became attracted to mineralogy, and this doubtless 
influenced his choice of a profession later on. After a short experience of 
commercial life, however, he changed his intentions, and in the early sixties 
of the last century he embarked with a cousin for South America to take up 
farming in the Argentine. A large plot of land was purchased by the 
young pioneers, who established an cstancia , which, owing to the unsettled 
state of the country, was the scene of many thrilling adventures, of which 
Purdie had interesting stories to relate. To those who later only knew him 
in the laboratory and in the lecture-room, it was difficult to picture this 
eminently peaceful man carrying ou a defensive warfare against the 
marauding bands of Indians which periodically attacked the farm, and 
ultimately led to his abandoning the enterprise, in consequence of tho 
financial embarrassment to which these frequent and unwelcome visitations 
gave rise. 

The seven years which Purdie spent in South America, although ter¬ 
minating in failure from the common-place point of view, must have 
actually been of great value to him in developing his character and in 
broadening his outlook on life, by bringing him in contact with people, 
aspects of nature, and social conditions so profoundly different from those to 
be met with at home. This chapter in his life no doubt served as a 
permanent corrective to those Philistine influences which were the bane of 
those exclusively reared in Great Britain during the Victorian era, and it 
was the freedom from those confining prejudices and conceits which 
conferred on Purdie much of the charm of his engaging personality. These 
years had also stirred his scientific interests, for no actively intelligent man 
can pursue agriculture without being drawn into that logical study of 
natural phenomena which we call Science, whilst in Purdie’s case tho flora 
of the pampas and the geology of the Andes had attracted bis special 
attention. 

It was on his return to England that Purdie, now about 29 years of age, 
had the courage to start on an entirely new career. He used to ascribe his 
choice to a chance conversation with Huxley, whom he happened to meet 
under the cliffs at St, Andrews, with which Purdie was already at that time 
associated through his uncle being the owner of “ Castled^’/* the principal 
residence there. Purdie having made up his mind, put his foot on the 
bottom rung of the ladder which he was aspiring to scale, and entered as a 
student at the Eoyal School of Mines. Here he came under the influence of 
the teachers by whom that Institution was then adorned—Huxley, Edward 
Frankland, Guthrie, Percy, and Warington Smyth. That he was a student of 
distinction is shown by the fact that, on his obtaining the Associatcship, he 
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was, in 1875, appointed by Frankland as one of the Demonstrators in the 
Chemical Laboratories at South Kensington. It was when acting in this 
capacity that the present writer, then a second-year student of chemistry, 
made Furdie’s acquaintance. 

After spending some four years as a Demonstrator at South Kensington, 
Purdie decided to widen his chemical and academic horizon by proceeding to 
Germany, where, in the University of Wiirzburg, he entered the laboratory 
of Johannes Wislicenus, to whom at that time Frankland was forwarding 
those of his pupils who aspired to the acquisition of those finishing touches 
in chemical training which the atmosphere of a German university was alone 
capable of imparting. 

Purdie went to Wiirzburg in the winter term of 1878, and a few months 
later married Miss Marianne Rotherham, of Coventry, who during the 
remaining thirty-six years of his life was his devoted and constant companion 
in sickness and in health, and whose personal charm was so largely instru¬ 
mental in securing the success of his later social activities as an academic 
teacher at St. Andrews. 

Purdie's research work for the degree of Ph.D. was continued at Wiirzburg 
until 1880, and during this period of two years the hospitality dispensed at 
the manage of their married colleague was greatly appreciated by a number 
of British, American and German students. Amongst these were W. H. Perkin, 
junr., A. G. Perkin, Dobbin, Leonard Thome, Burton, Gutzeit, Bischoff, and 
the writer. The great personal magnetism of Wislicenus exercised a deep 
and lasting influence on Purdie, not only in stimulating that enthusiasm for 
research which was so conspicuous to the end of his life, but in revealing to 
him, us it did to others, how a great department can be successfully directed, 
granted the possession of a certain personal equipment by the chief, without 
having recourse to any autocratic prerogative or actual manifestation of 
authority. Purdie's subsequent career at St. Andrews showed that he 
possessed in a high degree this personal equipment—unfailing and sympa¬ 
thetic goodwill towards assistants and students, unswerving adherence to 
justice in all his dealings, together with a quiet dignity as unassailable as it 
was unprovocative. 

Soon after his return to England, Purdie succeeded Dr. Frank Clowes as 
Science Master at the Grammar School, Newcastle-under-Lyme, in 1881, 
and it was not until 1884, at the ripe age of 41, that he obtained wider 
scope for his energies and ability by his appointment to the Chemistry Chair 
at St, Andrews in succession to Prof. Heddle, 

From the very outset it was Purdie's ambition to develop a Chemical 
Department in which original investigation, carried out both by the 
Professor and by his assistants and senior students, would form an integral 
and prominent feature. With the optimism of the idealist, he saw no 
reason why a Chemistry School such as he had seen in full operation in the 
small university towns of Germany should not be realisable at St. Andrews. 
He determined, in fact, to establish at the smallest Scottish university 
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something which did not exist at the time at the larger and more renowned 
Universities of Edinburgh, Glasgow and Aberdeen. To achieve this goal 
Purdie devoted all his energies, both physical and mental, as well as his 
private resources, nor did he allow himself to be discouraged by numerous 
disappointments or by the prostration which attended the more and more 
frequently recurring attacks of asthma, by which distressing malady the 
later years of his life were overshadowed. His will to succeed where others 
had failed was so indomitable that he was able to overcome obstacles which 
would have induced less resolute men to al>andon the struggle. 

Like a number of Wislic©Im8 , pupils, Purdie was attracted by the problems 
of stereochemistry, and more especially those relating to optical activity and 
the asymmetric oarbou atom, in the investigation of which Wialicenus had 
been one of the earliest pioneers. It was in this field that Purdie and his 
coadjutors laboured so incessantly and with ever-increasing success. 

The progress of Purdies scheme for establishing a School of Chernies. 
Research at St. Andrews can be followed by a survey of his publications in 
the ‘Transactions of the Chemical Society.’ From 1885-87 he appears as a 
solitary worker, making contributions in his own name only, but from 1888 
onwards to 1910 we find his name invariably associated either with those of 
his assistants or senior students, thus showing that the exotic plant which he 
had brought with him from Wiirzburg-on-the-Main had taken root and 
become acclimatised on the barren shore of St. Andrews Ray. Practically, 
all these joint contributions have reference to optically active carbon com¬ 
pounds. In this place it will only be necessary to call special attention to 
two groups of these publications. 

It is well known to stereochemists that Pasteur, in his classical i , esearches 
on optical activity, had at the very outset the good fortune to happen upon 
the comparatively rare phenomenon of an inactive racemate crystallising not 
as such but as a mixture in equal quantities of the optically active antipodes. 
In his first entry into the field of optical activity Pasteur found, in fact, 
that the optically inactive solution of sodium ammonium racemate yielded 
crystals which were not homogeneous, but consisted of a mixture in equal 
quantities of sodium ammonium d&^ro-tartrate and sodium ammonium teuo- 
tartrate respectively, and but for his apparently by chance lighting on this 
comparatively exceptional phenomenon it seems probable that his subsequent 
progress in unravelling the fundamental mysteries of optical activity would 
have been greatly delayed. By availing himself of this discovery Pasteur 
devised a method for easily obtaining from optically inactive racemic acid the 
<terfro-tartaric and tew-tartaric acids of which it is made up; for by preparing 
a supersaturated solution of sodium ammonium racemate, and introducing a 
crystal of sodium ammonium dextro- tartrate, a crop of crystals of the latter 
compound is obtained, whilst by introducing a crystal of sodium ammonium 
tew-tartrate into a similar solution of the racemate a crop of sodium 
ammonium tew-tartrate crystals makes its appearance. Purdie had the luck 
to meet with precisely the same phenomenon in the case of the sine ammonium 
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salt of inactive lactic aoid, and was thus able to effect a simple, speedy, and 
highly elegant “ resolution ” of inactive lactic acid into the optically active 
enantiornorphs or antipodes, dextro - and Icevo -lactic acids, of which it is com¬ 
posed, In this manner these very important active compounds can be readily 
obtained in large quantity. 

The vast edifice of organic chemistry, which, unfortunately, is practically a 
sealed book to all but those who have pursued a laborious course of study in 
this branch of science, whilst its fruits have become indispensable to the 
everyday life of the civilised world, has been reared by the discovery of 
chemical reactions which, by the possibility of their wide application, enable 
the most varied arrangements of the atoms in carbon compounds to be 
brought about. The discovery of such a reaction stands to the credit of 
Purdie and his pupils, and as is so frequently the case, the discovery was 
made accidentally in the course of investigations having a totally different 
objective. Purdie was engaged in the preparation by a well-known method 
of the esters of certain optically active hydroxy-acids by acting with alkyl 
iodides on the silver salt of the hydroxy-acid ( e.g lactic or malic acid), with 
the result that he found that the alkyl lactate or alkyl malate so formed had 
a considerably higher rotation than when the same compounds were prepared 
by other methods. This at first he supposed to be due to the compounds of 
higher rotation being of greater purity than the ones of lower rotation; but 
before long he discovered that precisely the opposite of this was the truth, 
and that the products of higher rotation were contaminated in each case by a 
compound (of high rotation) which had been simultaneously formed by another 
and hitherto unsuspected reaction between the ingredients used in his experi¬ 
ments. Thus by acting with ethyl iodide on silver lactate he had obtained 
not only ethyl lactate, but also some ethyl ethoxypropionate, which, having a 
much higher rotation than ethyl lactate, caused the mixture also to have a 
higher rotation than that of pure ethyl lactate. Similarly, from ethyl iodide 
and silver malate he had obtained a mixture of ethyl malate and ethyl 
ethoxysuccinate, giving a higher rotation than pure ethyl malate. By the 
further study of this subsidiary reaction, taking place in the above eases, 
Purdie elaborated a highly important method for the alkylation of hydroxy* 
compounds in general This, which in future will doubtless conveniently 
be designated as the M Purdie reaction,” consists in treating the hydroxy- 
compound, either in the homogeneous state or dissolved in a neutral solvent, 
with dry silver oxide and alkyliodide, when alkylation of the hydroxy-group 
is readily effected. 

This reaction was at once exploited by Purdie and his pupils in the 
systematic investigation of those numerous and important hydroxy-compounds 
which constitute the sugar-group (aldoses, ketoses, polysaccharides, glucosides, 
etc.). These researches, begun in conjunction with J. C. Irvine and other 
pupils (It C. Bridgets, D. M. Paul, 11. E. Bose, and C. H Young), were 
continued after Purdie’s retirement, in 1909, by Irvine* his successor in the 
Chair, and by him they have been zealously prosecuted up to the present time 
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with such conspicuous success that they bid fair to form a worthy comple¬ 
ment to the earlier monumental work of Emil Fischer. 

In speaking of Purdie’s pupils mention must also be made of work carried 
out by Borne after leaving St. Andrews. Thus, more especially should 
reference be made to the well-known researches of Prof. Alexander McKenzie, 
culminating in his discovery of “the asymmetric synthesis/' the goal so 
eagerly striven for by many stereochemists, including Emil Fischer himself. 

Further evidence of the vitality of the Chemical School founded by Purdie 
is afforded by the fact that during the War the St. Andrews Laboratory was 
one of the most active centres in which those innumerable chemical problems 
to which the circumstances of that great conflict gave rise were wrestled with 
and for the most part successfully solved. 

Thus before the end of his life Purdie had the satisfaction of seeing the 
Chemical Department, which his creative energy and resource had raised 
from the dust and ashes of bankrupt medievalism, obtaining wide recognition 
as a focus of fruitful research and performing work of the utmost practical 
importance to the nation in the hour of its sorest need. 

It was not, however, Purdie'e intention that the prosperity of this Chemical 
Department at St: Andrews should terminate with his own life, a precarious 
one at best, but that it should be, as far as he could ensure it, a permanent 
establishment capable of holdiug its own after he had passed away. So 
loyally was this wish of his carried out by his wife, who survived him only 
two years, that the residue of her estate, amounting to about £25,000, was, 
by her will, bequeathed to the University, to be applied exclusively to the 
promotion of research in chemistry at St. Andrews. This sum, with that 
made over during Purdie's lifetime, gave a total endowment in 1919 of 
approximately £33,000 for the prosecution of chemical investigation in the 
department of which he laid the foundations on his taking up the Chair in 
1884. It would surely be difficult to point to any more illustrious example 
of whole-hearted and enduring devotion to science than is furnished by this 
record. 

We are generally accustomed to associate conspicuous achievements, such 
as have been described above, with persons of great and manifest vigour, a 
forceful individuality, endowed with exuberant health and spirits, or with 
other external signs of available energy; but in Purdie there was none of 
this. The central fire was wholly concealed by the tall, frail, and somewhat 
languid figure and placid features, as well as by the modest, retiring, and self- 
effacing deportment, whilst the melancholy and sympathetic eyes alone would, 
as occasion demanded, glow with enthusiasm, or twinkle with a sense of 
humour, mirroring forth the rare soul w r hich dwelt within. 

No account of Purdie's work at St. Andrews would be complete without 
some reference to the social activities winch centred around 14, South Street, 
the charming but modest home in which he and his ideal helpmate dispensed 
a genuine but unostentatious hospitality to a wide circle of friends, colleagues 
and students. It was, in the truest sense of the words, an “ open house,” 
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sought for purposes of friendly intercourse, for intellectual discussion, for 
counsel, and for sympathy in joy or sorrow. 

Purdie took his relaxation in golf on the far-famed links, in foreign travel, 
and in trout-fishing in various remote parts of Scotland, latterly at Finsbay, 
on the Island of Harris, where both he and Mrs. Purdie will long be 
remembered for their kindly relations with the crofters. 

Purdies scientific work was recognised by his election to the Fellowship of 
the Royal Society in 1895, by the LL.D. degree of Aberdeen University, 
which was conferred on him in 1894, whilst the very special services which 
he had rendered to St Andrews were acknowledged by the conferring of the 
LLD. degree of that University, and the title of Professor Emeritus on the 
occasion of his retirement from the active duties of his Chair in 1909. 

Purdie succumbed to heart failure on December 14, 1916, at the age of 
73, and was buried in the Cathedral Cemetery of the grey little city which he 
loved so well, and in which he laboured so long. 

P. F. F. 


GEORGE BALLARD MATHEWS, 1861-1922. 

Gborge Ballard Mathews was born in London on February 23, 1861. His 
father, George Mathews, was the son of a Herefordshire yeoman farmer, and 
engaged for many years with a London business house. His mother’s maiden 
name was Harriet Ballard, daughter of George Ballard, secretary to the Board 
of Inland Revenue, and a remarkable man from*whom Mathews inherited 
much of his personality and intellect. From his mothor he inherited his 
literary and musical abilities, his interest in general subjocts, and his powers 
of calculation. 

The family returned to Herefordshire in 1866, and Mathews, in 1872, 
entered Ludlow Grammar School, where bis brilliant intellect soon asserted 
itself. Records of 1875 state that he was first in the top form with prizes 
in Mathematics, French, Drawing, Form Prize, and Parents’ Prize, During 
the four years, 1874-78, he was captain of the school. From the Rev. W, C. 
Sparrow, one of the most successful Headmasters of the school, he received 
instruction in Hebrew as well as in Greek and Latin. 

There followed a year at University College, London, of which body he 
afterwards became a Fellow, during which he attended Henrici’s lectures on 
geometry, and began to study Sanscrit. In 1879 St. John's College, Cam¬ 
bridge, offered him the senior scholarship of his year in either Mathematics or 
Classics. Carrying out his intention of reading for the Mathematical Tripos, 
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he became a private pupil of Mr. W. H. Besant of St. John's. The keen 
competition for leading places iri the Tripos of this period had brought fame 
to Mr. E. J. Eouth as a coach. All the abler candidates went to Eouth as a 
matter of course, for Eouth had a long series of senior wranglers to his oredit. 
However, Mathews’ name was read out first in the list of 1883, this being the 
only break in a succession of about thirty consecutive seniors trained by 
Eouth. 

In 1884, Mathews was appointed to the Chair of Mathematics in the 
newly-constituted University College of North Wales at Bangor, and in the 
same year was awarded a Smith’s Prize and a Fellowship at St. John’s. His 
colleagues at Bangor were all of the same generation as himself, and included 
such men as Profs. Andrew Gray, James Bobbie, and the late Henry Jones, 
under the leadership of Principal Harry It. Eeiehel (the last three named 
have all since l>een knighted). Writing in 1 Nature ’ (June 3, 1922), of the 
period which followed, Prof. Gray says: " [Mathews] came full of eager 
enthusiasm for the teaching of mathematics and for original mathematical 
work, and for ten years laboured hard in the hope of founding something like 
a school of mathematical study in North Wales. But, alas! these hopes 
were dashed. Perhaps he was a little impatient, and I certainly did my best 
to counsel him to wait, and to find out the effect of the new Welsh University 
on the studies of the place, but without effect. The best of the Welsh 
students were at that time attracted by the Neo-Hegelian philosophy, and 
some of them, as seems to be the way with such students, seemed not a little 
proud that their mental tendencies were not mathematical. To this curious 
type of intellectual pride Mathews referred eloquently in the posthumous 
paper published in 1 Nature ’ of April 22. In that paper, he lamented the 
revival of the fallacious arguments for the supremacy of the Latin-Greek 
classics as an educational instrument; but he in no way under-valued classical 
culture, only he thought that, to an Englishman, the inheritor of a copious 
and flexible language, and of a literature unparalleled in the past, a training 
in Latin and Greek was far from indispensable and might have its 
disadvantages.” 

The Bangor Chair was resigned in 1896, and shortly followed (1897) by 
Mathews* election into the Eoyal Sooiety, on the Council of which he served 
for a year. He also served on the Council of the London Mathematical 
Society from 1897 to 1904. Having returned to Cambridge he was appointed 
University Lecturer in Mathematics, and acted for a year (1904-5) as 
Mathematical Secretary to the Philosophical Society. The Cambridge 
appointment, like the earlier one in Bangor, was resigned on account of 
temperament, and he returned to live in Bangor. Since 1911 he held a 
special lectureship in the North Wales College, and again acted as Professor 
there during the two sessions 1917-19. The honorary degree of LL.D. was 
conferred by Glasgow University in 1915. 

While thoroughly familiar with all branches of pure mathematics, Mathews* 
main interests were in the theory of numbers and projective geometry. The 
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theory of numbers, which, in its widest sense, is the theory of discrete, as 
opposed to continuous, magnitude, has passed through four well-defined 
stages of development. First there came the period of Biophantine Analysis 
proper, of which the greatest exponents, after Diophantos among the ancient 
Greeks, were Fermat and Euler, In this, the general problem is to determine 
all the solutions in rational numbers of a system of w(<n) algebraic 
equations 

R,(#®#) « 0, i ss 1, 2, ... m. 

Next came the discovery of the law of quadratic reciprocity which rendered 
possible a discussion of quadratic arithmetrical forms, so ably expounded by 
Gauss in the “ Disquisitiones Arithmetics.” Such writers as Lejeune- 
Diriehlet, Eisenstein, and Stephen Smith added much to what Gauss had done, 
and a scholarly introduction to the whole theory was given by Mathews in 
his “Theory of Numbers” of 1892. A problem which arises in the theory of 
quadratic forms (the determination of the class-number) was the forerunner 
of the analytical theory which is intimately bound up with certain transcen¬ 
dental functions of a complex variable. This theory, which has recently 
received much attention from Prof. E. Landau, Prof. G. H. Hardy, and the 
late S. Ramanujan, had little atraction for Mathews, though his book contains 
an introduction to it. 

The fourth stage was marked by Dedekind’s discovery of his theory of ideal 
numbers, which completely restore to a system of algebraic numbers certain 
factorisation properties of ordinary integers that appear at first to be lost. 
Mathews' was probably the first mind in England to realise the far-reaching 
effect of Dedekind’s discovery, two papers by him on the subject appearing 
in the London Mathematical Society’s Proceedings of 1892. 

The tract "Algebraic Equations ” on a kindred topic, written fifteen years 
later, contains a masterly exposition of Galois’ theory, completed by Jordan 
and others, showing how the different types of irrationality which can be 
defined by an algebraic equation are associated with different types of group. 

Written in collaboration with Prof. Andrew Gray and mainly concerned 
with physical applications, the “ Treatise on Bessel Functions ” (1894) is still 
a standard work. The ** Projective Geometry ” (1914), inspired by Henrici's 
lectures in London many years before, contains two unusual features: first, 
an exposition of the logical groundwork of the subject; and, secondly, an 
account of Staudt’s theory of complex elements (whereby a real involution 
defines a complex point or line). Mathews also brought out a new edition 
(1904) of R. F. Scott’s " Determinants,” and contributed articles on “ Number ” 
and "Universal Algebra” to the 1910 edition of the "Encyclopedia 
Britannica” 

Most of Mathews 1 technical papers .appeared in the London Mathematical 
Society's Proceedings, or in the “ Messenger of Mathematics.” Some of the 
earliest, beginning in 1886, are connected with Fermat's Last Theorem, a 
question which absorbed much of his attention at intervals during the rest 



(&vge Ballard Mathews. xiii 

of hie life. Being firmly convinced of the veracity of Fermat’s statement, he 
tried to approach the problem by such methods as might have been devised 
in Fermat's day. His last contribution to the subject appeared in a review 
published in * Nature' of January 5,1922. , 

A few of the earlier papers deal with geometrical subjects, such as twisted 
quartic curves, geometry on a quadric surface, and porisms. Nearly all the 
rest have an arithmetical bearing. Several papers discuss points connected 
with the Gaussian theory of quadratic forms, the subject of his book. In 
1892 he wrote on quadratic forms with complex coefficients, a subject to 
which he returned twenty years later. In early days he corresponded freely 
with Cayley and Sylvester. 

Among the specialised branches of the higher arithmetic Mathews was 
mainly interested in the complex multiplication of elliptic functions. Being 
an assiduous disciple of Dedekind and Klein, he fully realised the funda¬ 
mental character of the absolute invariant j (») and of the type of irrationality 
involved in it. Papers written in the nineties, when Sir George Greenhill 
and Mr. Bussell were working at the subject too, give special detailed 
properties of the lomniscate functions. He also showed the significance of 
Klein's principal moduli and calculated some new class-invariants. Beturn- 
*ng to the subject in later years, he produced a fuller manuscript on the 
lemniscate functions: its publication has been delayed by the war and his 
subsequent illness. 

Ever since the mid-eighties Mathews was a frequent contributor to 
* Nature ’ on mathematical topics. His articles and reviews, most of which 
appeared over the initials “G. B. M ” were always written in a careful and 
scholarly style; they contained his considered opinion on the book or poiut 
concerned. His keen yet kindly criticism was undoubtedly of the greatest 
service to the many writers whose work passed through his hands. In 
conversation with the present writer he once expressed the opinion that some 
of his best work had appeared in ' Nature' reviews. 

A.man of simple tastes and naturally retiring by disposition, Mathews 
expressed sound judgment on both men and affairs. Some of his views were 
those of an idealist and hardly feasible in the domain of practical politics. 
His capacity for maturely grasping everything with which his mind came 
into contact made him unique in the experience of his friends. Only one or 
two sides of so versatile a man’s brilliant intellect really appealed to most 
people. When he was appointed Professor of Mathematics at Bangor, at the 
age of twenty-three, it was manifest that he could equally well fill four or 
more chairs in the College. Again, to quote Prof. Gray: “ Mathews had a 
knowledge of Latin and Greek as minute and accurate as that generally 
possessed by professional classical scholars. He wrote pure and elegant 
Latin. I remember his amusing himself by turning into Latin prose an 
original philosophical dissertation which had happened to come into his 
hands and had arrested his attention. I remember also some Latin verses 
which he published anonymously, and which were much praised by a very 
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eminent scholar. He wrote also charming English essays in the style of 
Charles Lamb, of whom he was a great admirer* These, I fear, are lost, but 
one of them, * On a Cock-loft/ was a perfect gem, a charming piece of the 
most natural and simple prose,” 

A humorous controversy in Latin Elegiacs between Profs. Arnold and 
Mathews, in which Mathews did not come off second best, inspired Principal 
Beiohers epigram, addressed, in the College Magazine, to a mathematical 
student who had been reading Mathews 1 verses :— 

Versibua au numeris noater praestantior ancepa 
Mattius ; attonito cur puer ore eilea ? 

Qui nutneroa dicit vult idem dicere versua, 

Testibua iimumeria, o numeroae puer. 

In the early days at Bangor Mathews began to learn Arabic, and spent 
much time of later years in reading and translating Arabic poetry. His 
translations are full of the spirit of the original lines; it is to be hoped that 
some of them will be published later. 

Mathews* knowledge of music, again, was fully as advanced as that of 
most professional musicians. His copies of Gauss and Bach were placed 
togethor on the same shelf, and he considered some of Sir Edward Elgar's 
compositions to be as fine as the work of Beethoven and Handel. 

Undoubtedly, the strength of his numerous interests prevented him from 
making the most of his mathematical work. His name will be mainly 
remembered in copnection with the higher arithmetic. 

The last three years of his life were clouded by a series of operations for 
cancer, which finally gained the mastery. He died, unmarried, in a Liverpool 
nursing homo on March 19, 1922. 


W. E. H. B. 
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